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Constrained problem

min H(u) + G(v) subject to Au+ Bv = b

w,v



Constrained problem

min H(u) + G(v) subject to Au+ Bv =b |

* Quadratic programming

* Semidefinite programming

* Sparse linear regression (L1 norm)

* Basis pursuit

* Low rank problem (nuclear norm)

* Robust principal component analysis (RPCA)
* Support vector machine (SVM)

* Total variation image denoising

* Phase retrieval

* Distributed computing ...



Statistical learning problem
min f(v) + g(v)

* Example:
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Problem decomposition and data parallelism
N
min Y fi(v) + g(v)
1=1

* Example:
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Consensus problem

U; U

N
min Z fi(u;) + g(v), subject to u; = v
=1

* Example: :
filu;) = EHDM - ¢|?
local nodes : : i

| P2 . 12
central server g(v) = pr|v| + 5 vl




How to solve constrained problem?

min H(u) + G(v) Su-bject to Au+ Bv = b |




How to solve constrained problem?

min H(u) + G(v) subject to Au+ Bv =

w,v

« Saddle point problem with augmented Lagrangian

max min H(u) + G(v) + (A, b — Au — Bv) + -g||b — Au— Bv||?




Penalty parameter

min H(u) + G(v) subject to Au+ Bv = b

Saddle point problem maxmin H(u) + G(v) + (A, b — Au — Bv) + %“b — Au — E\"JUH2

A u,v

Tk ‘
uk 1 =argmin H(u) + (\k, —Au) + - |b— Au — Bu|

Tk
vk4+1 =argmin G(v) + (A, —Bv) 4 > |b — Augyq — Bol|?

Ak+1 =Ak + Tk (b — Auk+1 = B'”k+1)

The only free parameter!



Background: spectral stepsize

* Objective min F(x)
 Gradient descent rF Ll = gk _ 7Ry ()

* Spectral (Barzilai-Borwein) stepsize
* Assume the function is locally quadratic with
curvature «
* (Sub)gradientis linear VF'(z) = ax + a -
* Estimate the curvature by solving

1-d least squares = :
oY kK- - k k-1 |
VF(z") - VF(z 2— a(z® —x" ) e

* Gradient descent with 7" = 1/« l

— -

J. Barzilai and J. Borwein. Two-point step size gradient methods. 1988.



Dual interpretation

min H(u) + G(v) subject to Au+ Bv =10

* Dual problem min H*(A"\) — (\,b) + G*(B*\)  No constraints!
H() G(X)

F*denotes the Fenchel conjugate of F' defined as F'*(y) = sup(z,y) — F(x)



Dual problem and DRS

min H(u)+ G(v) ' min H*(A"X) — (\,b) + G*(B*\)
u.v A 4 ; ’ :
subject to Au+ Bv = b | H()) G())

ADMM (u,v,\) <= Douglas-Rachford Splitting (), \)
Defininig
Ak+1 = M + T(b — Aupyy — Bug)

= - tOu —Au) + BB A B |2 el — Ak oo =
Uj41 = ATEMiD H(u) + (A, —Au) + 5 b — Au — Buy| e + OH (A +1) + OG(Ag)
Tk
. Tk _
Uk+1 = arg min G(v) + (Mg, = Bv) + Tﬂb — Augsy — Bv|]‘; a1 — Ck

0 € +OH(Ak+1) + 0G (A1)
A+1 =Ak + Tk (b — Aug4+1 — Bups) Tk ¥




Linear approximation

min H*(A"X) — (\, b) + G*(B* \)
A N——— pr——  am—pr—

* Approximate subgradients of dual functions at iteration k as linear functions

OHA) =al+V¥ and 9G\) =B+ ®

— e — — . e —



Spectral stepsize

Proposition (Spectral DRS/ADMM).
Suppose the DRS steps are applied to dual problem,

min H*(AT)) — (A, b) + G*(BT ),
H()) G(\)

where (omitting the subscript k from oy, By, Vi, P to lighten the notation)

# i

OH(A) =al+¥ and OG(\) =B+ ®.

Then, the minimal residual of H(Ajs1) + G(Ar41) is obtained by setting
i == lfm .

Z. Xu, M. Figueiredo, and T. Goldstein. Adaptive ADMM with spectral penalty parameter selection. AISTATS, 2017.



Estimating spectral penalty parameter
* Spectral penalty schema e =1/ \/(Tﬁ

* Estimate curvatures «, 3 from ADMM iterates (u, v, A A)
1-dimensional least squares with closed form solution

min H*(ATA) = )\ b)Y+ G*(BT))

OH (M) — OH(AL,)

.:"1(1“,- i ukﬂ) (/ii - :\i‘n) B('Ui‘ o likn) (AL o }"kﬂ)

G (\) — G (A, )



Safeguarding inaccurate estimation

* Objective  min F'(x) * Constrained problem
I .
* Gradient descent min H(u) + G(v)
k+1 _ k _ _k k .
T =% — 7 ViEz) subject to Au+ Bv=10b
* Line search * ADMM

* How to safeguard?




Safeguarding by correlation

I : A(uy — ug,)

'[‘UI'

X

B( UV — l-'j,;”}

(Ax — Aky)

Alug — U, ) [J\j, - }-L”I Blvy - l'l“] (Ak — ’h’i‘:llII

» Safeguarded spectral penalty schema

1/VarBr if af°" > € and B > €°°F
1/ if ap”" > €' and B;”" < €
1/ 5k if af”" < €' and B;°" > "
Tk otherwise,



O (1/k) convergence with adaptivity

* Bounded adaptivity E nf < 00, where '.-;f. = max }{nfk},
|E p |
k=1

rf_k = max{7; x/Tik—1 — L, Ti k—1/7Tix — 1}.

* The norm of the residuals converges to zero

* The worst-case ergodic O(1/k) convergence rate in the variational
inequality sense

Z. Xu, G. Taylor, H. Li, M. Figueiredo, X. Yuan, and T. Goldstein. Adaptive consensus ADMM for distributed optimization. ICML, 2017



Experiments

* ADMM methods
* Vanilla ADMM
* Fixed optimal penalty [Raghunathan 2014]
* Residual balancing [He et al. 2000]
* Fast ADMM [Goldstein et al. 2014]
* Adaptive ADMM (AADMM)

* Applications
* Linear regression with elastic net regularizer
* Low rank least squares
* Support vector machine
* Basis pursuit
* Consensus logistic regression
* Semidefinite programming



Residual plot

+ Relative residual  max { 2 el
a ki max{ || Aug||2, || Bve|l2, [|6]|2} " || AT Akl|2

|
* Low rank least squares min 5||DX — C|IF + ;1|1 X||s + %Hxllfr

-— . .

~-=-Vanilla ADMM _
=ee= Fast ADMM
= = Residual balance
— Adaptive ADMM
-
=
=
o
&
= :
=
v
. T |
\
\ |
AADMM —>
4 _"!-_. " " N S—— |
100 200 300 400 500 600

Iteration



Experiments

* ADMM methods
* Vanilla ADMM
* Fixed optimal penalty [Raghunathan 2014]
* Residual balancing [He et al. 2000]
* Fast ADMM [Goldstein et al. 2014]
* Adaptive ADMM (AADMM)

* Applications
* Linear regression with elastic net regularizer
* Low rank least squares
* Support vector machine
* Basis pursuit
* Consensus logistic regression
* Semidefinite programming



Residual plot Il

* Basis pursuit min ||z||; subject to Dz = ¢,
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Convergence results

* Benchmark datasets from UCI repository and LIBSVM page.

* Number of iterations (runtime in seconds)

Application | Datnset Vanilla Fast Residual Adaptive
ADMM | ADMM balance ADMM
EN Boston 2000+ 208 54 (.023) 17 (.011)
Leukemia || 20004 | 2000+ 1737 (19.3) 152 (1.70)
LRLS Madelon 1943 | 193 133 (60.9) 27 (12.8)
Dual SVM | Madelon 100 5y 28 (4.12) 19 (2.64)
BP Humanl 20004+ | 2000+ 839 (.990) 503 (.626)
Comsensus | Madelon | 2000+ | 2000+ 115 (42.1) 23 (20.8)
L Realsim 10004+ | 1000+ 121 (558) 22 (118)

SDP Ham-11-2 || 20004 | 20004 | 1203 (4.15e3) | 447 (1.49e3)




Robust to safeguarding thresholo
0.2 is used for all /

other experiments
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More experiments
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Z Xu, M. , and T. Goldstein. Adaptive ADMM with spectral penaity parameter selection. AISTATS, 2017.

Z_ Xu, S. De, M. Figueiredo, C. Studer and T. Goldstein. An empirical study of ADMM for nonconvex problems. NIPS workshop, 2016.

Z. Xu, M. X. Yuan, C. Studer, and T. Goldstein. Adaptive relaxed ADMM: convergence theory and practical implementation. CVPR, 2017.
Z. Xu, G. Taylor, H. Li, M. Figueiredo, X. Yuan, and T. Goldstein. Adaptive consensus ADMM for distributed optimization. ICML, 2017



Summary

* Spectral penalty parameter for constrained problem

* ADMM is equivalent to DRS of unconstrained dual problem
» Simple schema to combine the curvature estimations

» Effective safeguarding

* O(1/k) convergence rate

* Fully automated and fast practical convergence

* Implementation for more than ten different applications

* Code https://sites.google.com/site/xuzhustc/
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