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Motivation

Enhanced Oil Recovery
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@ Stability of such multi-layer flows
is an important issue.

e Groundwater flows
e CO3 sequestration
o Geology
@ Study the effect of various
parameters on the stability

= help in the design of efficient
injection policies
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Motivation

Radial Hele-Shaw Flow

Governing Equations:
@ Continuity equation for incompressible flow

V-u=0
@ Darcy's Law
Vp = —Hu
K
@ Interface conditions
d
D —wh, [P =TV-a

dt
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Motivation

Multi-Layer Flow

o

Notation:

u:= (ur,ug)

Q@ - injection rate

Ry - radius of innermost interface

R; - radius of jth interface

Ry - radius of outermost interface

i - viscosity of innermost (injected) fluid
1j - viscosity of intermediate fluids

Lo - Viscosity of outermost (displaced) fluid
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Motivation

Dimensionless Formulation
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Original Equations

V-u=0
Vp:—ﬁu
K

Dimensionless Equations

Vi u" =0
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Disturbance: A, (t)e™? Q@ = Injection rate

o

Injection Point

_ AL _Qnl-pw o Q 1 n(n?-1)

An(t) " 2R21+p; 2R?2 14 12R3

Nmaxz = \/2QR(1 - Mi) + 1/3

X107 Dispersion Relation

L. Paterson, Radial fingering in a Hele Shaw cell. J. Fluid Mech., 113:513-529, 1981.
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Variable injection rate (Previous results)

@ Maximum injection rate for a stable flow

1 n (n?—1)
Qu(n) = 6Rn(1— ) — (14 pq)

@ Maximum injection rate for a stable flow

QMCXF%, for t>>1

T. Beeson-Jones and A. Woods, On the selection of viscosity to suppress the saffman-taylor
instability in a radially spreading annulus. J. Fluid Mech., 782:127-143, 2015.
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Current Work

Three-Layer Flow

Notation:

u:= (ur,ug)

@ - injection rate

Rp - radius of inner interface

Ry - radius of outer interface

i - viscosity of innermost (injected) fluid
Lo - viscosity of the outermost fluid

1 - viscosity of the intermediate fluid

Disturbances:

Inner Interface: A, (t)ei™? Outer Interface: B, (t)e'™?
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Current Work

Three-Layer Flow

£ (18) -0 (1)

where M is the 2 X 2 matrix given by:

{avm-a-w ()"} o

M1’1: 2n 2R2
(= ) (1= pn) (52) ™"+ (o + )1+ ) 210
n—1
2 (F2)" A
M1*2: R, 2n
(1 = i) (1= 1) (F2) 7+ (1 + 1) (1 + 1)
n+1
2m ()" Fo
Mz*li R 2n
(= )(1 = ) (B2) ™"+ G+ ) (14 )
2n
{(M1+Mi)+(m—uz‘)<%‘f) }F1 0
M2’2: Ro 2n _2R2
(= )1 = i) (B2) 7"+ G+ )1+ ) 2
and 4 4
Qn Ton® —n Qn 1nd3—n
Fo=2(m—p) = ———, Fi=—"0(l—-p)— ——a—
0 2R8(M1 ,uz) 12 Rg 1 2Rf( M1) 12 R‘f
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Current Work

(N+2)-Layer

Fo ... 0 73 0
M (1) = My (1) -2 ;

0 Fn 0 z%?

2o ) 2" Bo )yt

(MN(t)) Wi — 1 Egzgzn +1 (ﬁN(t))12 =2 <(RIZ? )Z,L ,
Ry - Ry
o ()™
(G)™ ()"

(MN“))J'H,J'H s (sz,1>2" L ( R; >2n .
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Current Work

Condition to Stabilize Three-Layer Flow

Q S min{GQ, Gl},

where
To (77,3 — n)DQ
Go= ————,
6Ro nD1 — DQ
1 (n®—n)Ds
Gi=———"
6R1 nD4 — D2
B R n+2 R 2n
Do = (1+4m) +2mTy ' (*O) = (1 =) <*0) :
R Ry

Dy = (1+ i) (i — i) + 21 (1 — ) (g)* (1= ) s — ) (ﬁ) ,

Dy = (14 pa)(pr + pa) + (1 = pa) (pa — pa) (%(1)) n’

RO n—2 RO 2n
D3 = (p1 + pi) + 2 To | 5= + (p1 — i) | 5 ,
R1 Rl

D= (1= )i + ) + 2001 (s — o) (2) = ) — o) (g)
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Current Work

Condition to Stabilize Three-Layer Flow

10 8
—— 2-Layer Max Stable Injection Rate —2Layer
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o \\ Lower Bound (3.12) \\\ F(0 =08
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wi =02, uo =1, T =1, R(0) =1 for two-layer flow
i =02, 1 =0.6,u, =1,To =T1 =1, Ro(0) = 0.8, R1(0) = 1 for three-layer flow
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where

Current Work

Condition to stabilize (N+2)-Layer flow

1 Ton(n?—1)

B 67RO”(M1 — i) = i
1 Ty(n?— o)
6RJ Hj+1 —
1 n(n? —1)

6RN n(l —MN) — 1'
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Current Work

Maximum injection rate for stable flow

Examine the long time behavior of the maximum injection rate for a stable flow

Qui(t) = Cte

— 1 Interface
2 Interfaces
— = 3 Interfaces

5 Interfaces /
10 Interfaces /9/

10 20 Interfaces E| /
—%- 30 Interfaces e

107 10 100 10 10? 10° 10!
t Number of interfaces

QMO(t_l/g OOCN?/?)
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Variable Viscosity

Variable Viscosity Radial Flow

Notation:

Q - injection rate

R, - radius of inner interface

R - radius of outer interface

Wi - viscosity of innermost (injected) fluid
o - Vviscosity of the outermost fluid

u(r) - viscosity of the intermediate fluid

Advection Equation
% +u-Ve=0

Challenges of Radial Flow:

@ The solution depends on the curvature of the interfaces which evolve with
time.

@ The thickness of the middle layer changes with time.

@ The viscous profile is time-dependent.
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Variable Viscosity Radial Flow

In order to overcome the time-dependence, we use a change of variables

r? — R3(t) r? — R3(t)

TR - R3(1)  R3(0)

¢

where Ry(t) is the position of the outermost interface and R3(t) = Qt/m. Then
the basic solution is constant in time. If we perturb the velocity in the { direction
and write the disturbance as

u¢ = f(Qemrer,

we get the following eigenvalue problem:
2 2 1o\ _ n*R3(0)
(RO + B3 1t ©) = 1m0y 5 20

which holds within the intermediate layer.

QnPR3(0) 1 dp
(CR30) + R3(r)) o(r) ¢! )

pf(¢) = I
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ble Vi sity

Variablé Viscosity Radial Flow

In the new coordinates, the interfaces are located at ( = (; and { = 1. The

interface conditions are

s @) = (- 25 ) st

nR3(0)
- 2 ) = (- 75 ) 1)
where
Qn n3—n
F = W(N(Cl) - Mz) Ty B
Qn n®—n
Fy = WOLO N(D) - 15 R
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Variable Viscosity

Upper Bound

The modal upper bound is:

F Fy Q 1 ’
o < max T - SU.p /’1’ g .
{Hi to” TR3(0) i ce(ey 1) ©

By taking the maximum over all n, the absolute upper bound is:

o< max{ 21 (QRI(” ((Cr) — i) + é) ’

wiR3(7) 67Ty
2T [ QRa(r) 1\ 3
mRS(r)( 6T (“"_“(1))+§) ’

Q 1 /
9l WY
TR3(0) pi ce(ey,1)
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Variable Viscosity

Eigenvalues and Eigenfunctions

Using A =1/0,

2 2 4 n R4(0) Qn RQ(O) o
( (CRQ (0) + RO(T)) /U‘f/( )) - (4(<R2(0)1R2(7))N 47\’(CR2(0)+R2(T))M >\ f(() - 07
ZRl (7)

(wi = AF1) f(G) = R,Lz(O)M(Cl)f (C1) =0,
(o — AF2) f(1) + W” Su(1)f'(1) = 0.

1)

Let Fy, Fs, Q, m, s, o > 0. Let u(C) be a positive, strictly increasing function
in C1([¢1,1]). Then the eigenvalue problem (1) has a countably infinite number
of real eigenvalues that can be ordered

0< A <A <A <.

with the property that for the corresponding eigenfunctions, {f;},°,. fi has
exactly i zeros in the interval (¢1,1). Additionally, the eigenfunctions are
continuous with a continuous derivative.
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Variable Viscosity

Eigenvalues and Eigenfunctions

We can write equation (1) in the form Af = Af.

Define the measure

R OF for M = {G;}
v(M) = fM d(, for M C (¢1,1)
nE (O F go)F2’ for M = {1}.

where
o) — QR0
Am(CR3(0) + R§(T))

Consider the Hilbert space H := L?([(1,1];v)

J. Walter, Regular eigenvalue problems with eigenvalue parameter in the boundary condition.
Math. Z., 133, 1973.
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Variable Viscosity

Self-adjoint Operator

Theorem

Let Fy, Fy, Q, n, p;, 1o > 0. Let u(C) be a positive, strictly increasing function
in Cl([gl, 1])

A is a self-adjoint operator on H and for any u € H,

u=3"fu [ WO

k=0 ¢

where the fj are the eigenfunctions of A.

J. Walter, Regular eigenvalue problems with eigenvalue parameter in the boundary condition.
Math. Z., 133, 1973.
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Variable Viscosity

Variable Injection Rate

Compare the injection rate that maintains a fixed value of o.

-7 e
20l -7 / 1
////////
ol 7 //// 1
//// //
// //
wl . ]
e ~
o
N d |
///

The variable viscosity flow has the same average viscosity as the constant viscosity
flow
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Optimal Linear Viscous Profile




iable Viscosity

Optlmal Viscous Profile

5 Optimal Viscous profiles
—Lininr




V ble Viscosity

References

@ C. Gin, P. Daripa
Time-dependent injection strategies and interfacial stability in multi-layer Hele-Shaw and
porous media flows
arXiv preprint, arXiv:1811.10721, 2018.

@ C. Gin, P. Daripa
Stability Results on Radial Porous Media and Hele-Shaw Flows with Variable Viscosity
Between Two Moving Interfaces

arXiv preprint, arXiv:1901.03754, 2018.

@ L. Paterson
Radial fingering in a Hele Shaw cell.
J. Fluid Mech., 113:513-529, 1981.

@ T. Beeson-Jones, A. Woods

On the selection of viscosity to suppress the saffman-taylor instability in a radially spreading
annulus.

J. Fluid Mech., 782:127-143, 2015.

@ J. Walter
Regular eigenvalue problems with eigenvalue parameter in the boundary condition.
Math. Z., 133, 1973.

SIAM GS19


https://arxiv.org/abs/1811.10721
https://arxiv.org/abs/1901.03754

Variable Viscosity

Thank you

Thank You!
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