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Introduction

Storage of radioactive wastes
Model: System of PDE’s with complemen-
tarity constraints

0:U + A(U)
K(U) >0, G(U) >0, K(U)-G(U)

0
0
Space/Time discretisation

S"(Up) =0
K(Up) = 0 G(Up) = 0 K(Up) - G(Up) =0

Resolution: semismooth Newton

An’k_1 U,f:,k,f — Bn,k—1 _ Rn,k,i
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Storage of radioactive wastes
Model: System of PDE’s with complemen-
tarity constraints

U+ AU)=0
K(U) >0, G(U) >0, K(U)-G(U) =0
Space/Time discretisation

S"(Up) =0
K(Up) = 0 G(Up) = 0 K(Up) - G(Up) =0

Resolution: semismooth Newton

An,k—1 U,r:,k,i _ Bn,k—1 _ Rn,k,i
Can we estimate each error compo-
nents (discretization, linearization, al-
gebraic)?
Can we reduce the computational cost?

= | A posteriori error estimates
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Model problem and its discretization
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Compositional two-phase flow with phase transition

Oth + V - &, = Q,

Oihy + V - &y, = Q,, Unknowns:S!, P!, x}
K(8") >0, G(S, P, xi) >0, K(S")-G(S,P,x,) =0

Amount of components: |, := ¢pl. S, |k = ¢p.S' + ¢ptSE
Fluxes: ®, = pl.q' —J}, @ :=plq' + pqt + J}

Capillary pressure: P& := P' + P, (S")

Algebraic closure: S'+ St =1, \l+x, =1, x =1

Boundary conditions: &, -nqo =0, &, -ng=0.
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Discretization by the finite volume method

Numerical solution:

U™ := (UR)keTs, Uk = (Sk, Pk, xk) one value per cell and time step
Time discretization: Consider: H =0<t <--- < ty, = t.
n—1

Yk — Yk
At,

/1 /2 . In . /N, 8nVK _ V[(' o
*—| : : : —e !

fo t R /N RN (VS B (V)

Space discretization: 7, a superadmissible family of conforming simplicial
meshes of the space domain Q. Number of cells : N,

(VV . nK,J71) = |(7|

o
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Discretization of the water equation

wk(U) = [KIOPhk + Y Fuko(U") = [KIQGx =0,

o€k

Total flux

Fw,K,U(Un) = plv(gﬁl)g(d’l)g - (JL)Z oc gi?t g=KnL
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Discretization of the water equation

wk(U) = [KIOPhk + Y Fuko(U") = [KIQGx =0,

oEEk
Total flux

Foka(UT) = o, (M)5(0); — (n)s o €& T=KnL
Discretization of the hydrogen equation

Sc(U™) = |K|0Phk + Y Fuk.o(U") = |KIQ =0,

o€EK

Total flux

Fiko(U") = Bixg (M) ()7 + (V)5 (ME)3(p%)7 + ()5, 0 € &K' T=KnL
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Discretization of the water equation

wk(U) = [KIOPhk + Y Fuko(U") = [KIQGx =0,

oEEk
Total flux

Foka(UT) = o, (M)5(0); — (n)s o €& T=KnL
Discretization of the hydrogen equation

Sc(U™) = |K|0Phk + Y Fuk.o(U") = |KIQ =0,

o€EK

Total flux
Fok.o(U") := BIx0 (M) (1] + (08)5 (M) (0%)7 + (n)g, o €& a=KnL

At each time step, for each components, we obtain the nonlinear system of
algebraic equations
cx(Up) =0
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Discrete complementarity problem

Discretization of the nonlinear complementarity constraints
K(UR) =18k G(Ug) = H(PR+Pe(SR)) — B'xk

The discretization reads
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Discrete complementarity problem

Discretization of the nonlinear complementarity constraints
K(UR) :=1- 8k G(UR) := H(Pg+Pyp(Sk)) — B'xk
The discretization reads

ex(Up) =0
K(Ug) 20, G(Ug)=0, K(Ug) G(Ug)=0

Can we reformulate the complementarity constraints?



Model problem and its discretization
000000

Semismoothness

To reformulate the discrete constraints:

Definition (C-function)

Y(a,b) ¢ RM x RN, f(a,b)=0 <= a>0,b>0,a-b=0

min-function: min(a,b) =0 < a>0,b>0,a-b=0.



Model problem and its discretization
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Semismoothness

To reformulate the discrete constraints:

Definition (C-function)

Y(a,b) ¢ RM x RN, f(a,b)=0 <= a>0,b>0,a-b=0

min-function: min(a,b) =0 < a>0,b>0,a-b=0.
Application: complementarity constraints for the two-phase model
1 _SQZO H(PE+PCP(S;))_51X’!7(ZO

——
K(Sg) 9(PR-Sgxk)

The discretization reads
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Semismoothness

To reformulate the discrete constraints:

Definition (C-function)

Y(a,b) ¢ RM x RN, f(a,b)=0 <= a>0,b>0,a-b=0

min-function: min(a,b) =0 < a>0,b>0,a-b=0.
Application: complementarity constraints for the two-phase model

1_81%20 H(PE+PCP(S;))_51X’!7(ZO
——
K(Sk) G(Pg:Sgxk)

The discretization reads
ex(Up)=0
min (1 — Sk, H(PR + Pyp(SK)) — ﬁ‘xﬂ) =
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Inexact semismooth Newton method

Semismooth Newton linearization: Given an initial guess U"° € R3N»,
consider:
k—1pnk _ gnk—1
APty = gt

Inexact Semismooth Newton linearization: We use an iterative algebraic
solver at the semismooth Newton step k > 1, starting from an initial guess
U< generating a sequence (U™"');> satisfying

An7kf1 Un,k,i _ Bn,k71 o Rn,k,i
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Inexact semismooth Newton method

Semismooth Newton linearization: Given an initial guess U"° € R3N»,
consider:
nk—1pnk __ Jk—1
A U =Bmt

Inexact Semismooth Newton linearization: We use an iterative algebraic
solver at the semismooth Newton step k > 1, starting from an initial guess
U™k0 generating a sequence (U™");~1 satisfying

An7kf1 Un,k,i _ Bn,k71 o Rn,k,i
Can we estimate the discretization error?
Can we estimate the semismooth linearization error?

Can we estimate the iterative algebraic error?
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A posteriori analysis
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Weak solution

X = 12((0, &); H'()),
Y = H'((0, %); L3(Q)), Y :=H'((0,t); L®(R)),
Z:={ve 3(0,t);L>(Q)), v>0o0n Qx(0,t)}.



A posteriori analysis

Weak solution
X = [2((0, t); H'(Q)),
Y := H'((0, ); L3(Q)), Y :=H'((0, &); L(R)),
Z:={ve 3(0,t);L>(Q)), v>0o0n Qx(0,t)}.

Assumption (Weak formulation)
SeY, 1-8e€z I,eY, heY, PeX ex,
. 2
(<I>W,<I>h) [LZ((O,tF);H(dw,Q))] ,

lr

Ik
" (Ot g () dt /0 (éc,Vsa)Q(t)dt:/O (Qor0) () dt Vg € X,

tF
/ (A= (1= 8),HIP' + Pyy(S)] — B'xh) o (dt > 0 VA€ Z,
0

the initial condition holds.
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Weak solution
X = 12((0, &); H'()),
Y = H'((0, %); L3(Q)), Y :=H'((0,t); L®(R)),
Z:={ve 3(0,t);L>(Q)), v>0o0n Qx(0,t)}.

Assumption (Weak formulation)
SeY, 1-8e€z I,eY, heY, PeX ex,
(@, @4) € [L2((0, t); H(div, )],

lr

t]: tF
(a,/c,so)g(t)dt—/ (@o, Vip)g (1) dt = / (Qer0)q (B dt Vo € X,
0 0 0

g
/ (A= (1= 8),HIP' + Pyy(S)] — B'xh) o (dt > 0 VA€ Z,
0

the initial condition holds.

Ni

2 2 2 2 —2 2 2

lellx =D lell, dt. llell, ::// Y lelxrdt el = chi? lelik+1Velx
n=1 " KeTh
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Approximate solution

Sk e Py(Th) PR EP(TH) XK € FY(Th)

The discrete liquid pressure and discrete molar fraction do not belong to H'(Q2)
We construct a conforming solution:

P§ () PS () P5(Tn)
~_ T~ 7

solving local problems Oswald interpolation
in each cell operator

Space-time functions:

SieY, PR eR(Th) ¢ X, X €Py(Th) & X

PR € By(Th) € X,
Ty € Po(Th)EX.
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Error measure

Dual norm of the residual for the components

nk,i  pnk, _ nk,i
HRC(ShT ’Ph‘r 7Xh7' )

= sup [ (Qe-alfnle) (D+(@F4. V) (1)
Xn pEXn In ’ Q ’ Q
Il
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Error measure

Dual norm of the residual for the components

= sup [ (Qo—ailyle) (0+(@0. Vo) (D)t
Xn pEXn In ’ Q
lellx, =1

nk,i  pnk,i nk/
HRCS PRkl

Residual for the constraints

Ru(SE PRy = [ (1 S H [P 4 PuSE] = ) (e
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Error measure

Dual norm of the residual for the components

= sup (oc a,/”,f;,<p) (t)—l—(‘I’Z’,’j’T[,VgD) (1) dt
X exo Ji : Q
ol

Kk, pn,k,i nk,i
HRC hT ’Ph‘r » Xhr )

Residual for the constraints

Re(Sh PR Y = [ (1= S H PR+ Py(s] = ), (a
Error measure for the nonconformity of the pressure

n k / 2 } 2

dt

> L

ce{w,h}

AV (PR =) (1)
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Error measure

Dual norm of the residual for the components

o sg)p() / (QC at/”;;/w) (t)+(<1>’c7:,’§;[,vgp)9(t)dt
n pCAn n
llellx,=1

Kk, pn,k,i nk,i
HRC hT ’Ph‘r » Xhr )

Residual for the constraints
Re(Sh PR Y = [ (1= S H PR+ Py(s] = ), (a

Error measure for the nonconformity of the pressure

> L

ce{w,h}

nk/ 1 n,k,i
Livw (P =) (1

Error measure for nonconformity of the molar fraction

. 1 .
Sg;k,l (ll\.;x} + %Xnk I) DIV ( ZTK,I _ 0) (t)

N(xpr) = inf {
I,

0eX,
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Definition (Error measure)

1

Al 2
. . 2 ]2
n,K,i .__ n,k,i n,k,i _ nK,i 2 2
N = §S | RelSh PRt x| b+ 4 SO NE+ N
n

ceC peEP

n,k,i pnk,i _ nk,i
+Re(sh7- ’PhT » Xhr )

Theorem

n,K,i nk,i n,k,i n,k,i
N < Tdisc + Thin + nalg

How do we construct each error estimators?
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Component flux reconstructions

The finite volume scheme provides
|K10f I,k + Z Fex,o(U") = |K|Q «
oek

Inexact semismooth linearization

B s (urty il v i)+ 3 Foiel, — KIQEx + R =0

UEE}?‘

Linear perturbation in the accumulation

nk/_ Z

K'eTh

|K| aIcK

n,k—1 n,k,i n,k—1
(U U - U]

Linearized component flux

Frk OFc k.o

c,K,o oun
K'eTh K’

(Un,k—1) [U’r},/k,i -~ U;},/k—q + Foxo (Un,k—1)
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Discretization error flux reconstruction:

(OFhie M 1) = Foo (U) VK €T,

c,h,disc
o
Linearization error flux reconstruction:

(en,k,f .nK71) e ,_-QKJ (Un,k,/> VK € Tp,

¢,h,lin c,K,o
Algebraic error flux reconstruction:

@k . gnkity 4 Qnkity _ (Gn,k,/ i ki ) VK € T,

c,hjalg * ¢,h,disc c,h,lin c,h,disc c,h,lin
Total flux reconstruction:

@ — @Ml L @Mk L @M ¢ H(div, Q)

c,h c,h,disc c,h,lin c,h,alg
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Error estimators

® o+ V- OIS £ Qe O £ BT

© 1-SpI£0 HIPR Py (S3)| - G £ 0
o P g X X EX



A posteriori analysis
000000@00

Error estimators

® o+ V- OIS £ Qe O £ BT
© 1-SpI£0 HIPR Py (S3)| - G £ 0
o P g X X EX

Discretization estimator

n,k—1 n—1 n,k,i
nki . mind Cow e\ h a k(U ) —lex T LK v. ek
TRK,e = minqCew,e 2 ¢ hie | Qe — - -V,
n K
n,k,i,v L nk,i,v n,k,i
Tk (1) = H@th - (I)C’hT(t)HK

ng:ﬁ77;os(t) = ({1 — S”;;_k,i}Jr , {H {P’r;;k’/ +P, (SZ’TK’i)} B BIXI’:II;—k,/}‘F) (0
Ki(Sht) K

k,i P
Weseaolt) = K200 (PRE - BR) (0
n.k,i n,k,i Pl,v ﬁl nk,i | nk,i ok,
nNC’K’X(t) = (| 7O M., Mth b\v <th — Xhr ) (9
" K
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Error estimators

Linearization estimator

nk, . n,k,i
lin,K,c "~ ¢,h,lin

K

/c,K(Un’k’f) . /c,K(Un7k_1) _ L:Z:;((,I

i _1 —1
Mk.e =€ 2hk (7a)

MK e (1) = ({1 - sfn];k,f}* 7 {H [P"";k,i + P, (sg;k,/)} B /lez;k,i})K(t)
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Error estimators

Linearization estimator

nk, . n,k,i
Mhin,K,c "= H c,hylin||
_1 - i — K,i
7711\71’:’;(0: 2 hi (1) 1 /c,K(Umk’/) - lc,K(Umk 1) . Z:K,/ .

ng’;”neg(t) ({1 _ fhka/} 7{H [Pg + Pcp( nk,/)} _ /lez,rk,l} )K(t)

Algebraic estimator

nk, n,k,/,z/
nalg,K c- C h,alg
n,k,i,v 1 -1 j
oy 2 s
nrem,K,C T hK|K| € K
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Error estimators

Linearization estimator

nk, . n,k,i
Mhin,K,c "= H c,hylin||
o) - j - K,i
771’31’15’;( o= 2y ()7 |[lek(UM) = ek (UMT) — oK K

ng’;”neg(t) ({1 _ fhka/} {H [Pg’ + Pcp( nk,/)} _ lez,rk,l} )K(f)

Algebraic estimator

n,k,i _ n,k,/,z/
nalg,K c- C h,alg

nk,,v . -1 -1 n,K,i+v
nrem,K,c T hK|K| € RC,K K

n,k,i

n =0 nho =0 when k,i— oo
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Adaptivity

Algorithm 1 Adaptive inexact semismooth Newton algorithm

Initialization (semismooth Newton): Choose an initial vector U™’ =
U € R, (k = 0)
Do
k=k+1
Compute Ank 1 c ]RSNSP,SN“, Bnk 1 c IR,SN’P
Consider the system of linear algebraic equations A™*~ U™ = Bn<—1
Initialization (linear solver): Define U™*0 = U™*~1 (i = 0) as
initial guess for the linear solver
Do
i=i+1
Compute Residual: R/ = B™<—1 — Ank—Tynki
Compute estimators

. k K,
Whlle nalg > 'Yalg max {ng]sc /? nl,:n I}

. k, k
Whlle 77[’17n I — ,yllnnglsc /
End
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Numerical experiments

Numerical experiments
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Q: one-dimensional core with length L = 200m.

Semismooth solver: Newton-min
Iterative algebraic solver: GMRES.
Time step: At = 5000 years,
Number of cells: N, = 1000,

Final simulation time: # = 5 x 10° years.

©) ©)

Gas injection

Liquid



Numerical experiments
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6
0.012 1.002 12 x10
0.01 !
—e—gas saturation 1
—e—liquid saturation  |{0.998 1.15
0.008
0.996
0.006 14
0.994
0.004
0.992
1.05
0.002 0.99
0 0.988 1 . . .
0 50 100 150 200 0 50 100 150 200
abscissa[m] abscissalml
-4
12 =10
| —#—molar fraction of liquid hydrogen |
1F 4
0.8 - b
06 - b
0.4 q
02 - 4
0 . . .
0 50 100 150 200

abscissa[m]
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Violation of the complementarity constraints

106 q
0 - —e— Henry constraint
—e&—gas saturation -0.01
02y 7 -0.02
04l -0.03
-0.04
-0.6 - 0.05
-0.8 B -0.06
-0.07
qL
-0.08
L
-1.2 -0.09
0 50 100 150 200 0 50 100 150 200

abscissa[m] abscissa[m]
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Phase transition estimator

t = 2500 years t = 1.25 x 10* years
B b 1E [—*—Phase transition estimator
1084

1015
5 5107
g g
= . 9 =
ij 16 Iﬁ 10-12

10°

101
10 50 100 150 200 10 0 50 100 150 200
abscissa[m] abscissa[m]
t = 4.25 x 10* years

108
g This estimator detects the error caused
5 i by the appearance of the gas phase
w

whenever the gas spreads throughout
107 the domain.
10716

50 100 150 200
abscissalml
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Overall performance 7y, = Ya, = 1073

«» 1200 6000 T T T T
[=4 n (%]
——exact Newton-min _
2 —e—inexact Newton-min .5 —4— exact Newton-min
g 1000 ive i N i ‘T 5000 | —e—inexact Newton-min 1
z - adapiive inexact Newtonmin 2 —+— adaptive inexact Newton-min
£ =
£ 800 @ 4000 | |
5 [o
g =
3 600 O 3000 | .
< o
S 5
5 400 -g 2000 | |
= =3
E f=
2 200 B 1000 - ]
E s
= 0 E 0 t ! . .
g o 0 1 2 3 4 5
o Time %10° Time %105
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Accuracy Vi, = Yag = 1073

%1078

——&—exact Newton-min
10 —+—adaptive inexact Newton-min 4

t=1.05 x 10° years

Gas saturation
£

2
0
2 . . .
0 50 100 150 200
abscissalml
0.02
—&— exact Newton-min
—+— adaptive inexact Newton-min
0.015
<
K]
©
3 001
t =3.5x 10° years 5
3
O
0.005
0

0 50 100 150 200
abscissalml
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Complements: Newton—Fischer—Burmeister

[fFB(a,b)]/:\/a/2+b/2*(a[+b/) /:1.,.,.,ng.

Cumulated number of

. . Cumulated number of
(Valgs Yin) il;l:rv;;[i%z—sﬁscher—Burmelster GMRES fterations
(10*1,10*‘) 100 428
(10*3,10*3) 119 751
(1078,1075) 482 2074
(1076,1073) 117 1694
Exact resolution 757 10089

o Adaptive inexact Newton—-Fischer—Burmeister is faster than exact
Newton—Fischer-Burmeister. It saves roughly 90% of the iterations

o Adaptive inexact Newton-min is faster than Adaptive inexact
Newton—Fischer-Burmeister. It saves roughly 40% of the iterations.
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Conclusion

Conclusion

@ We devised for a two-phase flow problem with phase appearance and
disappearance an a posteriori error estimate between the exact and

approximate solution

@ We treat a wide class of semismooth Newton methods

@ This estimate distinguishes the error components

Ongoing work:
@ Devise space-time adaptivity
@ extension to multiphase compositional flow with several phase transitions

@ |. BEN GHARBIA, J. DABAGHI, V. MARTIN, AND M. VOHRALIK, A posteriori error estimates and adaptive
stopping criteria for a compositional two-phase flow with nonlinear complementarity constraints. HAL
Preprint 01919067, submitted for publication, 2018



Thank you for your attention!
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