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INTRODUCTION



Some of the objectives in EOR (Enhanced Oil Recovery)

(a) Courtesy of DOE.

To improve oil recovery, EOR processes are designed to control,
among many other things, the following:

# Capillary pressure
# Viscous fingering
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Role of Polymer and Surfactant
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# Reduces capillary forces and
residual saturation

Polymer

# Mobility control
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Viscous Fingering
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Outcome from this talk

# Viscous fingering in Single- versus Multi-layer
interfacial instability in the linear regime: its
relevance for chemical EOR.

# Modeling of chemical EOR by Surfactant-Polymer
(SP) Flooding.

# A new hybrid method for solving SP flooding
problems, its salient features, and some numerical
results.

# Effect of viscoelasticity on the Saffman-Taylor
instability (Ongoing)!

# Numerical studies with non-Newtonian models of SP
flooding (Ongoing)!
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SINGLE- VERSUS MULTI-LAYER
INTERFACIAL INSTABILITY



Interaction between interfacial instabilities in EOR

# A trailing interface can break through the leading
interface long before the leading interface breaks
through the production well.

# An interface in the presence of one or more interfaces
in the multi-layer setting can be more unstable than
what it would individually in the absence of other
interfaces.
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2-layer versus 3-layer interfacial instability in a HS cell
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P. Daripa, “Hydrodynamic Stability of
Multi-Layer Hele-Shaw Flows", J. Stat.
Mech., Article No. P12005, 2008.
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Multi-Layer Radial Flow (With Craig Gin)
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Next talk by Craig Gin will discuss this case in radial geometry.
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MODEL OF CHEMICAL EOR
(WITH SOURAV DUTTA)



SP Flood with Capillary Pressure and Dispersion

− ∇ ·
(
K(x)λ∇pa

)
− ∇ ·

(
K(x)λo∇pc

)
� qa + qo ,

∂U
∂t

+ ∇ · F(U) � Q + ∇ ·G,

where pc � po − pa , vi � −Kλi∇pi (i � a , o), v � va + vo .

U �
©­­«

s
c s
Γ s

ª®®¬ , F �
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ª®®¬ , G �
©­­«

0
Dc∇c
DΓ∇Γ

ª®®¬ , Q �
©­­«

qa

c i qaδ(x − xi)
Γi qaδ(x − xi)

ª®®¬
C � K(x) fa(s , c , Γ)λo(s , Γ), v � va + vo is the total velocity,
pc � pc(s , Γ)
fi(s , c , Γ) � λi(s , c , Γ)/λ(s , c , Γ),
λi(s , c , Γ) � kri(s , Γ)/µi(c), λ(s , c , Γ) � λa(s , c , Γ) + λo(s , c , Γ).
Di(v) � dm ,iI + |v|(DL,ivvT |v|−2 + DT,i(I − vvT |v|−2)), (i � c , Γ).
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Reformulation of the elliptic equation

−∇ · (K(x)λ(s , c , Γ)∇p) � qa + qo .

Extended Chavent’s global pressure formulation to incompressible
two-component two-phase flows.

p �
1
2 (po + pa) +

1
2

∫ s

sc

χ(ζ, c , Γ)
dpc

dζ
(ζ, Γ) dζ + 1

2

∫ Γ

Γc

χ(s , c , ξ)
dpc

dξ
(s , ξ) dξ

− 1
2

∫
ηc(s , c , Γ) dc − 1

2

∫
ηs(s , c , Γ) ds − 1

2

∫
ηΓ(s , c , Γ) dΓ + C

where χ(s , c , Γ) �
(

fo − fa
)
(s , c , Γ).

◦ G. Chavent and J. Jaffré , Mathematicals Models and Finite Elements for Reservoir Simulation,
Amsterdam, North-Holland, 1986
◦ P. Daripa and S. Dutta, Modeling and simulation of surfactant polymer flooding using a new
hybrid method, J. Comput. Phys. 335 (2017) 249-282.
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Reformulated system of model equations for SP Flood

− ∇ · (K(x)λ(s , c , Γ)∇p) � qa + qo ,

∂U
∂t

+ ∇ · F(U) � Q + ∇ · (G −H),

where pc � po − pa , vi � −Kλi∇pi (i � a , o), v � va + vo .
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ª®®¬
C � K(x) fa(s , c , Γ)λo(s , Γ), v � va + vo is the total velocity,
pc � pc(s , Γ)
fi(s , c , Γ) � λi(s , c , Γ)/λ(s , c , Γ),
λi(s , c , Γ) � kri(s , Γ)/µi(c), λ(s , c , Γ) � λa(s , c , Γ) + λo(s , c , Γ).
Di(v) � dm ,iI + |v|(DL,ivvT |v|−2 + DT,i(I − vvT |v|−2)), (i � c , Γ).
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DFEM-MMOC HYBRID METHOD



DFEM-MMOC based Hybrid Method

− ∇ · (K(x)λ(s , c , Γ)∇p) � qa + qo .

∂U
∂t

+ ∇ · F(U) � Q + ∇ · (G −H).
Step 1: Pressure equation

−∇ · (K(x)λ(s , c , Γ)∇p) � qa + qo ,

This is solved by a Discontinuous Finite Element Method (DFEM).

Step 2: System of Transport equations: solved by MMOC
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φ

s
∇ · (DΓ · ∇Γ) � gΓ

C � K(x) fa(s , c , Γ)λo(s , Γ), v � va + vo is the total velocity,
fi(s , c , Γ) � λi(s , c , Γ)/λ(s , c , Γ), pc � pc(s , Γ).
λi(s , c , Γ) � kri(s , Γ)/µi(c), λ(s , c , Γ) � λa(s , c , Γ) + λo(s , c , Γ).
Di(v) � dm ,iI + |v|(DL,ivvT |v|−2 + DT,i(I − vvT |v|−2)), (i � c , Γ). 15



Discontinuous Finite Element Method

− 1
Nc

∇ ·
(
K(x)µoλ(s , c , Γ)∇p

)
� qa + qo , x ∈ Ω\Σ,(

K(x)λ(s , c , Γ)∇p
)
· n̂ � 0, x ∈ ∂Ω,

The weak formulation for the elliptic
equation is written in the usual Sobolev
spaces H1(Ω)with ψ ∈ H1(Ω) as: (0, 0)− Source

(1, 1)− Sink

Ω−Ω+

Σ

κ

∫
Ω+

Kλ∇p∇ψ +

∫
Ω−

Kλ∇p∇ψ −
∫
∂Ω

Kλψ∇p.n̂ � Nc

∫
Ω

q̃ψ

where ∇p · n̂ � 0 on ∂Ω, q̃ � qa + qo and [K(x)λ∇p · n̂]Σ � 0.

The jumps in saturations at interfaces are incorporated in the finite
element basis function in this method.

◦ P. Daripa, S. Dutta, J. Comput. Phys. 335 (2017), 249-282.
◦ S. Hou, W. Wang, L. Wang, J. Comput. Phys. 229 (2010) 7162-7179.
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Modified Method of Characteristics

Reformulation of the Transport Equations:
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∂s
∂τs

+ ∇·
(
C
∂pc

∂s
∇s

)
� gs −

∂ fa

∂c
v · ∇c −

∂ fa

∂Γ
v · ∇Γ − ∇·

(
C
∂pc

∂Γ
∇Γ

)
,

ψc
∂c
∂τc
−
φ

s
∇ · (Dc · ∇c) + c g � gc ,

ψΓ
∂Γ
∂τΓ
−
φ

s
∇ · (DΓ · ∇Γ) + Γg � gΓ.

where gs � (1 − fa)Qδ(x − xi), gc �
c i Q

s δ(x − xi), gΓ �
Γi Q

s δ(x − xi),
and g �

Q
s δ(x − xi) are the point source terms with δ being the Dirac

delta function.

Numerical Method: Finite Difference MMOC
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Flowchart

Governing equations:
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Comparison Floods: Rectilinear Geometry
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Comparison Floods: Quarter Five-Spot
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VISCOELASTIC EFFECTS



Towards Viscoelastic Fingering in a Hele-Shaw Cell

# Continuity equation and Flow equations.

∇ · v � 0, −∇p + ∇ · τ � 0.

# Constitutive relation: τ + λ1τ∇ � µ[D + λ2D∇]
λ1 , λ2: relaxation and retardation (time) constants. τ∇ and D∇

are given by
τ∇ � τt + v · ∇τ − (Lτ + τLT),

D∇ � Dt + v · ∇D − (LD + DLT).
where L � ∇v, D � L + LT .
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Dispersion Relation

# Averaging of the Laplace law across the plates.

σ �

[
< u0 > (1 − Ca−1) k −

(
b2

12

)
γ
µ k3

]
1 − 4 < u0 > (λ1 − λ2)k + b2k2/6 ,

where Ca � < u0 > µ/γ is the Capillary number.
# Notice that this formula for the growth rate is of the form

σ(k) � a1 k − a2 k3

1 − βk + a3k2 ,

where β is a multiple of the elasticity measure λ1 − λ2 and
a1 , a2 , a3 are constants.
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Plot of the Dispersion Relation

σ(k) � k − 0.5k3

1 − βk + k2 .
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Figure: Plot of growth rate σ versus k for several values of
β � 4 < u0 > (λ1 − λ2). Collaborator: Gelu Pasa
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Previous Results

Relaxation time constants: λ1 , λ2 , λ1 > λ2.

Weissenberg number: W1 is proportional to λ1

FromWilson(1990, JFM): Numerical results show that elasticity is
destabilizing for Saffman-Taylor instability.
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Reservoir Scale Modeling of Viscoelastic Effects - Ongoing

Two-phase, two-component, non-Newtonian model

va � K(x)λa(We2 |∇pa |2)(−∇pa + ρag),
vo � K(x)λo(We2 |∇po |2)(−∇po + ρog),
po − pa � pc(s , Γ),

∇·(va + vo) �
qa

ρa
+

qo

ρo

φ
∂s
∂t

+ ∇·(va) �
qa

ρa
,

φ
∂(sc)
∂t

+ ∇·(cva) � cin j
qa

ρa
,

φ
∂(sΓ)
∂t

+ ∇·(Γva) � Γin j
qa

ρa
.

.
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CONCLUSION



Summary

# We have shown only one upper bound result on the growth rate
of viscosity driven instability in thre-layer rectilinear Hele-Shaw
flows in order to explain the significance of such multi-layer
stability studies to enhanced oil recovery processes. Many more
results on stability of such flows can be found in my publications
with co-authors. Talks by Craig Gin and Zhiying Hai in this
minisymposium will showcase some of such results.

# We have presented a numerical method to solve a system of
elliptic and transport equations. This method uses a
discontinuous finite element method (DFEM) to solve the elliptic
equation and a modified method of characteristics (MMOC).

# We have extended the Chavent’s definition of global pressure
from two-phase porous media flows to two-phase
two-component porous media flows.

28



Summary

# We have shown only one upper bound result on the growth rate
of viscosity driven instability in thre-layer rectilinear Hele-Shaw
flows in order to explain the significance of such multi-layer
stability studies to enhanced oil recovery processes. Many more
results on stability of such flows can be found in my publications
with co-authors. Talks by Craig Gin and Zhiying Hai in this
minisymposium will showcase some of such results.

# We have presented a numerical method to solve a system of
elliptic and transport equations. This method uses a
discontinuous finite element method (DFEM) to solve the elliptic
equation and a modified method of characteristics (MMOC).

# We have extended the Chavent’s definition of global pressure
from two-phase porous media flows to two-phase
two-component porous media flows.

28



Summary

# We have shown only one upper bound result on the growth rate
of viscosity driven instability in thre-layer rectilinear Hele-Shaw
flows in order to explain the significance of such multi-layer
stability studies to enhanced oil recovery processes. Many more
results on stability of such flows can be found in my publications
with co-authors. Talks by Craig Gin and Zhiying Hai in this
minisymposium will showcase some of such results.

# We have presented a numerical method to solve a system of
elliptic and transport equations. This method uses a
discontinuous finite element method (DFEM) to solve the elliptic
equation and a modified method of characteristics (MMOC).

# We have extended the Chavent’s definition of global pressure
from two-phase porous media flows to two-phase
two-component porous media flows.

28



Summary Continued:

# We have presented numerical solutions of realistic chemical EOR
problems.

# We have presented results, in particular growth rate formula
which shows catastrophic growth rate for Weisenberg number in
certain range.

# Currently the work is ongoing in incorpoating viscoelastic effects
in our model and simulation.
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THE END

Thank you.

Questions?
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Appendix

EXTRA SLIDES
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Constitutive Relations

Linear Viscosity model:

µa � µw(1 + βc) (1)

Here β is a constant dependent on the types of polymer and rock.
µw � viscosity of pure water.

Capillary pressure: pc (Brown and Pope, 1994)

pc �

(
σω2

√
φ/K

) (
1 − s − sσra

1 − sσra − sσro

)−1/ω1

(2)

where σ � σ(Γ) is the interfacial tension, ω1 is the pore-size index,
sσri (i � a , o) are the phase residual saturations when the interfacial tension is
σ � σ(Γ).
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Constitutive Relations

Relative Permeabilities:
When Γ � 0 (Brooks and Corey, 1966)

kσ0
ra �

(
s − sσ0

ra

1 − sσ0
ra

) 2+3θ
θ

,

kσ0
ro �

(
1 − s − sσ0

ra

1 − sσ0
ra − sσ0

ro

)2 1 −
(

s − sσ0
ra

1 − sσ0
ra − sσ0

ro

) 2+θ
θ

 , (3)

where the parameter θ � 2 in our simulations.

When Γ , 0 (Amaefule and Handy, 1982)

kσra �

(
s − sσra
1 − sσra

) {
2.5sσra

[(
s − sσra
1 − sσra

)2
− 1

]
+ 1

}
,

kσro �

(
1 − s − sσra

1 − sσra − sσro

) {
5sσro

[(
1 − s − sσra

1 − sσra − sσro

)
− 1

]
+ 1

}
. (4)
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Constitutive Relations

Residual Saturations: (Amaefule and Handy,

1982)

sσro �


sσ0

ro Nc < Nco

sσ0
ro

(
Nco
Nc

)0.5213
Nc ≥ Nco

,

(5)

sσra �


sσ0

ra Nc < Ncao

sσ0
ra

(
Ncao
Nc

)0.1534
Nc ≥ Ncao

.

(6)

where Nc �
|v|µ
σ is the capillary

number of the aqueous phase,
Nco and Ncao are the critical capillary
numbers of the oil and the aqueous
phase respectively.

Interfacial tension: (Liu et al. , 2007)

σ �
10.001
Γ + 1 − 0.001 (7)

0 100 200 300 400 500 600 700 800 900 1000

Surfactant concentration

10
-2

10
-1

10
0

10
1

IF
T

Figure: Interfacial tension(IFT) of
oil/brine as a function of Γ
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Grid Orientation effect

Injector

(a) Parallel

Injector

(b) Diagonal

(c) t � 200, parallel
flood

(d) t � 200,
diagonal flood

(e) t � 400, parallel
flood

(f) t � 400,
diagonal flood

Figure: Comparison of water saturation contours for parallel and diagonal flow
simulations in a five-spot geometry with a spatial resolution of 40× 40 to study the grid
orientation effects at viscosity ratio Mµ � 20. Subfigures (c) and (e) correspond to
parallel flows while (d) and (f) correspond to the diagonal flow simulations at two
different time levels, t � 200 and t � 400. 37



Input Data

Domain & Input parameters:

Ω � [0, 1]2 and absolute permeability, K � 1.

Table: Simulation input data

Model parameter Symbol Value

Spatial grid size h × k variable
Porosity φ 1
Permeability K variable
Initial resident water saturation sσ0

0 0.21
Polymer injection concentration c0 variable
Surfactant injection concentration Γ0 variable
Oil viscosity µo 12.6
Pure water viscosity µw 1.26
Residual aqueous phase saturation sra 0.1
Residual oleic phase saturation sro 0.2
Critical capillary number of aqueous phase Ncao 10−5

Critical capillary number of oleic phase Nco 10−5

Parameters of capillary pressure relation ω1, ω2 0.1, 0.4
Injection rate Q 200, 50
Time step size ∆t 1/25, 1/100
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