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Question #1
What is the nature of your data®?

- quality

- quality

- observability

- extrapolation vs interpolation



W Mathematical Framework

Dynamics State-space Parameters

dx N\ 7

i 0O
dt ‘((X7 t? @7 )

I ET I Stochastic effects

Measurement
y(tx) = h(tg, x(tx), E)
/ AN

Measurement model Measurement noise



Model Discovery

Finding governing equations



AX=



W

Data Science Today

Under N e =1

Over

\

pinv
Lasso
Ridge
Elastic net
Robust fit



Ax=b

subject to

min g(x)



f(A,x)=b
subject to

min g(x)



W  Governing Dynamical Systems

Generic nonlinear , time-dependent, parametric system

%=N(X,t;,u)

Measurements (assimilation)



W  What Could the Right Side Be?

Limited by your imagination

OX)=|(1 X xXh xB ... sin(X) cos(X) sin(2X) cos(2X) ---

2nd degree polynomials

2i(t)  m(t)ze(t) - @3(t)  m2(t)zs(t) oo @R(h)

xP — r3(te) z1(t2)z2(te) - m%(tz) To(t2)z3(ta) -+ 2(t2)

Btm) S1tm)3o(tm) o 2Rltm) Té(tm)Tsltm) o ().




WA/ Sparse Identification of Nonlinear Dynamics (SINDy)
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IL Sparse Regression to Solve for Act1ve Terms in the Dyna:mcs
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|. Collect Data
state N
X;(tl) 1 (tl) 9 (tl) s wn(tl)
X — X §t2) _ wl(-tg) $2(.t2) Icngtz) g
xT(.tm) wl(.tm) x2(.tm) xn(.tm) Vm
%7 (t1) #1(t1) a2(t) -+ n(ts)
. }'CT(tz) z1(t2) Z2(t2) --- Zn(t2)
X = : - : : : :
%7 (tm) &1(tm) Z2(tm) -+ Zn(tm)

2. Build Library of Candidate Nonlinearities

OX)=|1 )’( X XPs ... sin(X) cos(X) ---
|

3. Sparse Regression to Find Active Terms
X = O(X)E.
4. Nonlinear Model

% = £(x) = 2T(O(xT))T

] |

Nonlinear Systems ID

N sy )

Noisy Computed
Measurements Derivatives
H . y
TVdiff o
Yy Y
q
z z
q

50 ‘xi 1’ ‘xi 27 ‘xi_ 3’
40 - [-9.9614] [27.5343] [ 0]
501 [ 9.9796] [-0.8038] [ 0]
) [ 0] [ 0] [-2.6647]
. [ 0] [ 0] I 0]

[ 0] [ 0] [ 1.0003]
_go [ 0] [-0.9900] [ 0]




Identifying Slow Manifolds

Flow States Modes

Identiﬁed System 5

Journal of Fluid Mechanics, 2003.

I. Hopf bifurcations as path to turbulence
30 years Of progress Ruelle & Takens, Communications in Mathematical Physics, 1971
T = pr — wy + Axz 1 2. Vortex shedding and Hopf bifurcation
Jackson, Journal of Fluid Mechanics, 1987.
Yy = wr + py + Ayz | 3. Mean-field model with slow manifold
-

= _)\( y— 12— y2). Noack, Afanasiev, Morzynski, Tadmor, & Thiele,
— |




Modifications: Implicit-SINDy

NEURNETQEN

1) Build function library from data
x(t), Zx(t) such that O(X, ;)€ =0

4) Assemble

2) Calculate 3) Alternating Directions Method:
inferred model

N = null(©®) find « such that £ is sparse

HRE

_ 1 z1 z9 xl Ty TpX1TpZLy - [
O
. _ _©Onéy
= = s e
Y O
&p
O

dzag zr)©

aur)

(X, k)



concentration, x

time derivative, &

1) Generate test data from system:

0 5
-0.2
-0.4
-0.6
0 ) 10 15
time

20

2) Build functional library. Sparsely
select terms and find A where error
drops on Pareto front:

[ 0.1295 | 0
1 z 2223 & iz ix?
—0.6474 0
g 0
. — 0
—0.2158 5
—0.7194 0
0 0
I N K0
On dl&g(x)@D 13
Pareto front
102 o * 0
(=) ®
[l -2
8 10 & . .
g10°] : ‘
8
-10
510
10-14 5]
0 2 4 6 8 10

number of terms

concentration, z

W Michaelis-Menten: enzymatic reaction

3) Construct inferred model and
compare with data from new initial
conditions:

_ 0.1295 — 0.6474x . 0.6 —3x
"~ 0.2158 +0.7194z 1+ 3.33z
_ 0.6(1+3.33z) 1.999z + 3z
14333z 1+3.33z
1.5z
=0.6—
03+=zx

Test inferred model

-
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time

10 15 20



Parsimony

Error
relative AIC,

Number of terms in model

AIC; =2k — 2In(L(x, it))

L(x, u) = P(x|p) is the likelihood function



WA/ Model Selection and Information Theory

a) Generate time series data b) Enumerate Potential Models ¢) Evaluate using information criteria

Schematic of relative AIC.-Pareto Front

Model Selection

2 345678910 1 12

Number of terms in model

1950s KL divergence

Early 70s AIC (Akaike)

R e S e el 78 BIC (G. Schwarz)
=R BIC/AIC limited # of models

D, !

¢) Down-selection and ranking of potential models
Combinatoral @ @ o
enumeration
. A coe
of possible @ : %(_J

SINDy: Sparse inference
models that best
fit time series data

Rank models using

o e . strong
information critera ©

support support




W Discovering PDEs

la. Data Collection 1c SolieB
1b. Build Nonlinear ’ R ‘Ion
“b'f,‘Z,‘:faEf,Z“‘d argminl|O¢ -} + M¢lo

\ 4

d. Identified Dynamics
Wy + 0.9931uw, + 0.99100w,
= 0.009%w5 + 0.0099w,,

= O(w, u, v)é

Full Data

Navier Stokes (Re = 100)
we+ (- Viw= %Vzw

2b. Compressed library

8 w = O(w, u,v)¢

a - T c“’“ce(“’a“v”)f

3 [

2 = RN 2c. Solve Compressed
1 D i I Sparse Regression

g o mw—— argtminllcef-ng||g+z\||£||o

Sam Rudy



W Lagrangian Measurements




Disambiguation




W

PDE

Form

Error (no noise, noise)

Discretization

~ KdV

ut + 6uuz + Uzge =0

1%+0.2%, 7%+5%

z€[—30, 30], n=512, t€[0, 20], m=201

l. Burgers

Ut + Ul — €Ugz =0

0.15%=+0.06%, 0.8%+0.6%

z€[—8, 8], n=256, t€[0, 10], m=101

“ Schrodinger

. 2
Ut + Uz — S u=0

0.25%+0.01%, 10%+7%

z€[—7.5,7.5],n=512, t€[0, 10], m=401

iut + 2Uss + |uPu =0

0.05%+0.01%, 3%+1%

z€[—5, 5], n=512, t€[0, 7], m=501

Ut + WUz + Uzz + Uzzge =0

1.3%+1.3%, 70%+27%

z€[0, 100], n=1024, t€[0, 100], m=251

0.1V2u + A(A)u — w(A)v
0.1V%v + w(A)u + A(A)v
u?+v% w=—BA% \=1—A2

Ut
Ut
A

0.02% =+ 0.01%, 3.8% =+ 2.4%

x, y€[—10, 10], n=256, t€[0, 10], m=201
subsample 3 -10°

m Navier Stokes

we+ (u-Vw= ﬁV%}

1% £+ 0.2% , 7% + 6%

z€[0, 9], n,=449, y€(0, 4], n,=199,
t€[0, 30], m=151, subsample 3 -10°




Experiments




Arduino Magic

Data vs. SINDy Plot

Taren Gorman

10 —

8
Time (s) .

4  —
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Tangential Acceleraﬁnff(m@i‘r e —
6

12 10 8 6

14

(77854, 2) (778 |

With -1 jobs, fit and predict STRidge took 5.747981 seconds.
OCB/OU S RBR L e
dx 1 / dt = -8.14608697460858498%x_1+-3.9120253716489075%sin(x 0)

Theta (radians)
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KEY CHALLENGES

Limited measurements & data
- Noise
- Multi-scale physics
- Latent variables
- Parametric dependencies
- Stochastic systems



Multiscale Systems



What is this?

20

10

_30 | | | | | | | | | | |
15675 158 1585 159 1595 16 16.05 16.1 16.15 16.2 16.25



Lorenz system

Duffing Van der Pol Rossler

0 e

Kathleen Champion

Limits of Model Discovery

SINDy sampling requirements

periods measured

periods measured

15

23~

2.0

1.0

19 4
1.0 -
0.5 4

o'o‘l L . )
6 8 10 12 14 16 18

5 10 15
log, samples per period

sampling requirements

log, samples per period



Multiscale Physics Discovery

SINDy

\Measure T1,fast T T1,slow

||||

Identified System

m v

) (%))
i U3 | = (]
dt | . .

v v,






Latent Variables



@) Measure

Delay
coordinates
Delay
embedding

e WW
dynamics

Singular value
decomposition

¥

Yi
d 2
at| 2| = <
Intermittent --- Gaussian
Intermittent I <— switching / \—V,
8 Vr al forcing + fo



W

Latent variables

Z.l =2
. 2
Zp=pl —z{)zp — 74

B QU S

X = Ulzl + U2Z2




Parametric Systems



W

ot (

1
4

Parametric Burgers

14— sin(t)) WUy — Dugg =0

géesceses



W Parametric Discovery

Group LASSO vs

Sequential Group Threshol

Regression (SGTR)

Our innovation: SGTR
(works amazingly well!)

-}

Q «- 8 G B
B &, W

rtéetepee L L L E

Least Squares

uu_{x}
u”2u_{xxx}
u”3u_{xxx}
True uu_x
True u_xx

= True u_xx

uwu {x}

u {xx}

True uu_x




Parametric Dependence

IS SRea

5 6 7 8 0 5 10 15 20




Noise
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Measurements Meas. Error




@ ”
Vi
Meas. ~N
Uy
y1 Error _ Future states  _ Future measurements
———— Xg+2:2¢+1 Yg+2:2q+1
Xg+43:29+2 Yq+3:2¢+2
B N
) X1:q i E Yiq =
X2:9+1 Y2:q+1
L] k ’
—Xm—2¢:m—q—1—— —Ym—2¢m—q—1—
Past states Past measurements
(ii) State is passed through
dynamics to get past/future states
) A )
k, —>—> Fa(Xj) =X; + dtj Zb,k,
A v +i) ] A~
Xj+1 ;H»yj+l ) . i—1
£y pes k; = fo | x; + dt; ZAisks
-V _ +D; X ko v oy
X J+2 . & SV AWA
42— G ) .
B! xj+1 ~ Fo(x;) = Ra,b(fo)(x;)
A y +I) > B A
©) e i ] > [©)




t
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-20

20

10
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SINDy Innovations

Schaeffer -- corrupt data, PDEs, integral formulation, algorithm
convergence

Dongbin Xiu & co-workers (2018) — Sampling strategies

Guang Lin & co-workers (2018) -- Uncertainty Metrics

Zheng, Askham, Brunton, Kutz & Aravkin (2018) — SR3 sparse relaxed

regularized regression (for SINDy, LASSO, CS, TV, Matrix Completion ...



Manifolds and Embeddings

Observables & Coordinates



W Bernard Koopman 1931

Definition: Koopman Operator (Koopman 1931): For a dynamical

system

dx
E — N(X),

where x € R” is in a state space x € M. The Koopman operator K acts on
aset of scalar observable variables g; which comprise the vector g : M — C

so that
A g(x) = g(N(x)).



W

Dynamic Mode Decomposition

Definition: Dynamic Mode Decomposition (Tu et al. 2014 [1] “ -
pose we have a dynamical system (1.17) and two sets of data

|
X=1x X, -+ Xy

/ /

X'=|[x;, x, -+ x
T

with X, an initial condition to (1.17) and x,_ it corresponding output after

some prescribed evolution time v with there being m initial conditions
considered. The DMD modes are eigenvectors of

Ay =X'X!




W  Approximate Dynamical Systems

Linear dynamics dX _A~
(equation-free) P — NX

K
cgenfunction  %(t) =" by, exp(wy t)
k=1

Least-square fit

[[x(2) —x(2)|| < 1



Some Applications

Dynamic Mode Decomposition for Financial Trading Strategies

Jordan Mann* and J. Nathan Kutzit

ECOG recordings

'
Clusters in L

: *;;ff

&

S

Freq. (2 ‘ . im«mmww
F H .

s B EVQ

Library

Erichson, Brunton & Kutz (2017)
Brunton, Johnson, Ojemann & Kutz (2017)



W DMD with Control

Input Xpt1 R AXk —+ Buk

Input
Snapshots Y=|u u ... up

DMD

generalization X/ ~ A_X —+ BT



Multi-Resolution DMD




SST data & El Nmo (1 990s-2010+)

1997 1999

Level4

(c) C)

Levell

(a),(b)

1990

2010




WKoopman vs DMD: All about Observables!

Data Dynamics

Nonlinear Koopman Model

Observables
g(xx+1) ~ Kg(xx)

g(X),g(X) = Y,Y’ K=Ay

Data Matrices
X, b. 4

Observables DMD Model
Xp+1 ~ Axg

X, X'
A= Ax




W

Xy = px,
Xy = A(x, — x7)

Koopman Invariant Subspaces

N1
Yo

| V3

L0 0°
0 A —4

Y3

N
Yo

| V3

for

N1
Yo

| V3




W Burgers’ Equation

Ut + Uy — €Uz =0 €>0, x € [—00, 0]

Cole-Hopf () N
u(w,?/
U = —2€vy /v ‘
Ut — €Vgx

Kutz, Proctor & Brunton, Complexity (2018)



W  Nonlinear Schrodinger Equation
du  13%u

H|u|u =0

"9t T 29¢2




Error and DMD Modes




Neural Nets

“Supervised learning is a high-dimensional interpolation problem.”

S. Mallat, PRSA (2016)



NN
Z00

(b)AE  (c) VAE/DAE (d)SAE  (e) RBM

IR/
\.,o?o"\..\"o,/

AT
B o

2004\

@ Inputcell ® Memory cell
® Outputcell ® Convolution/Pooling cell
@ Hidden cell @ Kernel cell



NNs for Koopman Embedding

Autoencoder: ¢~ (qo(x") |=
yk

Encodery = (p(x) Decodery = go‘l(x)
Prediction: ¢~ (ch x")) = gl Prediction: ¢~1 (Kzgg(x")) = gt
yk+1 k+2

y
xk kyk+1yk+
H_J
KZ

Bethany Lusch Lusch et al. Nat. Comm (2018)




Failure!
(obviously)



Duffing Oscillator







Handling the Continuous Spectra

Yk Yk+1




W Training Loss Function

Autoencoder:
@ p(xp)) = x5,
N

Yk

Encoder y = ¢@(x) Decoder x = ¢~1 (6))

Prediction: @ 1(K@(xy)) = xy41 Linearity: K@(xz) = @(Xk41)
—_— Network outputs equivalent




The Pendulum




Flow Around a Cylinder




Relax Koopman



Sparse Identification of Nonlinear Dynamics (SINDy)

4 (1) = £(x(1))
a T

x(t) € R"



Sparse Identification of Nonlinear Dynamics (SINDy)

Example: Lorenz

d o
—x(1) = f(x(1) i = ot
dr

Xy =x1(p —X3) — X,

‘ X3 = XXy — PX;

x(t) € R" N




Sparse Identification of Nonlinear Dynamics (SINDy)

True System

Xl == O-(XZ - Xl)

X3 = XX — Px;



Sparse Identification of Nonlinear Dynamics (SINDy)

True System SINDy fitting

X1 Xy X3

Xl == O-(XZ - Xl)

X3 = XX — Px;




Sparse Identification of Nonlinear Dynamics (SINDy)

True System SINDy fitting

. . 3 2 3
XA 1 X Xy X5 X7 XXy X

Xl == O-(XZ - Xl)

X3 = XX — Px;

X 0X)



Sparse Identification of Nonlinear Dynamics (SINDy)

True System SINDy fitting
_xl X2 xii ) 1 x; xp X3 X7 XX, x; 1683

°
o

Xl == O-(Xz - Xl)

)'Cz = xl(p - X3) - .X2 - -

X3 = XXy = fx; - 4 L _

X O(X) =



Sparse Identification of Nonlinear Dynamics (SINDy)

True System SINDy fitting |dentified System

)°C1 562 ).C3 1 'xl xz X3 .x12 x1x2 x; 51 52 53

\ A ';,'-/ [
N o
Xy = x1(p —x3) — X, B B
X3 = XX — fxs _ -
X

O(X)

[1]



What if we don’t know the right coordinates?




Autoencoder

O
‘ latent
‘ code

. © o

g- :

— ‘ ‘
O Z;
O
O

X;
1 N

loss function: — Dl — %113
=1

1ndino

Rk



Autoencoder

O
‘ latent
‘ code

. © o

g- :

— ‘ ‘
O Z;
O
O

X;
1 N

loss function: — Dl — %113
=1

1ndino

Rk



Autoencoder

input

e

4

[ ) latent
(:) . ‘:) ’ ‘:) code
O O) QO -> O
OO0 | @

Z

Casa)
encoder z; = ¢(X;)

1 N

loss function:

Rk

1ndino



Autoencoder

input

e

4

encoder z; = ¢(X;)

loss function:

latent
code

O
» _ =
O

Z;

A

000
<,>.. © 0
© 00,

v

OOb

decoder X; = ¢(z;)

1 N
~ 2. X = %3
i=1

\
0000 0000

Rk

1ndino



Autoencoder

latent

code \ / /l//
\'/A \ A\'l; & \\'. /,IA

»w Ny “ ONONRLS
" N\ ‘0‘ NN /.o'u’\ :

"’6‘ "6{ ""\\ N
/ /P . \\\

input

_J -

loss function: —Z Ix; — %115
=1

1ndino



Autoencoder + SINDy

N

e

N — O
v N
7% N—"
- S
—

L ]
I

al !

v D

; N
v

Q000 90000

\ //f/.;:\\\\ \ 7
Sy

PPN
/ \\\\W)/// \

6666-6000

2
2

=
o

D NIz — )
=1

1

loss:

2
2

il

Z“Xi_ﬁ

loss:

1
N

i=1

1
N



Autoencoder + SINDy

a5 ( X ) [ —HH
wip °
| J
32- 1
e
7@. o
- )
—
| ]
I
SW)
7

QQ00Q-0090

\ ////{\.\ 7 \\
S 7

FERRTA §
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6666-6000
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=
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1

D Iz — @)

1
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loss:

2
2

il

N
Z Ix; — X
=1

loss:



Autoencoder + SINDy

N

e

N — O
v N
7% N—"
- S
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I
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v D
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Q000 90000
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i=1
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N



Autoencoder + SINDy

N

up ( X J ([

soe ]

up

| J

32- 1

N

7 D

7@. N
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Autoencoder + SINDy

’ 4

‘l‘/l

NS NEN %
//,/

2000 9000

e

\ }\\}.-/
)

\ ’
S /OUO QQ
“Hororol- e OOl
o 0‘. .~0 | ‘:0 .0 > 0:. 0‘. "0
(OO O OO
y S

/ ;_’;’(;;/’\'i\ :
¥ . N

.

o

$644 - bbod

Ral

21 2o
Z
Z; = Vi (X)X,

2 3
1 7 2, g 9

0(Z)
0z) = O((x)")

1N
A — z. — Oz ZE|?
loss: Ngnl zE|3

=)
o




e

0000 9900

Autoencoder + SINDy

’ 4

l‘/l

3¢ F
XK

\ \'\\:.:\
! .Q

CNNEN

21 2

Z
z; = Vi (X)X,

3
lzp 3 2 &§&

OZ)
0(z]) = O(p(x)")

1 < 1 &
loss: 41 2 1% = 0(@CDIE + 2 D IVxh(x)% = O@(x)EI3
i=1 i=1

autoencoder
component

SINDy
component




Autoencoder + SINDy

’ 4

l‘/l

XAV

NS S
NS A

CNNEN

0000 9900

e

1 & 1 &
loss: AINZIIXi—cp(cb(xi))II% + ﬂzﬁzIIVch(X,-)X,-—®(cb(x,-)T)EII§+13IIEII1
i=1 =1

N
'i\f\.
N

=,

o

|
A “ - -
CAA AN

autoencoder
component

' 4

2 2

Z
z; = Vi (X)X,

SINDy
component

2 3
1 7 2, g 9

OZ)
0(z]) = O(p(x)")

=)
o




Autoencoder + SINDy

loss:

/’,)

00

1 & . 1Y _ _
iy 2% = %ill3 4 A D 117, = OEDEI I 43111,
i=1 i=1

000
\\\:, 2\ ¢
L] .0

L, L, L;

e
N
o

> Issue: training shrinks norm of z to minimize loss function



Autoencoder + SINDy

b ® loss:
& -

o X% ‘- 2L S - 2 s 3 - D= 1)
X X o X X — X; — X; — = )= =
.(.:. @ ‘:“ ljvi=1 i ill2 2Nl-=1 i i 2 3 1

7 8
Ll L2 L3
X Z X

~
~.
~

> Issue: training shrinks norm of z to minimize loss function
> Solution: use the following to enforce SINDy loss

. I < . T—z_l-N . =112
new L, : ~ ; 1X; — V,0(2)0(z; )E||5 = ~ lzzl IX; — V,0(@x)O(@(x,)")E|[5

Z; Z;



Autoencoder + SINDy

loss:

‘24
<
S

Xz
-

° 9
®0
66 0000

an %134 20 ZMz—@(zT)_)«Agn I

L, L, L;

AN N
rd
N

’
k

e
N
NN >

> Issue: training shrinks norm of z to minimize loss function
> Solution: use the following to enforce SINDy loss

N
newl,: — ) |x;— V,p)O)E|3= 1%, — V,0(d(x,)0@(x))E||3
) : Z Ozl = Z gl
> New loss funct|on 7. N

! i

1 & R 1 & . _ _
Iy 2= %il3 + Ao D 11K = V,(2)@@)DEI + 4512,
i=1 i=1



Achieving sparsity

> With L1 penalty alone, get model that has many very small
coefficients but is not truly sparse

1 & X 1 & . _ a
Iy 2 % = Rl15 + 2o D7 1% = V,0(2)@EDEIS + A |1E ],
i=1 i=1

> |nstead combine L1 penalty with sequential thresholding



Example problem




Example problem

Equations

Coefficient
Matrix &

Dynamics

Lorenz model

22 = 2821 — 3 — 3

=275+ 2142

1212223212--- %3




Example problem

Discovered model

Lorenz model Discovered model
(transformed)
Equations 22 = 2821 — 3y — 133 22 =902 — 2.922 + 1.12123 Z.2 = 26.7Z1 — 8.5Z1Z3
Z.3 = — 27Z3 + Z1Z2 Z'3 = — 88Z1 — 103Z3 Z.3 = — 29Z3 + 11Z2
. 1212223212--- ZS? 1Z1Z2Z3Z12... Z; lzlzzz3zlz
o <1 | | -
Coeffl.ue_nt : |_l= 0 E 2 8 ‘ 0
Matrix = a A A H A A A
Dynamics @ s

4

%)



Koopman and UQ

Uncertaint

uN..

POD/DMD
(linear)

X'=AxX



W

Measurement and Sensors

Randomized Linear Algebra
&
Promoting Sparsity



W

I ADAMS

R T s B e O e o , :

WE WON A GOVERN WHICH b WE CAN'T PUT W WE CAN MEASURE A

MENT CONTRACT TO PART OF SENSORS EVERY i BUNCH OF PLACES

MEASURE OCEAN THE , WHERE IN THE AND ESTIMATE THE

TEMPERATURES ‘ .
: sl M Yo : BIG

adamasayn

OCEAN? A YVWEAN. OCEAN. ITS TCO o | REST

=5

facont

L o

<

Twitt

SO YOU WANT | DON WOULDNT IT BE
ME TO MEASURE 13 ' CHEAPER TO MEASURE
NF THE OCEAN'S oW TO NOTHING AND JUST
TEMPERATURE AND DO | ESTIMATE THE
ESTIMATE THE TR e, WHOLE THING?
OTHER 9927

-

Dilbert (Scott Adams) — March 10, 2019




W  Compressive Sensing: A Cartoon

- y ) a
= '
K-sparse

from Baraniuk, 2007.

random OUT: sparse
measurement coechients
matrix To reconstruct:
ID —_— .« e -
a minimize ||a|;,
transform such that y = Oa
basis
IMPORTANT: measurement matrix must fm(g:g;s’ Romberg &Tao, 2006,
be incoherent with respect to the *  Donoho, 2006.

transform basis



Randomized Linear Algebra

l . I economlc I

kxk kxn

SVD .
®
@
recover Ieft
singular vectors

Ben Erichson I I




Gappy Methods

% OR sensor selection, p=K
[Q,R,pivot] = qr(Psi_r’,’vector’);
pivot = pivot (1:K)

Everson & Sirovich (1995)

Willcox (2005)

Karniadakis co-workers (2009)

Maday, Patera et al & Sorenson et al (2010, 2012)
Gugerkin & Drmac (2015)

Manohar, Brunton, Kutz & Brunton (2017)

1| A

AR Krithika Manohar



W Respect Multiscale Features




Mathematical Framework

State space €T & Rm
p<Lm
Measurements S & RP
Mapping r = F (3)

Approximate the full state space from limited measurements

Optimization " ~
F € argmin Z H:B,L — F(s;)

‘2
FeF i=1

2

‘training set {x;, s;}1_; with n examples



Linear Maps

Singular value decomposition Data
rank-k _
x“"X"exve X =(z1...2n)
Linear measurements H S — H €T =~ H @ | V4
Optimize (least-squares)
. ~112 . +
v € argmin [[s — H®v|, v=H®)" s

1 74

r~r—=>Pv



Optimal Placement

Point measurements H =ley ey ... ey,,]T

Optimal Sensors via QR pivots

100 Sensors 200 Sensors 302 Sensors

Random

Manohar, Kutz & Brunton (2018) IEEE Control Systems Magazine



100 Mode Approximation 200 Mode Approximation 302 Mode Approximation

POD

(a)

100 Sensors 200 Sensors 302 Sensors

¢, QR

¢, Random

Compressed
Sensing




Optimal Placement with Cost

Modify Optimization

J=A{5n,--., 5} Measurement indices

Cost Function

A

J = argmine(J) s.t. g n; < band || T(J)|loovec < s
J .
S

Fitting of Data

T(J) = argmin ||X — X_;T| ¢
TE]RIXn

Clark, Askham, Brunton & Kutz (2019) IEEE Sensors



True Image Error =2.5%

g-‘
J

0.05
10.045

Cost, Interp | < 0.04
Error, Interp

= = =Cost, Extrap

= = = Error, Extrap| 10.035

== 0.03

0.025

200

Error



Nonlinear Mapping

General Form: Compositional Layers

F(s; W) := RWHER(WHEL... R(W!s)))

Universal Approximators: Hornik 1990



Structure of Mapping

low-dimensional input shallow decoder high-dimensional output

Input layer

limited sensor measurements First hidden layer reconstructed flow field
Second hidden layer

Output layer

Linear Maps: SVD (left singular vector) defines layer



Shallow Layer Mapping

Two Layers

Composition
2% =p(s) .= R(W¥s +b¥),

z¥ =v(z¥) = R(W"2¥ 4+ b")

Erichson, Mathelin, Brunton, Mahoney & Kutz (2019)



Activation Functions

A
g

activation

g A g A
5 5
> >
= =
Q Q
® S
input input
(a) ReLLU (b) Swish

input

(c) SoftShrinkage

Y



snapshots

shallow decoder

Linear vs Nonlinear Maps

(a) Modes of the proper orthogonal decomposition.

alt )
N\

-
\ DT RO R ) | [

Ll T

\

/

p
P W\ s\ s\ e\
N

~

J

(b) Modes of the output layer learned using the SNN.

Improved Interpretability of Modes



Magnitude

Improved Performance

1034
1004
10-3_
=@=— True spectrum
10-6 —— Shallow Decoder
== POD
- |
10°° 1
1
10712 L l
10 10! 102

Number of singular value

(a) Training data

Magnitude

103 4

100 )

[

<
w
1

[
9
(2]

9

[
<

107121

—@= True spectrum
—— Shallow Decoder

POD

L‘__ e

10°

101

Number of singular value

(b) Validation data




Robustness to Noise

(b) POD

(c) POD Plus (d) Shallow Decoder



Comparison to Linear Methods

—
m———

-2 -2 -2
10 é 10 . 10 i

Relative error
-
<

_ -

Relative error
[
o
L
Relative error
(-]
<

SD

POD Plus POD SD POD Plus POD SD POD Plus POD

(a) 5 sensors.

(b) 10 sensors.

(c) 15 sensors.

§ 109/ § 109 § 109
@ — @ — o -
) ) A ) ——————
>10"1 2101 >1071
© © ©
l':cnl:J 1072 &J 1072 &) 1072
SD POD Plus POD SD POD Plus POD SD POD Plus POD

(d) Nonlinear measurements. (e) SNR 10. (f) SNR 50.



Improved Performance

(a) Truth (b) Shallow Decoder



Super Resolution Analysis

(a) Snapshot (b) Low resolution (c) Shallow Decoder



Conclusion

Linear Measurements: Optimal via QR pivoting
Cost Constraints: Point measurements can be modified for a cost landscape

Nonlinear Measurements: Constructed via shallow decoder network

- Improved interpretability

- More robust to noise

- Allows for super resolution

- Significant reduction in training data

Erichson, Mathelin, Brunton, Mahoney & Kutz (2019)



W A Diversity of Strategies

Noise (Quality)| APPLIED OPTIMIZATION

REGULARIZATION+CONSTRAINTS
&

Generalizability+Interpretability BY CONSTRUCTION OF MODEL

- Coordinate Systems
- Noise

: Multi-scale physics
- Latent variables

- Parametric dependencies
- Uncertainty

Quantity

Koopman

Parsimony is critical w\

Targeted use of NN

Observability



W Conclusions

Model Selection & Sparse Regression Matter

- Principled approach to determining dynamics & coordinates

- (i) classification, (ii) reconstruction, (iii) future state prediction
- Sensors should be maximallv informative




DYNAMIC
MoDE

DECOMPOSITION
Data-Driven Modeling of Complex Systems

DATA-DRIVEN
SCIENCE AND
ENGINEERING

Machine Learning,
Dynamical Systems,
and Control

Steven L. Brunton ¢ J. Nathan Kutz

YouTube Resources & Open Source Code



