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Motivation and insights

Materials with complex pore-networks
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[Mitchell et al., Nature Chemistry, 4:825-831, 2012]
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Complex physics of problem

Double porosity/permeability model

Free flow domain

Fluid exchange

(LDL/Oxygen)

transport

Multi-layer porous domain

Microstructure of double porosity media

In cach layer, two dominant
st with

r actoss them

Micro-pore 4~

Macro-pore

@ Layered heterogeneity + coupled multi-pore networks

@ system of coupled flow + transport
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Scientific questions

@ What stabilized frameworks are available for DPP?
@ When you scaled up the size of problem, Which FEs to use?
@ How to precondition large system of equations arises from DPP?

MSJ & KBN (UH) Parallel implementation of DPP March 12, 2019 4 /22



What flow model governs the domain?

Double porosity/permeability model (DPP)

@ Formulated flow of a fluid through a porous
medium for the first time.

@ Barenblatt proposed the first DPP with a sim-
ple mass transfer model between networks.

Henry Darcy (1803-1858)

Macro-pore network 1\/Ii(:r0-pore network

Balance of Linear Momentum
K7 us(x) + grad]ps] = 7b(x) in

Balance of Linear Momentum
KTy (x) + grad(p] = vb(x) in Q

Balance of Mass
div[uy] = +x(x) inQ

Boundary conditions
uy(x) - 0(x) = upi(x) on I

p1(x) = poi(x) onTY

&/ :

\(x) = *;H/HXI —pa2(x))

Boundary conditions
us(x = upa(x) onl%

P2(X) = poa(x) onT%

B Mass transfer Balance of Mass
._:‘,<::> div[ug] = —\(x) in Q
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Numerical hurdles

LBB violation and Gibbs phenomenon
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Galerkin formulation with equal order interpolation,
results in spurious oscillations in the pressure profile

o

xi 02
Xaxig, 02 1 02 | yaxs
06 i —

%—x CG formulation [Joodat et al., 2017]
~—— Proposed DG formulation

0, L

5 10 15 20
Macro-velocity (x-component at x = 2.5)

Under the Galerkin formulation, Gibbs phenomenon
is observed along the interfaces of the layers
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Computational framework
DG-VMS formulation

Stabilized mixed DG formulation for DPP

stab stab
BhL& (W1, W2, q1,g2; U1, U2, p1, p2) = L5¢ (W1, W2, g1, G2)

The bilinear form:

Bp& = Bog % (Hk;1W1 - grad[qa]; ke (uuky tug + grad[pﬂ))
% (uk£1Wz - grad[qa]; " ko (puks M uz + grad[Pz]))
nuh (Quky B Iwal; Tual) ,, + moh (€pke* Blwal: [ual) 4,
2 ({n el [ma) o, + - (K17 k2Bl Tpal )

The linear functional:

1 _ - 1 — =
Lgéb = LDC{— 5 (uk1 wy — grad[q1]; p lkl'ybl) > (ukzlwz —grad[qz]; 1k2'yb2)]

Bpg and Lpg: bilinear form and linear functional under conventional DG.
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What are the available enriched FEs for DPP?

H(div) vs CG-VMS vs DG-VMS

- DG-VMS
DF=s | O : DI
o E [-] and {-} terms on | . Extra
J U T . stabilization
H — 5 T, Mp
RTO i + '
DoF = 18 : i VMS
: . -+ terms
CG/DG-VMS i !
O pressure node E CG/H((h\) i CC-VMS
®  velocity node | ———————————F—————=—=
—  velocity flux

What is the best FEMs (H(div) or CG-VMS or DG-VMS) for DPP?
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Real-life, large-scale problems

in subsurface flow and geophysical simulations

Production Well

CO2 sequestration Enhanced oil recovery Hydraulic fracturing

@ Large domains (~ 1km — ~100km), multiscale, multiphysics couplings.
@ High performance parallel processing are required for solving these problems.

@ Specialized iterative block solver methodologies are required.
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Composable block solvers |

Two approaches to effectively precondition large system of equations

Method 1: splitting by scales

1 1 1 K K! 0 0
Kgu Kgﬂ 0 22 uy fli A:= I:K;u K;p] , B:= [0 K12] )
K= KPu KPP 0 K P1|_ fp pu PP 123
0 0 K% K [|u] |F2 0 0 K2, K2
aEEE b e

@ A and D have similar compositions to classical mixed Poisson — Schur complement approach.
@ Individually precondition the decoupled A and D blocks

= (st (Ko (s) ey ]

A i R ][K < )

@ K}, K3, are mass matrices — ILU(0) to invert.

@ Precondition S*, and S*:
1 1 4 o 1\1 1
S} = K}, - K}, diag (K}, ) K3,
1,

up

S5 = K3, - K3, diag (K3,)

© Apply multigrid V-cycle on S; and Si from the HYPRE BoomerAMG.
@ Single sweep of flexible GMRES to obtain the solution of full 4x4 block system.
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Composable block solvers |l

B u
o w2, ki k¥ [\p) (2 C::[g Kz], D::[KE‘{ Kz”]

pu PP PP

@ The inverse of K is:

© A is mass matrix — use ILU(0).
© Precondition St by employing diagonal mass-lumping of A:

S, =D - Cdiag (A)*B
_ [K;p - K3, diag (K}, ) K}, K12 ]
= K21

PP
2 2 . 2 2
= Kp,, - Kpudlag (Kuu) Kup

© Apply V-cycle on each diagonal block.
Q@ Single sweep of flexible GMRES to obtain the solution of full system.

Which method performs better?
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How to gauge parallel performance and scalability?

Performance spectrum modeling

(Time-Accuracy-Size) TAS model

Accuracy rate Static-scaling

| N
l z
,‘ |

METRICS:

Timey %

@ Parallel efficiency = Timap X EMPlprocessars

@ Digits of Accuracy DoA:=—logo(L3°"™)
Digits of Size DoS:=-log,o(DoF)

Mesh-convergence

@ Digits of Efficacy
DoE:=-log,;o(L3°"™ x Time)
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Numerical results

2D /3D DPP problems with analytical solution

We used the composable solvers feature in PETSc and the FE libraries under the Firedrake Project. J

Method of manufactured solutions:

- Ry z=1)
_ \

Py =12)
Plry=1

Py =1) =+

N NN | I
I | ki< g
| ool -

(b) TRI mesh

|
I Dy =0

Pla=0,y.2)

\w'

Mix,y.z=0)

T 0 h

L ) Y. Wi

(a) Schematic (@) Schematic (¢) HEX mesh
K (c) QUAD mesh

What is the best FEMs (H(div) or CG-VMS or DG-VMS)?
We use TAS model
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FEs comparison (mesh con

Macro-velocity field

TRI mesh QUAD mesh
4— . . . . . . 4 . . . . . .
3 3
L i , ]
2 2
1 1
< | i < 1
Qo 0 ®-® CG-VMS, tol = 10 o) 0 ®® CG-VMS, ol = 10”7
r #k CG-VMS, tol = 10°|] [ #K CG-VMS, tol = 103
-1 -0 CG-VMS, tol = 10”7 -1 7 CG-VMS, tol = 107
t B DG-VMS, tol = 107 | t =& DG-VMS, tol = 10° ||
2 %X DG-VMS, tol = 10° 2 %X DG-VMS, tol = 10°
L > DG-VMS, tol = 107 | | > DG-VMS, 101:307 |
<+~ H(div), ol = 107 5 <+~ H(div), 10l = 107
3 +t H(div), tol = 10" ” +—F H(div), tol = 10’7‘
r ©© Hdiv). tol =107 | r © O Hdiv). tol = 10
T a6 7 s o T3 4 5 6 7 8 9
DoS DoS
@ VMS slope ~ 1. H(div) slop ~ 0.5 @ VMS slope ~ 1.
@ Numerical accuracy: VMS > H(div) @ H(div) shows super. conv. close ~ 1.

@ Numerical accuracy: VMS 2 H(div).
@ Tight solver tol is needed to avoid flattening out.
@ Same pattern obsereved for uz,p1, and p>.
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FEs comparisons (static scaling results)

2D vs 3D for simplicial elements

551 B 551 -
- 5 1 5 —
Zash = e Zas 4
g Z
=4 1 [l ]
= )
g asp oo CovS Fa ] | g —e Covs F | | D
a KK CG-VMS, scalesplit e K CG-VMS, scalesplit
% ] B 2 DG-VM 1
° - %3 DG-VM! -
25 ] 251 > H(div), fi
o= H(div), scalesplit o H(div), scalesplit
20 20
L L
1 0.5 0 0.5 1 1.5 2 25 -1 -0.5 0 0.5 1 1.5 2 25
108(T sermiy) Tog(T e
e T
550 4 551 W—%’;%» g
L W ] i 1
Zash 1 a5k e 4 3D
[_3 i !MWM* ] o ] -
B e-@ CGVMS, fieldspht | | 3 ®-® CG-VMS, fieldspht | |
2 ¥ CG-VMS, scalesplit| | sl ¥k CG-VM! esplit| |
] == DG-VAS, heldspit
) L %3 DG-VMS, scalesplit| | L 4
25 [N l«wmp 25 Pp Hdiv), fieldsplit
AL oo Hdiv),scalespii AL o v, sclespi
-1 70‘ 5 6 0‘5 ‘1 1‘5 i Z‘.S -1 70‘ 5 6 0‘5 ‘1 1‘5 ".! Z‘.S
L= —"] log(T,...)
@ H(div) formulation processes its DoF count faster than either of the VMS formulations.
@ Assembly algorithm in 2D vs 3D
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FEs comparisons (Digits of Efficacy)

Macro velocity

TRI mesh QUAD mesh
. —— —— .
3r @8 CG-VMS, ficldsplit || 3 b
L H3K CG-VMS, scalesplit L
=1 DG-VMS, fieldsplit
2 %3 DG-VMS, scalesplit | 2+ i
| b H(div), fieldsplit |
o< H(div), scalesplit
m 1+ g mif & e i
<) S
(SIS At . .
@8 CG-VMS, ficldsplit
of E o- 3K CG-VMS, scalesplit |
=1 DG-VMS, fieldsplit
r r % DG-VMS, scalesplit
e i b b H(div), fieldsplit
o< H(div), scalesplit
L n L n L n L n L n L n L n L n L n L n
-0.5 0 0.5 . 1 1.5 2 -0.5 0.5 . 1 1.5 2
log(Time) log(Time)
@ DoE: CG-VMS 3 DG-VMS > H(div). @ DoE: H(div) > CG-VMS > DG-VMS.
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Solver strategies comparisons (Strong-scaling ©@ 200K DoF)

Field-splitting Scale-splitting

No. TET mesh TET mesh

of MPI | Time w, Parallel | Time w, Paralll

proc. | Assembly  Solver Total X0 off. (%) |Assembly Solver Total 0 ot (%)
1 OE-01  1.57E+00 100 | 9.14E-01 G.19E-01 1.53E+00 100 E
2 t 5.20E-01 1.15E+400 6 6.07TE-01 4.92E-01  1.10E+400 69.8543 o
4 1.10E-01 1E-01  7.60E-01 425E-01  3.36E-01 T7.61E-01 =
8 270E-01]  6.33E-01 381E-01 283801  6.63E-01 ~—
12 3.04E-01 6.90E-01 3.36E-01 2.68E-01 6.04E-01
16 3.00E-01  6.62E-01 1 3.82E-01  2.73E-01  G6.55E-01

No. TET mesh TET mesh

of MPI | Time gp  Parallel | Time ‘ - sp Dol

proc. | Assembly  Solver Total off. (%) | Assembly  Solver Total off. (%) )
1 1.23E+01 5.01E+00 1.73E+01 13 100 4.14E4+00 1.66E+01 13 100 O
2 05E-+00 339E+00 1L13E+01 15  76.455 280E+00 LOGE4+0L 15  77.9605 i
4 4.81E4+00 1.99E400 6.80E+00 15 63.7406 4.84E400 1.64E+00 6.48E400 15 64.0244 <
8 | 3.16E400 1.26E+00 4.42E+00 16 49.0052 | 3.32B+00 111E+00 4.43E+00 16 =
12 | LOGE+00 405E+00 16 35.6702 | 2.00E4+00 0.50E-01 3.86E+00 16 n
16 0.54E-01 3.3SE400 16 320111 | 2.44E+00 8.38E-01 3.28E+00 16

No TET mesh TET mesh

of MPI | Time ~, Darallel ~, Parallel

proc. | Assembly  Solver Torl S0 off. (%) Solver Tol 0 o (%)
1 8.08E+00 5.40E+00 1.35E+401 100 4.11E400  1.19E+01 U
2| 476E+00 8.27TE+00 1.30E401 51.7268 6.62E+400 1.12E+01 C|)
4 E+00  5.45E 7.99E-+00 443B400  6.97E+00 —
8 | LOIE+00 5.27E+00 31.9492 2 88E-+00 =
12| L9SE+00 16TE+00 24.0646 36E+00 23.4498 7
16 1.61E+00 4.13E+400 20.4045 1.61E4+00 2.26E+400 56

@ Scale-splitting methodology slightly more efficient in terms of time-to-solution.
@ Both methods have same KSP counts.
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Concluding remarks:

@ Proposed a framework for performance analysis of various “enriched FEs" for
the DPP model.

@ The VMS formulations yield much higher overall numerical accuracy for all
velocity and pressure fields.

@ Type of mesh (simplicial or non-simplicial) affects the digits of efficacy.

@ Regardless of mesh type, DoFs are processed the fastest under the H(div)
formulation compared to other formulations.

@ Both composable solvers are scalable in both parallel and algorithmic senses.

@ Both solvers exert similar overall effects on performance metrics.
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Thank you

Contact
Mohammad S. Joshaghani (msarrafjoshaghani@uh.edu)

Kalyana B. Nakshatrala (knakshatrala@uh.edu)

Computational & Applied Mechanics Laboratory
Department of Civil & Environmental Engineering
University of Houston, Houston, Texas.
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Field-splitting vs Scale-splitting

Global matrix with DoF=1k

CC-VMS DG-VMS H(div)

® Ficlds N ® Ficlds
® Scales \ ® Scales

® Fields
® Scales

@ Smaller bandwidth in scale-split method — better performance wrt time. J

@ The sparsity pattern of the subblocks — the performance differences of solvers.
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