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Components (C) and phases (p)

Components
phases

Oxygen O, Nitrogen N, Carbo Di
vapor
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C=Water
in 3 liquid, solid (ice)

Temperature T

vapor liquid solid

5/173



Intro: Phase EQ 101 II. Phase EQ in practice III. Simplified EQ, MH IV. Phase field modeling

Glossary and U*N*I*T*S 101

1 Mole: amount ~ 6 x 1023 molecules of a substance.
Mixture of C' components with total n moles, n=n1 +...n¢c.
With multiple phases, eq., liquid and vapor: n = n; 4+ n,.

Molar mass M [g/mol]. For a mixture, M = 3 z; M;; here x; = 2% are mole
fractions, with >, z; = 1 (Sometimes we also use y; or z;.)

Mass fraction n; = x; =+ M Mass fraction in phase p is denoted by np
V_ M

Molar volume Vs = - = s

Molar mass of CHy is ~ (12 +4)- 1g/mol = 16.04 g/mol.

Density p = % Phase density pp.
Saturation Sp of phase is volume fraction of that phase. (Concept similar to but

quantitatively different than %’)

For VLE (two phase vapor-liquid equilibria): z; liquid phase mole fraction
(corresponds to n}), y; is vapour (gas) phase mole fraction (corresponds to nq)
overall mole composition.

Raoult’s law y; P = :pinat makes assumptions (vapor phase is ideal gas, liquid
phase is ideal solution). It is only appropriate in subcritical conditions.
Fugacity f defined as limp_,o % = 1. Usually we write f = ¢ P and define

¢ fOP %dp. This quantity can be measured, and calculated from EOS.
Fugacities are useful in mixture equilibria calculations.
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What are phases and components

Phases p=1,...N,. Components ¢ =1,... N,.

Generic diagram

Examples
phases
phases phases
pi p2 |[ p3 p4 p5 (6 e s e o)yt e
(9as)| | liquid || (gas)| | (waten) (olid) \ . /
EREDE
phases
@ O
g Y

COMPONENTS

Must know how the composition 7. This depends on (P, T).
Phase transition requires energy change and in turn affects (P, T).
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Phases and components.
Flow and transport in porous media

For every component C =1,... N,

3t($Y_ ppSpmy + (L= )psns) + > V- (J5) = qc- e
p P

Phase saturations Sp (3-,, Sp = 1), densities pp, pressures P, (or one pressure P)

Mass (or mole) fractions nf;'. For every p=1,...Np, D oony, =
Need to define fluxes JS (advective, from Darcy’s law) plus diffusive.

Closure: Need to specify 77;? via “phase equilibria”.

Alternative (kinetic): for a fixed component C, and two phases p=1,g
ae(epuSiny) + V- (JF) = 4c + QF (2)
3t(¢ﬂg5977§) +V- (ch) = _ng (3)

Must know mass transfer rates Qlc'?.
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Additionally to mass conservation ....

Need an energy equation for T'= T'(x,t).
(Include latent hear of phase transformation).

8t(¢ZPpSpUp+(1—¢)PSUS)+ZV'(Jg):‘IT 4)
P P

Up: phase internal energy. E.g., U, = Hp, (enthalpies); with latent heat, e.g.
L = H, — H;. Also, one can simplify Uy ~ ¢,T.
Alternative: assume the system is isothermal; fix T'(x).
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Simple example: count equations and unknowns

Example II.1 (N, = 2, N¢ = 2, immiscible case)

Consider (1), with C = W, N, and p = [,n (Water and Oil (or Gas) and liquid and
nonwetting=nonaqueous) phases. Set n5 =

0 (@(ouSnl” + paSamyy ) + V- (B + I = aw. (52)
o (@louSnlY + paSan)) + V- (I + I)) = an. (5b)
Assumptions and closure, total [+11] Variables [+11]
Si+ S =1 [+1]. Saturations S, Sn [+2]
> 775 =1. [+2] Mass fractions {ng} [+4]
Mass conservation equations [+2]
Define J' = 1/ vppp (ignore Ficks’s) Phase velocities vp [+2]

Darcy’s law vp = vp(Sp, Vp) [+2]
Provide pp = pp(P, T, {n§'})
Provide or ignore capillary pressure
P Py = Po(S)). [+1]

Assume isothermal conditions T" known. [+1] Temperature T [+1]
Assume immiscibility n/¥ =0, 7}V = 0. [+2]

Phase pressures P, [+2]

In practice, we eliminate many unknowns, and solve (5) for one Py, _and one Sp.
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Simple example: count equations and unknowns

Example II.1 (N, = 2, N¢ = 2, immiscible case)

Consider (1), with C = W, N, and p = [,n (Water and Oil (or Gas) and liquid and
nonwetting=nonaqueous) phases. Set n5 =

0 (@(ouSnl” + paSamyy ) + V- (B + IV = aw. (52)
o (#louSnlY + paSan)) + V- (I + I)) = an. (5b)
Assumptions and closure, total [+11] Variables [+11]
1
Si+Sn =1 [+1]. Saturations S, Sn [+2] *
> 'ryg’v =1. [+2] Mass fractions {ng} [+4) *2
Mass conservation equatifns [+2]
Define Ji = 17 vppyp (ignOmemeress Phase velocities vp [+2]
Darcy’s law vp = vp(Sp, Vp) [+2]
Provide pp = pp(P, T, {ng}) +1
Provide or ignore capillary pressure RN 6 (R
Py — Pn = Pe(S). [+1]
Assume isothermal conditions T known. [+1] Temperature T [+1] 2
Assume immiscibility n/¥ =0, 7}V = 0. [+2] NUMBER?

In practice, we eliminate many unknowns, and solve (5) for one Pp,_and one Sp.
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More complicated example, 2x 2
Example II.2 (VLE example, N, = 2, Nc = 2, miscible case)

Consider (1), with C = W, N, and p = I,n (Water and Oil (or Gas) and liquid and
nonwetting=nonaqueous) phases. Set n5 =

& (@(ouSmt” + paSaniy ) + V- (B + I = aw. (62)
o (@louSnlY + paSan)) + V- (I + I3 = an. (6b)
Assumptions and closure, total [+11] Variables [+11]
Si+Sp =1 [+1]. Saturations Sj, Sp [+2]
Yo 771? =1. [+2] Mass fractions {npc} [+4]
Mass conservation equations [+2]
Define Jpc = 77;(;”19/719 (ignore Ficks’s) Phase velocities vp [+2]

Darcy’s law vp = vp(Sp, Vp) [+2]
Provide pp = pp(P, T, {n§'})

Provide or ignore capillary pressure
P, — Py, = P(S)). [+1]

Provide energy equation for 7. [+1]
Provide/solve VLE for 775. [+2]

Here the choice of primary unknowns can be tricky. We solve for T. Then we
choose other primary uknowns from {one Pp,, one Sy, two ng}. More later.

Phase pressures P, [+2]

Temperature T' [+1]
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More complicated example, 2x 2
Example II.2 (VLE example, N, = 2, Nc = 2, miscible case)

Consider (1), with C = W, N, and p = I,n (Water and Oil (or Gas) and liquid and
nonwetting=nonaqueous) phases. Set n$ = 0.

0 (@(ouSmt” + paSanyy ) + V- (Y + I = aw. (62)
& (e(ouSini™ + pgSynd)) + V- (I + ) = an. (6b)
Assumptions and closure, total [+11] Variables [+11]
Si+ Sp =1 [+1]. Saturations S;, Sn [+2] +1

Yo Upc =1. [+2] Mass fractions {ng} [+4] +2
Mass conservatiokquations [+2]
Define Jf = 77;?”? P (ISHOLIC TICRSST Phase velocities v, [+2]
Darcy’s law vp = vp(Sp, Vp) [+2]
Provide pp = pp(P, T, {ng'})

Provide or ignore capillary pressure
P, — P, = P(S1). [+1]

Provide energy equation for 7. [+1]
Provide/solve VLE for ng, [+2]

Here the choice of primary unknowns can be tricky. We solve for T'. T R?
choose other primary uknowns from {one Pp,, one Sy, two 'r]g}. More later.

Phase pressures Pp [+2]  +1

Temperature T [+1]
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Intro: Phase EQ 101 II. Phase EQ in practice III. Simplified EQ, MH IV. Phase field modeling
Deceivingly simple example
Example I1.3 (N, =2 (p=1,9), No =1 (C =W))
Mass conservation
8t(¢zpp5p) + ZV ~(Jp) =¢q

Simulates water flow in (hypothetical) conditions when both the liquid and gas
phases (vapour, steam) phase can be present.

(Realistic models include air component).
Must know Jp,=advection (velocity from Darcy’s law)+ diffusion (Fick’s law).

Phase data

Phase solver

. PT diagram for [water] Antoine equation Primary unknown: P.

=y If P< Ps*%(T), p=g.
If P> Pset(T), p=1.
What if P = Psat(T)?

1400

P B

pinkPa
8

T= 100

Tﬂ"““ Need an an energy equation
p<BSRT

. or assume T is known.

o 50 100 150 200
tinc

Also, need pp(P,T).
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Continue Ex. I1.3. What else is needed

Need density p,(P) for p =1,g. Also, what if P = P5*(T)?

“Gas density determined from gas side of saturation line”
“Aqueous density determined from liquid side of saturation line”

@ EOS: gives V for a given P,T and thus density; see PV diagram

@ Or, use lookup tables
NIST REFPROP, ASME steam tables, Engineering Toolbox, or ...

] PV diagram
If P = Ps(T)

PT diagram for [water] Antoine equation

—— PSAT (water vapor)
erves e

saenwmen

’ ® “ © o 0 Can calculate the density
(P, T), pg(P,T) from EOS.
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EOS=Equation Of State is substance specific.
More than 100 EOS!!!

Given P, T, solve for Vj;. P = Vﬁib — (Vm—ba)((‘\//ﬂ}d;i-?VM-q-e)

Values of a, b are known for a given component.

Or, rewrite using z-factor z = I;/TIV . Solve
3 224 2(A—B—B?)— AB =0, where, e.g., A = (}_1?71?)2.
_ RT
@ Ideal gas P = Vir
_ _RT" _ _a
e VAW P = Var—b @
- a
e RKS P= V b CRITED)
_ _RT a
°® PR P=qy = (VZ+2bVa —b2)
Algebra example: calculate B.
. \% b
Calculate ¢ for a gas obeing VdW: In¢g = ﬁ — R%&M —1In(1— agﬂll/(ﬂ ))
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Back to Ex. N, =2, N¢c =1, STOMP

How to use EOS in practice

Look-up tables.

What if capillary pressure is important?

STOMP uses the ASME Steam Table formulations to compute the vapor pressure
of water, which is a function of temperature. This vapor pressure is then reduced
via the Kelvin equation for capillary pressure. This vapor pressure then serves as
the partial pressure of water in the gas phase, which is used to compute the mole
and mass fractions of water in the gas phase. The remaining component is air. If
the vapor pressure equals the gas pressure, then the gas phase is fully saturated
with water vapor. Transitions from single-phase aqueous to two-phase gas-aqueous
occurs when the sum of the air and water vapor exceed the aqueous pressure, thus

creating capillary pressure and unsaturated conditions.
Forsyth, Simpson ’1999
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N, =1, N. =2 (water and solute)

Mass conservation (S; = 1)

A(epm’)+V-(J°) = qc
O(dpm” ) +V-(JV) = qw

Model simulates water flow and the advection-diffusion of solute.
If water assumed incompressible, we retrieve the usual Darcy eqn
solved for the flow, and transport equation solved for concentration

p€ = puny’.

Primary unknowns: P, and p©.
No phase solver necessary, but we may need p;(P). E.g., assume
slightly compressible liquid.
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EOS, multiple components (mixture)

In EOS (such as PR, or RKS)
. replace a,b by a = Zj TBHTAT () = D0 AT
Interaction coefficients a;; = (1 — d;5)+/ (aia;).

Pure components might not have “ideal behavior”.
Density and other calculations get difficult.
When N, > 2, and N¢ > 2, things get harder.

17 /73
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Back to Ex. II.2 N, = 2 N¢ = 2, fun example

Motivation: CO2 in a soda bottle

Closed bottle, P € [270,380]kPa, at room T = 20C.
Outside the bottle, P ~ 100k Pa.

Closed bottle: P > P**, Open bottle: P < P,

Of course, P5* now is for CO2 dissolved in water.
Variables involved in phase equilibria: P, T, z1, %2, Yy1, Y2

—_ W _ ,CO2 _ W _ ,CO2
NOWJJ1—7]l , L2 =1 y Y1 =Ty 5 Y2 = 1Tlg :

How to calculate these after the bottle is opened?
What is the proportion of the moles n; in p =1 and ny in p=v
phases? (Sometimes denoted by £ and V).

18 /73
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How to solve for equilibria
Must identify primary variables. Must have data on ng .

3 c _ ,C . C
Typically 15’ =0 (P {0}, oo c)

P T N¢

(n,?)p,c, (Sp)p

Phase behavior solver determines the composition, primary & secondary unknowns
19 /73
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VLE solver for Ex. I1.2 N, =2, N¢c = 2

Binary mixture (N¢ = 2), which can be in a liquid or vapour phase, or a mixture
of these. VLE=Vapour-Liquid-Equilibrium.

Example I1.4 (VLE calculations)

(A) For a given P, T, produce a phase diagram.
Instead of one P53 (T) curve separating L and V regions, we have a lot more.
(B) At a given P, T, and for overall composition z;, what are the proportion of the

phases?
This is called “flash” solver.

Assume ideal properties (Raoult’s law y; P = xiPiS“t. ).

Assume Antoine eqn holds (T[C], P[kPal), 1npjsat(T) — A, — T-t,-Bi]C (Invert for
J
Tjsat(P) if needed.) Recall P = 3", P; thus at bubblepoint
PBUBIP at bubblepoint | = Zmipisat ™
i
. 1
PDEW|[P at dewpoint | = ——— )

;

Z Yi- 9)

[FRACTIONS | » "z; =1

(3
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Example for VLE
Component 1, (acetonitrile) A; = 14.2724; By = 2945.47;C7 = 224.00 ;
Component 2, (nitromethane) Ag = 14.2043; Ba = 2972.64; C> = 209.00;

. Example I1.6 (Produce PT
Example I1.5 (Given T = 75C, produce . p ( .
diagram for a binary
P-z1 and P-y; plots) .
mixture)
Soln: write sat sat Soln: assume z; = 1. Continue
P =P(T;z1) =Py (T)z1 + (1 — z1) P53 (T). as on the left. Move on to z; = 0.5 etc.
The plot (z1, P(T;21)) is the bubblepoint plot. PT (BUBL and DEW graphs)
Psat (T) - for acetonitrile and nitromethane and x in [0.1,0.8]
Write y1 = zlPl(Timl)' The plot (y1, P(T;x1)) is the —rTores
dewpoint plot. - :;:::b‘::;m
{orscuontohe and ivomethans o 075 | | ZFToublor 03
o —PTdewy, 03
“ = by

Pressure [kPa]

V, p=g

" Note: close to the critical regime

o 02 o4 o8 o8 1 the bubble and dew curves curve
Component=acetonitrile fraction x, and y.
e and coalesce.

Data from [Smith, Van Ness, Abbott’2001]. My MATLAB code at
http: //math. oregonstate. edu/ ~mpesz/GS19/
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K values, and how to use them

Define K; = %’ from Raoult’s law K; = %ﬁt, thus K; = K;(P,T).
K values are published in tables.

Example I1.8 (Given

Example II.7 (Compute K values for overall composition
the Ex. I1.9) 21,29, 23 with Ng = 3,
— - and K tables for each,

z‘ find PBUB amd PDEW
N ‘ pressures at a given

. T=1.)

Solution: use y; = z; and
look-up table; determine P = Py
for dewpoint by trial and error
for which Y, y;/K; = 1.
Bubblepoint: similar, set

22 /73
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VLE solver, demystified

Example I1.9 (Problem (B) (Flash): given T, P, and K
tables, find the composition.)

Found VLE fractions: liquid= 0.35 vapour= 0.65

Soln: Assume and total amount of mixture

—vin

> z; = 1. We seek number V of moles in vapour. ooel .
Calculate or look-up Kj, Ko values at the given
T P 003+
, P.
Use L+V =1, 002

and z; = x; L + y; V.
Rewrite as below and solve for V.

K 001 -
D AL B} (10) »
14+ V(K; — 1) oo

i

Example I1.10 (Given T =T, and P = Py, (PT) diagram and
z1 = 0.6, find the composition. )

Soln: We seek again V, £. Calculate Py (Ty), P5%(Tp) from (PT) diagram.
Set 1 = z1, and calculate PBUB = Pfatzl +(1— zl)Pth.
1

Set y1 = z1, and calculate PDEW = W‘

If Py > PBUB,V=0.1f Py < PDEW,V=1.

sat

If PBUB < Py < PDEW, do flash calculation. Calculate K; = gjo . Follow as in Ex. II.9 to
find V.
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Liquid-solid phase transitions

Liquid-solid phase transitions are important in materials science (steel
casting), food industry (preservation of freshness with ice), and
biomedical applications (cryo-surgery).

Water-ice phase transitions are crucial in the models of sea-ice and
studies of the polar regions.

Pressure

solidphase § :
Phese 3| compresibie | superciical fua
lqud

ertical pressure ¢
Pa H

aitical point

gaseous phase

|, triplepoint |
vapour

aitical
temperaure
To

Vapour

2k ok
Tomperature [K]

hydrate

‘Temperature

general

There is no general equation predicting Ppeiting(T) 0T Theiting(P)-
Water is anomalous: volume expands for solid.
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Modeling liquid-solid, N. =1, N, =2 (p=1,p =)
Mass conservation (solid phase does not move)

0i(d Y ppSp) + V- () = (11)

p=l,s

Simulates flow of ice/water mixture.
Realistic model must include energy equation, U, = ¢,T

0 Y ppU, K(MVT)+ V- (uT) = qr (12)
p=l,s

More commonly we solve (after simplifying the above)
H(T+L0) -V (K(T)VT)+ V- (0T) =qr (13)

Here ® = sgn(T') is the order parameter, ® =-1 in ice, ® = 1 in water.
Or, ® = ®(x,t) can have its own dynamics (see IV: Phase Field
models).
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Hydrate example; liquid-solid
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Phase EQ in practice

By Mark White, PNNL.

27 /73



Intro: Phase EQ 101 II. Phase EQ in practice III. Simplified EQ, MH IV. Phase field modeling

Hydrate across the scales (Darcy)

Core/Darcy [m/days] Basin [km/ka]

GAS HYDRATES IN PERMAF

Multi-* PDEs Multi-* PDE

Mines.edu; Lu et al [Renewable and Sustainable Energy Reviews’2015]

Most of our work is based on X. Liu, P. Flemings [JGR’07], and their other work.
We were also inspired by H. Daigle et al [G3’2011] and K. Berndt [Science’2014]
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Methane hydrate models

We present an idealized model of methane hydrate evolution.

It is applicable to time and spatial scale of basin modeling.

It is not directly applicable but can be adapted to production time
scales.

It is the only model for MH with well-posedness analysis (+some
numerical)

@ M. Peszynska, Never Heard of Methane Hydrate? That Might be Good News, SIAM
News, January 2018.

@ Wei-Li Hong, M. Peszynska, Numerical modeling of gas hydrate dynamics in nature
marine sediments: Case studies from Hydrate Ridge, Cascadia Margin and Ulleung
Basin, in Gas Hydrates: from Characterization and Modeling to Applications; Chapter
11, edited by Daniel Broseta, Livio Ruffine, Arnaud Desmedt, April 2018, Wiley.

@ M. Peszynska, W.-L. Hong, M. Torres, J.-H. Kim, ”Methane hydrate formation in
Ulleung Basin under conditions of variable salinity. Reduced model and experiments”,
Transport in Porous Media, 114 (1), 2016, pages 1-27

@ M. Peszynska, F.P. Medina, W.-L. Hong, M. Torres, ”Reduced numerical model for
methane hydrate formation under conditions of variable salinity. Time-stepping variants
and sensitivity”. Computation (Special Issue on Advances in Flow and Transport in
Porous Media), Volume 4, Issue 1, pp 1-19, 2016.

@ M. Peszynska, R. Showalter, J. Webster, Advection of Methane in the Hydrate Zone:
Model, Analysis, and Examples, Mathematical Methods in Applied Sciences, Volume 38,
pp 4613-4629, 2015.

@ N. Gibson, P. Medina, M. Peszynska, R. Showalter, Evolution of phase transitions in

methane hvdrate. J. Math. Anal. Appl. Volume 409. Issue 2 (2014). pp 816-833 29/73
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Multi*-PDE model

Our work is based on the model [X.Liu, P.Flemings [JGR’2008]]
@ Multiphase & Multicomponent M —S —P — T

@ Thermodynamics

e Equilibrium phase behavior (appropriate for basin scale)
o References to data

e 1d and 2d examples

o 'TOUGH-2” or STOMP-HYD flavor [FaltaPruess’2002]

Our M —8 =P =T [Plorres Trehu/ICCS 10]]; comprehensive but delicate

Other approaches: Kinetic phase behavior (appropriate for
production scale)

@ [S.Gupta, R. Helmig, B. Wohlmuth [Comp.Geo’2016-]]
e STOMP-HYDT-KE
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Phase behavior: what is the issue ?

~ -

phases
oa “E

S W M

. e "-;"'
NaCl CH4

depends on P, T

Components

The distribution of components/phases

An established resource: [CSMGem (Mines.edu)] & Data & EOS from multiple ., /73
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Hydrate in marine sediments: PT diagram

— @ Salinity=0.00
——m— Salinity=0.03
—A— Salinity=0.06
= = = = Reservoir hydrostatic pressure

Pressure [mPa]
s

4
w278 280 282 284 286 288
Temperature [K]

The black line shows typical relationship between P(x) and T'(z), i.e.,
(PT) diagram.

P(z) is hydrostatic (increases with depth)

T'(z) follows geothermal gradient (increases with depth).
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More: hydrate stability in marine sediments

MARINE
Pressure [mPa] ocean surface
s w1 = 0
i T 1 3 ocean water
3 : & temperatyre b 3
A = 89
I LY 3 2.9 g
0 === o
%_ §% % 8 400 TP .ér
| e =2 Immw . | Fe-—----
i 35888 3 28
o F [} Q= =
ER e o = = 3
e [ g £ 800 @ gas @ o E
Sl B 2 = g 2
E&r g © - g9
21 £ E 8 o
= 1 @ = T L)
] o as hydrate
i 8 1200 seafloor 7R grabfeybur ra
[ gas g.
ar hydrate 5
BSR | &
1600 . : . free gas | &
0 10 20 30

Temperature (°C)

Right image from USGS; Ruppel et al’2007

Image in the left and image on the right say the same thing
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Phase data: stability and solubility

Solubility=x;;.
Maximum solubility x7}7* depends on (P, T, x;s)

@
1

—@— X;,Salinity 0.00
—m— X} Salinity 0.03

— x'“’“’s.alinity 0.06
o -

I

Pressure [mPa]
8 [
T T

3
&
T

’
- '\ Sample reservoir solubility X,

M

I_\Aelhan%snlubil_gy and g1aximu_g1 solub_iolily [ml\_g]
T

o
P
2]
ol

4 1 1 1 1 1 1 1 1 1 1 1
278 280 282 284 286 288 95 10 105 11 115 12 125
Temperature [K] Reservoir pressure [mPa]

In our reduced models we fix P,T, and consider one of solubility curves x™%*(z).
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What does “maximum solubility” mean?

max

If the amount of methane N,; exceeds X[\,

...... another phase (g or h) forms beside [.

P T
v ¥

’XlM<X?X/‘}z,SL=1‘ ’X1M=X{'}V}”,Sz<1‘

‘ in hydrate zone, Sy > 0 ‘

‘ in gas zone, Sg >0 ‘
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Simple example

]
: i
Sgiat) .. iSh(xt) e, o <
- ': .“ = E."" -‘: ". anst 1 ~
gas zone | hydrate zone
bottom top

36 /73



Intro: Phase EQ 101 II. Phase EQ in practice III. Simplified EQ, MH IV. Phase field modeling

Multi*-PDE model M-S —P —T

For each component C = M, S, W, consider all phases p

Oy Z ¢S;DprpC

p=l,h.g

+V- Z UpppXpc | — V- Z dpcppVXxpc | =0

p=l,h,g p=Ll,h,g

Energy equation “similar”

Comprehensive model of Liu, Flemings [JGR’08]; see also Lake [1989]

Model in [PTorresTrehu’10] comprehensive but delicate, and complex. Results
exhibit large gradients and discontinuities. Very sensitive to thermodynamics and
phase behavior (equilibrium) solver. Need very accurate “real” data for

sitmulations of case scenarios to proceed.
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Simplification story M-S —P —7T to M

The delicate and complex nature of M —S — P — T begged for the

analysis of the model and of numerics, which seemed impossible.

However, we noticed that (some) results of [LF’08] seemed to require
only the simplified evolution.

@ Thus we considered first just a very simplified M model, in the
hydrate zone

@ Next we considered a less simplified M — P model, with real
thermodynamics

@ Next we considered an even less simplified M — S — P model.

@ Currently, we are looking at the M model, in the hydrate + gas
zone
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Simplify model M —S —P —T to M

Model M for evolution of N = N,;, in hydrate zone (p = h,l)

@ Simplify: ¢=1, pj=const. Rewrite

N = p; "(Sipixins + Shpnxnn) ‘

@ Denote amount transported

@ Understand the phase behavior.

Hydrate forms when (P,T) are favorable and when its solubility (mass
fraction) xiar is at its mazimum. This mazimum X% = x™* (P, T, x1s)-
If there is more N > x™%* then Sp > 0.

This can be written as a Nonlinear Complementarity Condition

X < Xmam(PﬂTa Xls), Sp >0, (X_ Xmax(P,T7XlS))Sh =0.

@ If at basin scale, approximate x™%* = x™®(x) (“freeze (P,T)”)

@ P = P(z) is known (hydrostatic)
o T =T(z) is known (follows geothermal gradient)
@ X5 ~const, or incorporate this in the approximation [PHTK’16]

@ If not at basin scale, time-lag the evolution of P, T, x;g, and recompute
x™* after each step.
This works well for a numerical model but it also means that our
well-posedness analysis applies only locally in time.
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Structure of model M

Math of model M for evolution of N = Ny, in hydrate zone (p = h,!)
S
@ Back to NCC ;Sh (X’Sh) cF
X S Xmaz(Pz T? Xls) :
Sp >0

(x = x™**(P, T, x15))Sh =0 .
Draw a diagram of x and S}, equivalent to this
NCC.

@ Now notice that NV and x related by x = a(N)
o a monotone, but f = o~ multivalued

Mathematical structure: PME (Porous Medium Equation)
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Does the theory of PME apply to M ? Almost.

Take a closer look where 3 is from.

Recall N = (1 — Si)xim + RSk, R = const

o0 ReEservoir solubility constraint

(SpXy) in F

Hydrate seguralion S b
o °
N B
T T

o
T

1 1 1 1 1 1
70'08. 2 0.04 0.06 0.0 12 0.14 0.16

Snlubiility x,?,,'1[mM]0'
Challenge I: § and « are parametrized by depth (z). The theory

of PME requires a tweak (family of normal convex integrands).
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Summary: we approximate
X" (x; P T, xg) = X" (1)

This approxzimation is reasonable for basin scale models. It may also work for

sequential evaluation of phase behavior (e.g., production scenarios), TBA.

>
1

—@— X" salinity 0.00
—m— Xu"",Salinity 0.03
—A— X,;"*Salinity 0.06

=

s
T

o
&
T

°
>
T

.
-7 \ Sample reservoir solubility X,

1

I_\geihangosolubil_ioly and l;naxirnu_gn solub_iolily [rnl\_g]
T

1 1 1 1 1 1 1
95 10 105 11 115 12 125
Reservoir pressure [mPa]

>
ot
o
of

Model M — S= two evolution PDEs.
We use "% = x™%(z, xi5(x)).

42 /73



Intro: Phase EQ 101 II. Phase EQ in practice III. Simplified EQ, MH IV. Phase field modeling
Does the theory of PME apply to M now ?

Challenge II: Theory requires that the graph g is bounded globally by
affine functions.

Technique to “extend”

@ Extend the original £ to 3
globally defined

@ Prove that v never goes
outside

@ Conclude that the formal
extension does not change our
problem

Challenge IT overcome: B(x;-) requires a comparison principle
(sufficient conditions on data must be established)
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What does Mathematics know about Hydrates ?

Analysis helps to assess the winner in the competition of

Advection x Diffusion x ’Nonlinearity‘ X ’Heterogeneity‘

o [GMPS'14]: well-posedness (diffusion only)

e [PSW’15]: well-posedness (diffusion & advection) & examples

[[oc]] PME & Stefan free boundary problem
ON —Vix=f&N € B(x)

[[GMPS’14]|] Well-posedness of the M model
ON —V2x = f & N € B(x;x)
[[PSW’15]] Analysis & examples for M — P model
IN = VPx+ q-Vx=f &N € p(z,t;x)

Pressure equation for ¢; P; Dependence B( x,t ; x)
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Some concrete mathematics

[GMPS’14] Diffusion only (subgradient case), hydrate zone
E/U; equation holds in L2(H~1), N € HY(H™'), xum € L*(Hg)

[PSW’15] Diffusion & advection, hydrate zone
E/U; equation holds in C°(L'), N € CO(LY), xim (- t) € Wy a.e.
Sy, as bad as N

Gas zone?

Further challenges (viscous and capillary terms). (Numerical)

Analysis in progress.

Implications of analysis for numerical schemes J

Low-order stable discretizations are a good choice.
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What about “real reservoir data”?

e Ulleung basin case [PHTI'16, PMHT 16
e “My” Hydrate Ridge example; inspired by [DaigleDugan]
o Case of episodic gas venting off-coast of Svalbard

The thermodynamics package in these examples is

adapted from tabulated results from CSMGem by

WeiLi Hong, within the framework we described in
[PHTK’16]
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Ex. UGBH2-7, Expedition in Korea [PHTK’16]

Pe <1 Pe>>1
o 0
‘ |
A
L ‘\\‘ 777777 100,000 yr 20
\ \ === 50,000yr \
25,000yr a0\
N\
N\
= < 60
@ A
2 K
£ £
H £ 80
R &
8 a
100
100,000 yr
L 25,000 yr Lt
10,000 yr
140 140 ——— 2,500y
o 1 2z 3 25 2 30 0.0 05 1.0 o 1 2 3 2 2 30 00 0.1 02 0.3 04
CH, (<10 kg/kg) Sal (x107 kg/kg) sh CH, (x10° kg/kg) Sal (x107 kg/kg) sh

@ Diffusive transport produces small hydrate presence

@ Advective transport produces substantial hydrate presence

@ Very large advection leads to model crash (as predicted by
[PSW’15])
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Ex. UGBH2-7, Expedition in Korea [PHTK’16]

Goal: explain salinity spikes (markers for hydrate), compare with [LEF’06]

@ Thermodynamics model
with salinity dependence
has large uncertainty

@ Advective fluxes alone do
not explain the salinity

s spikes

| @ Methanogenic source
s 2000y explains the spikes, but
£ ——— 1,000yr |
. a0 yr must be stronger than
4 : estimated

100

| @ Hypothesis [Torres’14]
: : suggests free gas chimneys
10 in hydrate zone. Need
T T T i e M — P — S model
OH, (<107 kgikg)  Sal (x10” kgkg) sh without assuming water
abundance & fractures.
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Ex.: Filling MyHydrateRidge

Challenge:

Thermodynamics depends on type of porous medium (coarse/fine)

“MyHydrateRidge”

layered 1 — 2 — 1 porous medium [100 x 100]m?;
original rock type r(z) = 1,2 (sand and silt)
solubility X l]‘f/[AX depends on r(z)
upflux [fast, not-so-slow, slow]

when K(Sp) |, then P 1, and fractures form r(z) = 3

depth
depth

Redsoty Ohmm)

Solubility XIMAX _Solubility Xii
This 2D example is inspired by 1d simulations in [DaigleDugan]
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Filling MyHydrateRidge

Rocktype after 1K years

Shmethane after 1K years

fracture

& coarse

water

This example is available as My Hydrate Ridge Movie

Rock type and Hydrate saturation
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Filling MyHydrateRidge

Rocktype after 15K years

Shmethane after 15K years

fracture

coarse

water

This example is available as My Hydrate Ridge Mowvie

Rock type and Hydrate saturation

51 /73


https://youtu.be/m5tUaOfoIrg
https://youtu.be/m5tUaOfoIrg

Intro: Phase EQ 101 II. Phase EQ in practice III. Simplified EQ, MH

IV. Phase field modeling

Filling MyHydrateRidge: How was it done?

Pore radius

reduction
Solubility Porosity
modification
a la Gibbs
w
hY
~

Permeability
modification

Fracture
formation

D
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Phase field modeling

References: too many to list just one.
Materials science. Mathematics. Computational physics.
[Visintin, Phase transitions]
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Phase field models: big picture

Generally, gradient dynamics gb + 9 0

F =Fa + W+ ... is the free energy functional (convex at macroscale, nonconvex
at meso/micro scales); Fa(¢) < [ |V@|2, W(¢) = [ f(¢) is the double well
potential, and f(¢) o< () is the free energy density

smooth and nonsmooth f(¢) smooth and nonsmooth df/d¢

Ll

Authors: [Warren, Boettinger (1992-), Murray, Kobayashi, A.A. Wheeler,
McFadden, Granasy, Kvamme, Tegze, and their collaborators (1998-)] have

proposed, tested, and analyzed various formulations for multicomponent systems.
Applications very successful in metallurgy. PF-TC as a mean-field theory can be

derived from DFT.
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Phase field theory (PFT)

Phase field (PF) theory=“diffuse interface”, with width ~ e.

Mathematical perspective: instead of modeling a sharp interface, PF
allows a region over which the order parameter ¢ changes.

Applications perspective: PF is an average of DFT? which itself is an
average of MD? or other atomistic level calculations.

Computational science perspective: In reality, the interface region is
nanometer wide. In computational models, we use h >> . However,
PF helps to relax the need for sharp interface.

2Density Functional Theory

3Molecular Dynamics
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Ice-water phase transition model

Stefan problem (ice—water phase transitions)

Variables: temperature 7.
Data: latent heat L (conductivities & heat capacity ignored today).

Temperature T

liquid

Stefan problem in the strong form
O(T)—V?T =0,0on Q, UQ_, & [VT - n]|r=0 = Ln,
Stefan problem in the weak form

8,(T + LH(T)) — V2T = 0

Model(s) are supplemented by appropriate boundary and. initial conditions
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Phase transitions with order parameter

Variables: temperature T', phase/ order parameter ¢, enthalpy U.
Weak-form of Stefan pbm in the phase-temperature-enthalpy form

enthalpy U
——
8, (T + Lo) —V2T =0, ¢ € H(T)

Temperature T
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Phase field model (PFT) allows ¢ to evolve

Variables: temperature T', phase/ order parameter ¢.
O(T + Lg) — V2T =0

0up— V% + ~w(6) = LT

Temperature T
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Evolution of ¢ in PFT is a competition
Variables: temperature T', phase/ order parameter ¢.

W(T+%¢)—VT=0 (16)
1
Osp — eV2p + Zw(gb) = LI (17)
€ 18 the width of interface; w = M; f is the energy functional

Temperature T

If heat is supplied, the melting front moves right

B . \
Diffusion smooths \
\ T>0 provides a source term
“ —) |, the melting front moves
\ right
\
\
\
A \‘ —
\

Nonlinearity aggregates (coarsens) 64 /73
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Order parameter notation

Admittedly, one of the biggest challenges when reading
literature on PF is the lack of standard notation on order
parameter.

Possibilities that I have seen
@ ¢ =1 in liquid, ¢ = —1 in solid
@ ¢ =1 in liquid, ¢ = 0 in solid
@ ¢ =0 in liquid, ¢ = 1 in solid
©00<¢;<1,3,¢;=1

Below we use ¢ =1 for liquid and ¢ = —1 for solid.

Thus Stefan problem changes to

H(T +L9)— V2T =0, ¢ € sgn(T)
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ODE evolution model of ¢ driven by T'
Write _ equivalently as | sgn~1(¢) > T'|.

Now give ¢ its own dynamics (i.e., this is kinetics instead of EQ)

O+ sgn H(P) 2T, t >0

Solution ¢(t) € Dom(sgn™1), Vt, ie. —1 < ¢(t) <1
@ In fact, must also have ¢(0) € Dom(sgn~1)

@ If T'= 0, then nothing happens

If T > 0, ¢ increases only up to ¢ =1

If T < 0, ¢ decreases only down to ¢ = —1

Introduce the notion of constraint graph

(@) = sgn~'(¢) = OI;_1 1). Here I is the indicator function of a set
(equal 0 on the set, and oo outside K.)
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Smooth PF model

People uncomfortable with (multivalued) graphs c(¢) = sgn=!(¢) can
use instead the regularized, smooth version e.g. w(¢) = %d)?’, or the
Yosida approximation ¢y (o).

Now ¢ with “smoother” dynamics
8t¢+ (¢)3 = T, t>0

@ But, solution ¢(¢) is not guaranteed to stay in [—1,1].

@ Even worse, if T'= 0, ¢(t) converges to the trivial equilibrium
(half-water, half-ice.)

To achieve and control proper dynamics, with stable
equilibria at —1, 1...., use @w(¢) = ¢> — ¢

Oy o+ %(¢3_¢) =T,t>0
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ODE evolution model, T'= 0

Consider 0;¢ + w(¢) = 0, with ¢(0) = ¢y.

Choose w(¢) to promote phase separation.

= dfdphi —dfdphi
= zero . |- zero

e phiO i |- phio
—phiend /\ i |—phiend

do < 0"5; ¢(t) — d)end =0 Qo > 0-5; ¢(t) - ¢end =1
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Compare smooth and nonsmooth w(¢)

PF for T=0 with eps= 0.5 tau= 0.02 . PF for T=0.1 with eps= 0.5 tau=0.0146
01 = Smooth phi, EXP 01 = Smooth phi, EXP
o2k Nonsmooth, IMEX Y . Nonsmooth, IMEX
© —Nonsmooth, IMP © —Nonsmooth, IMP
E -0.3 E -0.3
Q Q
g -0.4 g -0.4
5 05 & 05
(=% Q
L 06 = -0.6
3 3
10— -0.7 6 0.7
-0.8 -0.8
-0.9 -0.9
-1 B
0 0.5 1 15 2 o 0.5 1 15 2
Time Time

When T' > 0, smooth model has an equilibrium ¢, # —1.

It almost does not matter for the non-smooth model whether we treat the

destabilizing term explicitly or tmplicitly.

63 /73



Intro: Phase EQ 101 II. Phase EQ in practice III. Simplified EQ, MH IV. Phase field modeling

PF replaces equilibrium model |¢ € sgn™}(T) | by

eoe

PF-T models derived from (postulated) Ginzburg-Landau (Cahn-Allen) energy
functionals, or from thermodynamics focus on entropy (Penrose-Fife).

Conserved? (order, concentration, energy ...) involves V4.

@ Phase field (smooth version)
’ Oip — eV2p + e tw(p) = LT‘

o w(g) = g—f; where f(¢) is the “double-well” potential
o —cV?¢ and ¢ 'w(¢) compete with each other diffuse &

sharpen the interface, and keep 0 < ¢ <1

@ Parabolic Variational Inequality (non-smooth version)
]at¢>— V24 (1—20+ ) = LT\

o A\ is the Lagrange multiplier (penalty term) which keeps
0 < ¢ <1;[A. Alhammali, MP on PVI]

65 /73



Intro: Phase EQ 101 II. Phase EQ in practice III. Simplified EQ, MH IV. Phase field modeling

Illustration how coarsening works in PF models

Non-conserved PFT (Cahn-Allen) || Conserved PFT (Cahn-Hilliard)

Cahn-Allen movie . _Cahn-Hilljard movie
The simulation shows coarsening behavior starting from whate noise
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INlustration of PF models
Non-conserved PFT (Cahn-Allen) || Conserved PFT (Cahn-Hilliard)
Dy, o ) v

e stmulation shows coarsening behavior starting from white noise

Q>
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Illustration of PF models

Non-conserved PFT (Cahn-Allen) ‘ ‘ Conserved PFT (Cahn-Hilliard) ‘

AN

NN N\ -
e simulation shows coarsening behavior starting from white noise
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Illustration of PF models

Non-conserved PFT (Cahn-Allen) ‘ ‘ Conserved PFT (Cahn-Hilliard) ‘

w;%

e A

e stmulation shows coarsening behavior starting from white noise
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Computations with PF models
@ Challenge (i): multitude of parameters: some physical, some
phenomenological;

@ Challenge (ii): want to resolve interface width? But it is O(nm)!

e adaptive gridding of course? Hmmm.
e resolving fine interfaces rarely feasible for realistic 3d media

@ Challenge (iv): time scales and time-stepping delicate
e convexity splitting may be helpful [with L. Bigler|

@ Challenge (iv): boundary conditions largely ignored; wetting
angle condition difficult to enforce

Computational physics/chemistry/material science
approach: Just Do It!

semigroup solvers [OonoPuri’88], [LiuGoldenfeld’90]; DLA

@ add stochastic noise to promote dendrites
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Summary: PF (T, ¢). Outlook towards (7, ¢, ¢)

Variables: temperature T', phase/ order parameter ¢.

(T + Lo) — V2T =0 (18)
1
O — V29 + 29@) =LT (19)
€ is the width of interface; w = %ﬁj); W is the energy functional

@ Stefan pbm is well studied; low regularity of solutions (U, T')

@ PF model (T, ¢) is very well studied, in various variants
(Cahn-Allen, Cahn-Hilliard,...)

@ Numerical simulation challenging: nonconvex nonlinearities; time
stepping; fine grid needed for small €

@ PFT accounts for one component, two phases (one immobile)

@ Modeling challenges: PEF'T for multiple components, two mobile
phases (or more).

@ Crystals in mixtures? Require PF (T,¢,C) and | W(T,¢,c)
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PF for miscible case

See talk in minisymposium by B. Riviere & M. Prodanovic.
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The End

Some materials (e.g., code capsules) are/will be/ posted on my
website.

http://math.oregonstate.edu/~mpesz/GS19

If you are interested, please let me know.
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