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Outline

m Coupled Darcy and Navier-Stokes model
m Discontinuous Galerkin scheme
m Analysis and numerical results
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A MultiPhysics Problem

Applications in environment, energy, biomedicine, manufacturing...
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Contamination Simulation
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Contamination Simulation
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Time-Dependent Navier-Stokes and Darcy Model

Navier-Stokes/Darcy

Navier-Stokes in Q4: (surface flow)

a—u—v-(ZuD(u)—p1l)+u~Vu =f;, in Qx(0,T)

ot
V-u =0, in Qx(0,7)
Darcy in Qo: (porous media flow)
-V (KVpg) = fg7 in Qo x (0, T)
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Time-Dependent Navier-Stokes and Darcy Model

Navier-Stokes/Darcy

Navier-Stokes in Q1: (surface flow)
% —V-@2uD(u)—pil)+u-Vu =1, in Qi x(0,T)
V-u =0, in Qx(0,7)
Darcy in Qo: (porous media flow)
V- (KVp2) =f, in Qx(0,T)
Interface conditions on interface ' = 994 N 02
u-nig=—-KVps-ni, onlyz x(0,7)
((—2pD(u) + p1hN12) - N1z = p2, on T2 x (0, T)
u-7, = —2uG (DU)N12) - T, 1 <j<d—1,0nT12x (0, T)

where
po

(K 7'



Time-Dependent Navier-Stokes and Darcy Model

Coupling via Bilinear Forms

m [1,: interface between Q4 and Q2

m Integrate by parts the divergence operators in momentum and Darcy
equations (with test functions v in Q4 and g in Q)

Thg = —/ (2uD(u) —pihny -v— [ KVp2 - naq
M2 M2
m Define ny» = ny and use interface conditions to rewrite
d—1

1 , ,
Tmz/ P2V'n12—/ ”'“1267+Z§ u-7,v-rh,
M2 M2 j=1

M2
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Time-Dependent Navier-Stokes and Darcy Model

Coupling via Bilinear Forms

m [1,: interface between Q4 and Q2

m Integrate by parts the divergence operators in momentum and Darcy
equations (with test functions v in Q4 and g in Q)

Thg = —/ (2uD(u) —pihny -v— [ KVp2 - naq
M2 M2
m Define ny» = ny and use interface conditions to rewrite

d—1

1 , ,
Tmz/ PzV'n12—/ ”'“1267+Z§ u-7,v-rh,
M2 M2 j=1

M2

Variational methods allow for easy handling of interface conditions via traces
of functions
Cesmelioglu, Girault, Riviere, ESAIM M2AN, 2013.
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DG Scheme

Discrete Scheme

Find (uf™, pfi, poit) € XM x M < M§, for all 0 < n < Nr such that

U”H —un
(hTth, V)o, + as(uz+17v) + bs(v, p?;lﬂ) + ens(ul, ul: UZ+1 )
d—1

+ap(p3, q) + (5 v i), — (U N, Q)ry, Z
j=1

= (fl11+17v)91 + (f2n+1 ) q)927 V(V, q) € Xh X Mg

] . .
(uZJr : 7-]123 V- 7-]12)r1;

G

bs(uf™,q) =0. Vg € M.

Interior penalty discontinuous Galerkin discretizations
Discontinuous piecewise polynomials of degree k for NSE velocity and Darcy
pressure, and k — 1 for NSE pressure
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Analysis

Existence and Uniqueness of Solution

m Linear problem: Easy?
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Existence and Uniqueness of Solution

m Linear problem: Easy? Not so...
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Analysis

Existence and Uniqueness of Solution

m Linear problem: Easy? Not so...

m Because of coupling, discretization of u - Vu does not satisfy positivity
property

1
YUp, Vp € Xh, cns(Up, Up; Vi, Vp) > E(Uh “N12,Vh - Va)r,,.
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Analysis

Existence and Uniqueness of Solution

m Linear problem: Easy? Not so...

m Because of coupling, discretization of u - Vu does not satisfy positivity
property

1
YUp, Vp € Xh, cns(Up, Up; Vi, Vp) > E(Uh “N12,Vh - Va)r,,.

m To control this term, we need an a priori bound on velocity
luplbe.e, < uC*, Vn

m Challenge: bound in L>(0, T; H') is needed instead of L>°(0, T; L2)!
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Analysis

Bounding Velocity in L>(0, T; H'(75))

m We need to bound the time derivative of velocity

un+1 —u?
K hHLZ y<C



Analysis

Bounding Velocity in L>(0, T; H'(75))

m We need to bound the time derivative of velocity

n+1
—uf
uh hHLZ S C

m Theorem: There is a constant C, independent of h such that for all
u, € V7 and for all gop € M2,

|(G2n, Up - N12)r,| < Cllgenllpe,a, [Unll 2,

Key ingredient: regularization of discrete functions by Scott-Zhang interpolant
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Analysis

Existence and Uniqueness

Theorem:
Assume small data condition that depends on:

s [IF1 ] oo (L2)> [|6¢F4 ||,2 12), Hf2||Loo(L2 [0tF2 ] 2 (L2)

Then there is a unique solution (uf*™", pf*, p7") to the numerical scheme.

Notation: ) )
g/+1 _ gl

i
0g' = IN;



Analysis

Error Estimates

Under the small data assumption, there is a constant C independent of h and
At such that for all 1 < m < Nr, we have,

m m
2
U™ = uf ey + #AL Y [lU” = URB6.q, + ALY (195 — P5hlRe.0,
n=1 n=1
m d-—1

+Atz Z |——= u - uh) T12||L2 (M) = C(h2k + At2)

n=1 j=1

This bound is valid if the exact solution satisfies the following regularity
assumptions: u € L>°(0, T; HX+1(Q4)9),

N ¢ [2(0, T; L(Q4)9) N L2(0, T; HA (Q4)9), 24 € L2((0, T) x 24)? and
p2 € L>=(0, T; He+1(Qy)).

YRICE

16



Analysis

Error Bounds for NSE Pressure

We first need to control the error in the discrete time derivative of velocity in
Q1I
166(u — Up) 212y < C(H* + At)

This is obtained under the condition:

h + AP

—— <¢C
m|nT€Th1 hT
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Analysis

Error Bounds for NSE Pressure

We first need to control the error in the discrete time derivative of velocity in
Q1I
166(u — Up) 212y < C(H* + At)

This is obtained under the condition:

h + AP

—— <¢C
m|nT€Th1 hT

Then we can show
11 — Pinlleqz) < C(H + At)
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Numerical Results

Smooth Solutions: kK =2

Q=Q:UQ, Qi =(0,1)x(0,1), Q=(0,1)x(-1,0)

Velocity and pressure in NSE subdomain:

[ h Tu—unllee, CR [IVau—unllee, CR Ilpi—piullee, CR |
1/2 2.694e-02 4.383e-01 4.974e-01
1/4 4.300e-03 2.65 1.151e-01 1.93 1.608e-01 1.63
1/8 5.813e-04 2.89 2.871e-02 2.00 4.685e-02 1.78
1/16 7.385e-05 2.98 7.051e-03 2.03 1.263e-02 1.89
1/32 1.024e-05 2.85 1.738e-03 2.02 3.282e-03 1.94
Pressure in Darcy subdomain:
[ A TP = Penllizmy _Comv-_ [[Va(Pz = Pen)llizga, _Conv. |

1/2 3.1803e-03 5.4874e-02

1/4 4.9972e-04 2.67 1.4217e-02 1.95

1/8 6.8328e-05 2.87 3.6107e-03 1.98

1/16 8.8834e-06 2.94 9.0948e-04 1.99

1/32 1.1711e-06 2.92 2.2822e-04 1.99 %q RICE
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Numerical Results

Polygonal Interface: Set-up

—_— —_—
I Stokes Outflow
—_— domain —_—
—_—
Interface -
Darcy
domain
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Numerical Results

Polygonal Interface: Pressure and Streamlines
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Interface Conditions
Define errors in imposing interface conditions in L2 norm:

E7 =lu-ni2 + KVps - Nz 21,
Es = llpz = ((~2uD(u) + pih)n12) - Nezlliz(ry)
Eo = [lu- 712 + 2uG' (D(U)N12) - T12lliz(ry)
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Numerical Results

Interface Conditions
Define errors in imposing interface conditions in L2 norm:

E7 =lu-ni2 + KVps - Nz 21,
Es = llpz = ((~2uD(u) + pih)n12) - Nezlliz(ry)
Eo = [lu- 712 + 2uG' (D(U)N12) - T12lliz(ry)
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Conclusions

m DG scheme for coupling time-dependent NSE and Darcy
m Convergence analysis for any polynomial degree

m Interface curve or surface does not have to be smooth

m Acknowledgement: NSF
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Mathematics, 2017.

YRICE

22



	Time-Dependent Navier-Stokes and Darcy Model
	DG Scheme
	Analysis
	Numerical Results

