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Data-driven Extraction of Dynamics

• Analytic Approach (conventional)

• Data-driven Approach
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(or,                                  ) xt+1 = F (xt)
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Inverse Problem (Learning)

Machine learning is 
a key mathematical 
framework!
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Operator-theoretic Analysis

• In place of directly analyzing nonlinear dynamics f, we analyze a 
linear operator     , such as the Koopman operator (Koopman 31) , that 
corresponds to the time evolution in the dynamics:
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Linear (easier to analyze)

Nonlinear (difficult to analyze)
time t

State space
Operator
representation

Kg(·) = g(F (·))

Nonlinear Dynamical Systems

Transfer operator
(eg. Koopman operator)
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xt
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Infinite-dimensional linear space 
(funcHon space) H
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Reproducing Kernel and RKHS

• Reproducing kernel                                    is a mathematical tool for 
analyzing data via the reproducing property:
− Symmetricity:                                      for any pair

− Positive definiteness:
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k : X ⇥ X ! R

x,y 2 Xk(x,y) = k(y,x)
nX

i,j=1

cicjk(xi,xj) � 0

ex.� RBF Gaussian kernel k(x,y) = exp
�
�ckx� yk2

�
n 2 N x1, . . . ,xn 2 X c1, . . . , cn 2 Rfor                  ,                                  ,



Reproducing Kernel and RKHS

• Reproducing kernel                                    is a mathematical tool for 
analyzing data via the reproducing property:
− Feature map:                            (                             )
− An inner product in the feature space can be calculated as
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k : X ⇥ X ! R

Space of original data

� : X ! Hk �(x) = k(x, ·)

X
feature map

�(x) = k(x, ·)

�xj

�xi

feature space (RKHS)

h·, ·i
Hk

Hk

xi

xj

h�(x),�(x0)i
Hk

= k(x,x0)



Perron-Frobenius Operator in RKHS

• Use the Perron-Frobenius Operator in RKHS        endowed with a 
reproducing kernel:
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Properties and Extensibility

• Applicable to wide range of dynamical systems without preparing 
observables (just need to choose (suitable) kernel functions).
• A DMD procedure (for the naïve case) is reduced to the equivalent 

one of Extended DMD (Williams+ 16) (for SVD-based implementation) 
(Kawahara, 16).
=> but, PF operators from kernels are not necessarily bounded.

• Deliver useful extensibility such as
− Random systems with kernel-mean embeddings

(Hashimoto et al., under review)
− Structured observables (eg. Graph sequence) 

(Fujii & Kawahara, Neural Networks (in press))
− Metric with PF operators in RKHSs (Ishikawa et al., NeurIPS’18)

− and others …
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Random Systems (1/3)

• Consider a nonlinear system with random noise:

−X and     are random vars. from measurable space to state space      , 
and                        is a map.     is assumed to be independent of X.

• Transform random variable X into probabilis<c measure            
(pushforward measure of P w.r.t. X defined by                                  ) 

• Perron-Frobenius operator K is defined via kernel-mean embeddings:

by 
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(Hashimoto et al., under review)
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Random Systems (2/3)

(Klus+ 17) considers PF operators in RKHS via kernel-mean embeddings in another 

way, and (Crnjaric ́-Žic et al., 2017) considers the Koopman operator for random 

system    , where                                           .

=> The rela*ons of our case with the above works can be explicitly described.
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Random Systems (3/3)

• PF operator K is not necessarily bounded. => 

eg., if k is the Gaussian kernel, and h is nonlinear (even when             ).

• We develop Shift-invert Arnoldi (SIA) method for the estimation:

− Use Krylov subspace of                         (                   ) instead of K.
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Properties and Extensibility

• Applicable to wide range of dynamical systems without preparing 
observables (just need to choose (suitable) kernel functions).
• A DMD procedure (for the naïve case) is reduced to the equivalent 

one of Extended DMD (Williams+ 16) (for SVD-based implementation) 
(Kawahara, 16).
=> but, PF operators from kernels are not necessarily bounded.

• Deliver useful extensibility such as
− Random systems with kernel-mean embeddings

(Hashimoto et al., under review)
− Structured observables (eg. Graph sequence) 

(Fujii & Kawahara, Neural Networks (in press))
− Metric with PF operators in RKHSs (Ishikawa et al., NeurIPS’18)

− and others …
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Extension to Structured Observa3ons (1/4)

• DMD => Operator is defined in the space of observable g

• DMD for rela*ons among observables when given structured data 
(such as sequences of graphs or distances)?
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ex� Extract the dynamics in collective motions such as fish school ?
TorusSwarm Parallel

(Fujii et al., PLOS Computational Biology (2018))



Extension to Structured Observa3ons (2/4)

Before: Dynamics on observables gi

=> Extend it to dynamics on rela1ons among observables
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f(x)>c = hf ,K(x, ·)ci

g(x) ⇠ N (µ(x),K(x,x))
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Extension to Structured Observations (3/4)

• Determine a kernel func. K (        : feature map)

• Finite length graph sequence (seq. of adj. matrices) A1, A2, …, AT

(define                                                                          ,                                           )

1. Calculate an orthogonal basis in         �

2. Solve the LS prob. �

3. Calculate the eigen-value / -vectors of  P�

4. Obtain the decomposition�
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(where                                                ( is the leM-eigenvector of P ))
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(Fujii & Kawahara, Neural Networks (2019))



Extension to Structured Observations (4/4)

• Empirical example of the application to data from fish school simulation:
−Data are the sequence of distance matrices among fishes.
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Torus (o)

Swarm (x)

Parallel (^)

Clustering results with 
DMD modes as features
(with kernels defined on 
DMD modes (Fujii+ 2017))

(Fujii & Kawahara, Neural Networks (2019))
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ex). Bike sharing data

(Fujii & Kawahara, Neural Networks (2019))



Proper&es and Extensibility

• Applicable to wide range of dynamical systems without preparing 
observables (just need to choose (suitable) kernel func<ons).
• A DMD procedure (for the naïve case) is reduced to the equivalent 

one of Extended DMD (Williams+ 16) (for SVD-based implementa<on) 
(Kawahara, 16).
=> but, PF operators from kernels are not necessarily bounded.

• Deliver useful extensibility such as
− Random systems with kernel-mean embeddings

(Hashimoto et al., under review)
− Structured observables (eg. Graph sequence) 

(Fujii & Kawahara, Neural Networks (in press))
− Metric with PF operators in RKHSs (Ishikawa et al., NeurIPS’18)

− and others …
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Metric on Dynamical Systems (1/2)
Metric on nonlinear dynamics with 
PF operator in RKHSs (Ishikawa+ 18)

Generalizes (Martin 00), (Vishwanatan+ 07) etc.
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systems over infinite time. To ensure the convergence property, we consider the ratio of metrics,
namely angles instead of directly considering exponential decay terms. We first give the definition in
Subsection 3.1, and then derive an estimator of the metric from finite data in Subsection 3.2.

3.1 Definition

Let Hob be a Hilbert space and M ⇢ X a subset. Let h : M ! Hob be a map, often called
an observable. We define the observable operator for h by a linear operator Lh : Hk,M ! Hob

such that h = Lh � �. We give two examples here: First, in the case of Hob = Cd and h(x) =
(g1(x), . . . , gm(x)) for some g1, . . . , gm 2 Hk, the observable operator is Lh(v) := (hgi, vi)mi=1.
This situation appears, for example, in the context of DMD, where observed data is obtained by
values of functions in RKHS. Secondly, in the case of Hob = Hk,M and h = �|M, the observable
operator is Lh(v) = v. This situation appears when we can observe the state space X , and we try to
get more detailed information by observing data sent to RKHS via the feature map.

Let Hin be a Hilbert space. we refer to Hin as an initial value space. We call a linear operator
I : Hin ! Hk,M an initial value operator on M if I is a bounded operator. Initial value operators
are regarded as expressions of initial values in terms of linear operators. In fact, in the case of
Hin = CN and let x1, . . . ,xN 2 M. Let I := (�(x1), . . . ,�(xN )) be an initial value operator on
M, which is a linear operator defined by I ((ai)Ni=1) =

P
i
ai�(xi). Let Kf be a Perron-Frobenius

operator associated with a dynamical system f : M ! M. Then for any positive integer n > 0,
we have Kn

f
I ((ai)Ni=1) =

P
i
ai�(fn(xi)), and Kn

f
I is a linear operator including information at

time n of the orbits of the dynamical system f with inital values x1, . . . ,xN .

Now, we define triples of dynamical systems. A triple of a dynamical system with respect to an
initial value space Hin and an observable space Hob is a triple (f , h,I ), where the first component
f : M ! M is a dynamical system on a subset M ⇢ X (M depends on f ) with Perron-Frobenius
operator Kf , the second component h : M ! Hob is an observable with an observable operator
Lh, and the third component I : Hin ! Hk,M is an initial value operator on M, such that for
any r � 0, the composition LhKr

fI is well-defined and a Hilbert Schmidt operator. We denote by
T (Hin,Hob) the set of triples of dynamical systems with respect to an initial value space Hin and an
observable space Hob.

For two triples D1 = (f1, h1,I1), D2 = (f2, h2,I2) 2 T (Hin,Hob), and for T,m 2 N, we first
define

KT

m
(D1, D2) := tr

 
m^ T�1X

r=0

�
Lh2K

r

f2
I2

�⇤
Lh1K

r

f1
I1

!
2 C,

where the symbol ^m is the m-th exterior product (see Appendix A). We note that since Kfi is
bounded, we regard Kfi as a unique extension of Kfi to a bounded linear operator with domain
Hk,M.
Proposition 3.1. The function KT

m
is a positive definite kernel on T (Hin,Hob).

Proof. See Appendix B

Next, for positive number " > 0, we define AT

m
with KT

m
by

AT

m
(D1, D2) := lim

✏!+0

��✏+ KT

m
(D1, D2)

��2

(✏+ KT
m
(D1, D1)) (✏+ KT

m
(D2, D2))

2 [0, 1].

We remark that for D 2 T (Hin,Hob),
�
KT

m
(D,D)

�1
T=1

is a non-negative increasing sequence.
Now, we denote by `1 the Banach space of bounded sequences of complex numbers, and define
Am : T (Hin,Hob)2 ! `1 by

Am :=
�
AT

m

�1
T=1

Moreover, we introduce Banach limits for elements of `1. The Banach limit is a bounded linear
functional B : `1 ! C satisfying B ((1)1

n=1) = 1, B ((zn)1n=1) = B ((zn+1)1n=1) for any (zn)n,
and B((zn)1n=1) � 0 for any non-negative real sequence (zn)1n=1, namely zn � 0 for all n � 1.
We remark that if (zn)n 2 `1 converges a complex number ↵, then for any Banach limit B,
B ((zn)1n=1) = ↵. The existence of the Banach limits is first introduced by Banach [1] and proved
through the Hahn-Banach theorem. In general, the Banach limit is not unique.
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=> Rela%on to the metrics in (Mezic 04) (Mezic+ 16) ?



Metric on Dynamical Systems (2/2)

Empirical Example: Rotation in a unit circle
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Summary

• Introduce analysis with transfer operators of dynamical systems using 
reproducing kernels, and describe some related recent works such as
−Extension to random systems with kernel-mean embeddings
−Extension to DMD for relation dynamics with vector-valued RKHSs
−Metric on nonlinear dynamical systems with PF operators in RKHSs

Acknoledgements: I would like to thank all of my collaborators (shown below), 
and acknowledge supports by IMI, Kyushu Univ. and RIKEN AIP Center.
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NTT技術ジャーナル　2019.520

将来のデジタル社会を支えるネットワークの変革─オペレーション編─

を入力し，当該の障害を復旧させるコ
マンド列を推定します．
このようにして推定したコマンド列
を実行するうえでは，推定結果が信頼
できるものであるか，またそのコマン
ド列の実行がシステムに悪影響を与え
ないかを判断する必要があります．本
技術では，得られた復旧コマンド列を
構成する各単語の生成確率の積を算出
し，そのコマンド列の信頼度とします．
これは，得られたコマンド列によりシ
ステムが復旧する確度と解釈すること
ができます．また，過去の復旧コマン
ド実行時のシステムの性能値や可用性
への影響に基づいて，得られたコマン
ド列のシステムへの影響度を算出しま
す．これらの指標は，得られたコマン
ド列を実行するかどうかの判断に用い
ることができると考えています．

今後の展開

今後，実データを用いた技術検証を
進めて，復旧コマンド列の推定精度の
向上，より実運用に適した信頼度や影
響度の定義･算出方法の検討など，技
術のブラッシュアップに取り組みま
す．また，得られた復旧コマンド列を
将来的に自動実行するための課題を抽
出し，それらを解決するための研究開
発を行います．
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（1） 池内 ･渡邉 ･松尾 ･川田：“Seq2Seqによる障

害復旧コマンド列の自動生成,”  2019信学総
大，2019．

（2） I. Sutskever, O. Vinyals, and Q. Le：“Sequence 
to Sequence Learning with Neural Networks,”  
NIPS2014, Montreal, Canada, Dec. 2014.

（3） T. Kimura, A. Watanabe, T. Toyono, and K. 
Ishibashi：“Proactive Failure Detection 
Learning Generation Patterns of Large-scale 
Network Logs,”  IEEE/IFIP CNSM 2015 
（mini-conf.）, Barcelona, Spain, Nov. 2015.

（a）　従来の使用法：翻訳モデル （b）　本技術：復旧コマンド列推定
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図 2 　Seq2Seqによる推定のイメージ
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Interpretation of Dynamic Mode

DMD mode      gives the contribution of the corresponding dynamics 
to each observable:
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Fig. 1. A comparison of DMD  with common modal decomposition algorithms on a synthetic timeseries dataset. (a) The dataset is a movie with 6400 pixels in each frame, and
this  noisy, high-dimensional time series dataset has two  underlying, overlapping patterns, a Gaussian oval and a square. Each mode also has a distinct temporal evolution
that  includes both growth/decay and oscillation. The magnitude of the noise is 0.75× the magnitude of the signals. (b) PCA derives modes that mix  the underlying modes. (c)
ICA  modes more closely resemble the generative modes, but the two  underlying modes are still mixed. (d) DMD extracts the spatial–temporal coherent modes in the movie.
These  DMD  modes closely resemble the underlying spatial modes and provide an estimate of the temporal evolution of these patterns.

2.1.2. DMD, PCA and ICA on a synthetic dataset
To build some intuition of DMD  modes, Fig. 1 compares results of

modal decomposition by PCA, independence components analysis
(ICA, Hyvärinen and Oja (2000)), and DMD  on a synthetic timeseries
dataset. The timeseries dataset is a movie 10 s in duration sampled
at 50 frames per second, where each frame is a 80 × 80 = 6400 pixel
image (so n = 6400 and m = 500). The dataset is constructed to be
the sum of two generative modes, each with a spatial pattern that
evolves according to some coherent temporal dynamics (Fig. 1a).
Mode 1 is a Gaussian oval in space that oscillates and decays in time;
Mode 2 is a square that oscillates at a lower frequency than the
oval does. The two modes are spatially overlapping. Each mode’s
magnitude is of range [−1, 1], and independent noise drawn from
a Gaussian distribution N(0,  0.75) was added at each pixel.

Fig. 1b–d shows the first two modes computed by each method.
As shown in Fig. 1b, PCA derives modes that mix  the two genera-
tive modes in Fig. 1a. These PCA modes are vectors in Rn, ordered by
their ability to explain the greatest fraction of variance in the data;
PCA assumes the data is distributed as a multi-dimensional Gauss-
ian. Fig. 1c shows that ICA can potentially do better than PCA, but the
two generative modes are still mixed. ICA mode 1 (top of Fig. 1c)
contains the Gaussian oval with a shadow of the square. Unlike
PCA, ICA modes are computed assuming the underlying signals are
non-Gaussian and statistically independent.

In contrast, DMD is an explicitly temporal decomposition
and takes the sequences of snapshots into account, deriving
spatial–temporal coherent patterns in the movie. DMD  modes are
closely related to PCA modes and also assumes variance in the data
is Gaussian. The two largest DMD  modes not only closely resem-
ble the two generative modes, but they also contain an estimate
of the temporal dynamics of the two modes, including an estimate
of their frequencies of oscillation and time constant of exponential
growth/decay. These temporal parameters are computed from the
DMD eigenvalues by Eq. (6) as explained in Section 2.4. Further,
the computational complexity of DMD  is within the same order of
magnitude as that of PCA.

2.1.3. Connections to related methods
DMD  has deep mathematical connections to Koopman spectral

analysis. The Koopman operator is an infinite-dimensional, linear

operator that represents finite-dimensional, nonlinear dynamics.
The eigenvalues and modes of the Koopman operator capture
the evolution of data measuring the nonlinear dynamical system
(Budišić et al., 2012; Mezić, 2005). DMD  is an approximation of
Koopman spectral analysis (Rowley et al., 2009), so that DMD
modes are able to describe even nonlinear systems.

As an algorithm, it is convenient to think of spatial–temporal
decomposition by DMD  as a hybrid of static mode extraction by
principal components analysis (PCA) in the spatial domain and dis-
crete Fourier transform (DFT) in the time domain. In fact, DMD
modes are a rotation of PCA space such that each basis vector has
coherent dynamics. The DMD  algorithm in Section 2.1 starts with
a SVD of the data matrix X = U!V* as the first step, where U are
identical to PCA modes. DMD  modes are eigenvectors of A = U∗AU,
so that we can think of A as the correlation between PCA modes U
and PCA modes in one time step AU. Liked the DFT, DMD  extracts
frequencies of oscillations observed in the measurements. In addi-
tion, DMD  goes beyond DFT to also estimate rates of growth/decay,
where the DFT eigenvalues always have magnitudes of exactly one.

The general formulation of the high-dimensional timeseries
problem is related to several methods in the statistics literature,
including vector autoregression (VAR, Charemza and Deadman
(1992)). DMD  differs from VAR in that the A matrix in Eq. (2) is
never explicitly estimated, but rather we seek its eigendecomposi-
tion by computing A in step 2 of the DMD  algorithm. The resultant
modes are interpreted as a low-rank dynamical system expressed
in Eq. (5). Further, these modes represent separable spatiotemporal
features of the data. Interestingly, this approach of computing A is
mathematically related to Principal Components Regression (PCR,
Jolliffe (2005)).

2.1.4. Additional properties and practical limitations
A few general properties of DMD  are interesting to note. The

data X may  be real or complex valued; in the case of recordings
from electrode arrays, we  will proceed assuming X are real val-
ued measurements of voltage. Further, the decomposition is unique
(Chen et al., 2012), and it is also possible to compute the DMD  of
non-uniformly sampled data (Tu et al., 2013 ).
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growth/decay. These temporal parameters are computed from the
DMD eigenvalues by Eq. (6) as explained in Section 2.4. Further,
the computational complexity of DMD  is within the same order of
magnitude as that of PCA.
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DMD  has deep mathematical connections to Koopman spectral
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operator that represents finite-dimensional, nonlinear dynamics.
The eigenvalues and modes of the Koopman operator capture
the evolution of data measuring the nonlinear dynamical system
(Budišić et al., 2012; Mezić, 2005). DMD  is an approximation of
Koopman spectral analysis (Rowley et al., 2009), so that DMD
modes are able to describe even nonlinear systems.

As an algorithm, it is convenient to think of spatial–temporal
decomposition by DMD  as a hybrid of static mode extraction by
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crete Fourier transform (DFT) in the time domain. In fact, DMD
modes are a rotation of PCA space such that each basis vector has
coherent dynamics. The DMD  algorithm in Section 2.1 starts with
a SVD of the data matrix X = U!V* as the first step, where U are
identical to PCA modes. DMD  modes are eigenvectors of A = U∗AU,
so that we can think of A as the correlation between PCA modes U
and PCA modes in one time step AU. Liked the DFT, DMD  extracts
frequencies of oscillations observed in the measurements. In addi-
tion, DMD  goes beyond DFT to also estimate rates of growth/decay,
where the DFT eigenvalues always have magnitudes of exactly one.

The general formulation of the high-dimensional timeseries
problem is related to several methods in the statistics literature,
including vector autoregression (VAR, Charemza and Deadman
(1992)). DMD  differs from VAR in that the A matrix in Eq. (2) is
never explicitly estimated, but rather we seek its eigendecomposi-
tion by computing A in step 2 of the DMD  algorithm. The resultant
modes are interpreted as a low-rank dynamical system expressed
in Eq. (5). Further, these modes represent separable spatiotemporal
features of the data. Interestingly, this approach of computing A is
mathematically related to Principal Components Regression (PCR,
Jolliffe (2005)).

2.1.4. Additional properties and practical limitations
A few general properties of DMD  are interesting to note. The

data X may  be real or complex valued; in the case of recordings
from electrode arrays, we  will proceed assuming X are real val-
ued measurements of voltage. Further, the decomposition is unique
(Chen et al., 2012), and it is also possible to compute the DMD  of
non-uniformly sampled data (Tu et al., 2013 ).
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Fig. 1. A comparison of DMD  with common modal decomposition algorithms on a synthetic timeseries dataset. (a) The dataset is a movie with 6400 pixels in each frame, and
this  noisy, high-dimensional time series dataset has two  underlying, overlapping patterns, a Gaussian oval and a square. Each mode also has a distinct temporal evolution
that  includes both growth/decay and oscillation. The magnitude of the noise is 0.75× the magnitude of the signals. (b) PCA derives modes that mix  the underlying modes. (c)
ICA  modes more closely resemble the generative modes, but the two  underlying modes are still mixed. (d) DMD extracts the spatial–temporal coherent modes in the movie.
These  DMD  modes closely resemble the underlying spatial modes and provide an estimate of the temporal evolution of these patterns.
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modal decomposition by PCA, independence components analysis
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image (so n = 6400 and m = 500). The dataset is constructed to be
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magnitude is of range [−1, 1], and independent noise drawn from
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ian. Fig. 1c shows that ICA can potentially do better than PCA, but the
two generative modes are still mixed. ICA mode 1 (top of Fig. 1c)
contains the Gaussian oval with a shadow of the square. Unlike
PCA, ICA modes are computed assuming the underlying signals are
non-Gaussian and statistically independent.
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(Budišić et al., 2012; Mezić, 2005). DMD  is an approximation of
Koopman spectral analysis (Rowley et al., 2009), so that DMD
modes are able to describe even nonlinear systems.

As an algorithm, it is convenient to think of spatial–temporal
decomposition by DMD  as a hybrid of static mode extraction by
principal components analysis (PCA) in the spatial domain and dis-
crete Fourier transform (DFT) in the time domain. In fact, DMD
modes are a rotation of PCA space such that each basis vector has
coherent dynamics. The DMD  algorithm in Section 2.1 starts with
a SVD of the data matrix X = U!V* as the first step, where U are
identical to PCA modes. DMD  modes are eigenvectors of A = U∗AU,
so that we can think of A as the correlation between PCA modes U
and PCA modes in one time step AU. Liked the DFT, DMD  extracts
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Figure 1. Principal angles and Grassmann distances. Let span(Yi) and span(Yj) be two subspaces in the Euclidean space
RD on the left. The distance between two subspaces span(Yi) and span(Yj) can be measured by the principal angles
✓ = [✓1, ... , ✓m]0 using the usual innerproduct of vectors. In the Grassmann manifold viewpoint, the subspaces span(Yi)
and span(Yj) are considered as two points on the manifold G(m, D), whose Riemannian distance is related to the principal
angles by d(Yi, Yj) = k✓k2. Various distances can be defined based on the principal angles.

two metrics with other metrics used in the literature.

Several subspace-based classification methods have
been previously proposed (Yamaguchi et al., 1998;
Sakano, 2000; Fukui & Yamaguchi, 2003; Kim et al.,
2007). However, these methods adopt an inconsistent
strategy: feature extraction is performed in the Eu-
clidean space when non-Euclidean distances are used.
This inconsistency can result in complications and
weak guarantees. In our approach, the feature ex-
traction and the distance measurement are integrated
around the Grassmann kernel, resulting in a simpler
and better-understood formulation.

The rest of the paper is organized as follows. In Sec. 2
and 3 we introduce the Grassmann manifolds and de-
rive various distances on the space. In Sec. 4 we
present a kernel view of the problem and emphasize the
advantages of using positive definite metrics. In Sec. 5
we propose the Grassmann Discriminant Analysis and
compare it with other subspace-based discrimination
methods. In Sec. 6 we test the proposed algorithm for
face recognition and object categorization tasks. We
conclude in Sec. 7 with a discussion.

2. Grassmann Manifold and Principal
Angles

In this section we briefly review the Grassmann man-
ifold and the principal angles.

Definition 1 The Grassmann manifold G(m,D) is
the set of m-dimensional linear subspaces of the RD.

The G(m,D) is a m(D�m)-dimensional compact Rie-
mannian manifold.1 An element of G(m,D) can be

1
G(m, D) can be derived as a quotient space of orthog-

onal groups G(m, D) = O(D)/O(m) ⇥ O(D � m), where

represented by an orthonormal matrix Y of size D by
m such that Y 0Y = Im, where Im is the m by m iden-
tity matrix. For example, Y can be the m basis vectors
of a set of pictures in RD. However, the matrix rep-
resentation of a point in G(m,D) is not unique: two
matrices Y1 and Y2 are considered the same if and only
if span(Y1) = span(Y2), where span(Y ) denotes the
subspace spanned by the column vectors of Y . Equiva-
lently, span(Y1) = span(Y2) if and only if Y1R1 = Y2R2

for some R1, R2 2 O(m). With this understanding, we
will often use the notation Y when we actually mean
its equivalence class span(Y ), and use Y1 = Y2 when
we mean span(Y1) = span(Y2), for simplicity.

Formally, the Riemannian distance between two sub-
spaces is the length of the shortest geodesic connecting
the two points on the Grassmann manifold. However,
there is a more intuitive and computationally e�cient
way of defining the distances using the principal angles
(Golub & Loan, 1996).

Definition 2 Let Y1 and Y2 be two orthonormal
matrices of size D by m. The principal an-
gles 0  ✓1  · · ·  ✓m  ⇡/2 between two subspaces
span(Y1) and span(Y2), are defined recursively by

cos ✓k = max
uk2span(Y1)

max
vk2span(Y2)

uk
0vk, subject to

uk
0uk = 1, vk

0vk = 1,

uk
0ui = 0, vk

0vi = 0, (i = 1, ..., k � 1).

In other words, the first principal angle ✓1 is the small-
est angle between all pairs of unit vectors in the first
and the second subspaces. The rest of the principal

O(m) is the group of m by m orthonormal matrices. We
refer the readers to (Wong, 1967; Absil et al., 2004) for
details on the Riemannian geometry of the space.

O1

O2
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Figure 5. Prediction performance of DMD with reproducing kernels. This plot 461 

shows the error of naive Bayes classifier for success or failure of the shot, using either 462 

the DMD (blue) or the DMD with reproducing kernels (red) inputting various matrices. 463 

1 to 25 indicates the number of input distance series shown in Fig. 4 left (i to vii). The 464 

Koopman spectral kernel derived by inputting four relevant inter-player distances 465 

achieved the minimum classification error of 35.9%. Overall, the Koopman spectral 466 

kernels produced better classifications than did the kernels of the original DMD. The 467 

kernel of the original DMD using only one distance was not computed because of its 468 

low expressiveness. 469 
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