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Often equations are unknown or are only partially known:

P Model discovery with machine learning & sparse optimization

Nonlinear dynamics are still poorly understood:

P Coordinate transformations to simplify nonlinear systems

Our approach:

P Learn physics from data: interpretable and generalizable

2 Respect known, or partially known, physics

B> The existence of patterns facilitate sparse (few) measurements
P Machine learning is high-dimensional optimization with data



MODEL
DISCOVERY
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Sparse Identification of Nonlinear Dynamics (SINDy)
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Sparse Identification of Nonlinear Dynamics (SINDy)
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Sparse Regression to Solve for Active Terms in the Dynamics

SLB, Proctor, Kutz, PNAS 2016.



SINDy: Noisy State Measurements

Noisy Measurements Computed
Derivatives
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Parsimonious modeling
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Parsimonious modeling
iz lzyzz® . 2° L&l

1X — oX)=| + A= |H| H| |

m




Parsimonious modeling
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Optimization (SR3): Zheng, Askham, SLB, Kutz, Aravkin Bongard and Lipson, PNAS 2007
IEEE Access, 2019 Schmidt and Lipson, Science 2009
Model selection: Mangan, SLB, Kutz, Proctor, PRSA 2017 Nuske, Noe, et al., 2013-16






SINDy: Vortex Shedding Past a Cylinder
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U, - POD mode 1

Ur — Wy + Az

wx + py + Ayz
Xz —z% — y?).

Ruelle and Takens, 1971
Zebib, 1987 and Jackson, 1987




SINDy: Vortex Shedding Past a Cylinder

A

Limit cycle A 0 “
I |

Modeling Goals:

— : v/ Accurate
v/ Efficient

v Generalizable
v/ Interpretable

v/ Analytic (derivatives, etc)

Ruelle and Takens, 1971

Noack et al., JFM 2003.
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SINDy: Vortex Shedding Past a Cylinder

Ur — Wy + Az

= wT + uy + Ayz
= Az —2z°—19°).

Ruelle and Takens, 1971
Zebib, 1987 and Jackson, 1987
Noack et al., JFM 2003.




Constrained Sparse Galerkin Regression
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Constrained Sparse Galerkin Regression

== Ground truth = 7 POD modes
== 3 POD modes

Galerkin projection

(a) 3 POD modes (b) 9 POD modes

Loiseau & SLB, JFM 838, 2018



Constrained Sparse Galerkin Regression

== Ground truth = 7 POD modes Cubic SINDy
== 3 POD modes == Cons. = Unc.

Cylin‘derj ﬂqw |

Galerkin projection

(a) 3 POD modes (b) 9 POD modes (c) Quadratic SINDy (d) Cubic SINDy

Loiseau & SLB, JFM 838, 2018



Constrained Sparse Galerkin Regression

== Ground truth = 7 POD modes Cubic S]ND}'-
== 3 POD modes == Cons. = Unc.
1.0

Cavity flow "

(a) 3 POD modes (b) 9 POD modes

(c) Quadratic SINDy (d) Cubic SINDy
~ Loiseau & SLB, JFM 838, 2018



Constrained Sparse Galerkin Regression
. h =— Gmund?u& -: ‘;POD modes C;JblcS_INDy
== Cons. = Unc.

Cavity flow

== 3 POD modes

Cylinder flow
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Spring-Mass Damper with Nonlinear Damping!
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Loiseau & SLB, JFM 838, 2018



More Complex Flow: Fluidic Pinball

— NS ---- Low-order model

Loiseau, Noack, SLB, JFM 844, 2018






Full Data

Partial Differential Equations

Rudy, Brunton, Proctor, Kutz
Science Advances, 2017




Full Data

Partial Differential Equations

1b. Build Nonlinear
Libr:-pry of Data and
Derivatives
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Rudy, Brunton, Proctor, Kutz
Science Advances, 2017




Full Data

Compressed Data

\ w,u,v)s
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Partial Differential Equations

3 : lc. Solve Sparse Regression
1b. Build Nonlinear F o
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Rudy, Brunton, Proctor, Kutz
Science Advances, 2017




Partial Differential Equations

. - : lc. Solve Sparse Reegression
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Rudy, Brunton, Proctor, Kutz
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SINDy: Partial Differential Equations

PDE Form Error (no noise, noise)
~ KdV U + 6UUy + Ugye = 0 1%10.2%, 7%+ 5%
l- Burgers  |u: + Ule — €Uge = 0 0.15%=0.06%, 0.8%+0.6%
“ Schrédinger |iuy + Stuzz — S u =0 0.25%+0.01%, 10%+7%

iUt + 2Uze + [ul®u =0 0.05%+0.01%, 3% +1%

ut + ﬂ’u;; _l_ u:[:;'{: _I_ u;[:g;;[:;[; — 0 1-3%::1.3%, 52%::1-4%

uy = 0.1V?u )\gA}u —w(A)v
vy = 0.1V?v 4+ w(A)u + A(A)v |0.02% =+ 0.01%, 3.8% =+ 2.4%
A2 =u?+4+v% w=—BA% \=1—A*?

m Navier Stokes |w; + (u - V)w = +-Vw 1% £ 0.2% , 7% £ 6%

Rudy, Brunton, Proctor, Kutz
Science Advances, 2017




SUMMARY

High-Level Goals: ' Modeling Goals:
P> Model discovery | P Accurate
P Good coordinates | B Efficient

P Big data to smart data

. P Generalizable
P Limited data/computation | P Interpretable l
P> Not black-box | P Analytic (derivatives, etc) |
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