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Bernard Koopman 1931

Mezic (2004), Schmid (2010), Rowley et al (2009)
Coifman, Kevrekidis, co-workers - Diffusion Maps
Williams et al - EDMD



Koopman Invariant Subspaces

Brunton, Proctor & Kutz, PLOS ONE (2018)



Burgers’ Equation

Cole-Hopf 

Kutz, Proctor & Brunton, Complexity (2018)



Koopman vs DMD:  All about Observables!
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NNs for Koopman Embedding

Bethany Lusch Lusch et al. Nat. Comm (2018)



Failure! 
(obviously)



Duffing Oscillator

Nonlinearity:  Shifts Frequencies + Generates Harmonics 



Spectrogram



NNs for Koopman Embedding

Bethany Lusch Lusch et al. Nat. Comm (2018)

Handling the Continuous Spectra

Lusch, Kutz & Brunton, arxiv (2017)



Relax Koopman



Sparse Identification of Nonlinear Dynamics 
(SINDy)
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What if we don’t know the right 
coordinates?
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·zi = ∇xϕ(xi) ·xi Θ(zT
i ) = Θ(ϕ(xi)T)

1
N

N

∑
i=1

∥xi − x̂i∥2
2loss:

1
N

N

∑
i=1

∥ ·zi − Θ(zT
i )Ξ∥2

2loss:



Autoencoder + SINDy

xi x̂izi
·Z Θ(Z) Ξ

ϕ φ

loss:

autoencoder 
component

SINDy 
component

·z1
·z2 z1 z2 z2

11 z 3
2 ξ1 ξ2

...
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·zi = ∇xϕ(xi) ·xi Θ(zT
i ) = Θ(ϕ(xi)T)

λ2
1
N

N

∑
i=1

∥∇xϕ(xi) ·xi − Θ(ϕ(xi)T)Ξ∥2
2λ1

1
N

N

∑
i=1

∥xi − φ(ϕ(xi))∥2
2 +



Autoencoder + SINDy

λ2
1
N

N

∑
i=1

∥∇xϕ(xi) ·xi − Θ(ϕ(xi)T)Ξ∥2
2 + λ3∥Ξ∥1λ1

1
N

N

∑
i=1

∥xi − φ(ϕ(xi))∥2
2

xi x̂izi
·Z Θ(Z) Ξ

ϕ φ

loss: +

autoencoder 
component

SINDy 
component

·z1
·z2 z1 z2 z2

11 z 3
2 ξ1 ξ2

...
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·zi = ∇xϕ(xi) ·xi Θ(zT
i ) = Θ(ϕ(xi)T)



Autoencoder + SINDy

loss:

xi x̂izi

ϕ φ

… …… … λ1
1
N

N

∑
i=1

∥xi − x̂i∥2
2 + λ2

1
N

N

∑
i=1

∥ ·zi − Θ(zT
i )Ξ∥2

2 + λ3∥Ξ∥1

> Issue: training shrinks norm of z to minimize loss function

L1 L2 L3



Autoencoder + SINDy

loss:

xi x̂izi

ϕ φ

… …… … λ1
1
N

N

∑
i=1

∥xi − x̂i∥2
2 + λ2

1
N

N

∑
i=1

∥ ·zi − Θ(zT
i )Ξ∥2

2 + λ3∥Ξ∥1

> Issue: training shrinks norm of z to minimize loss function
> Solution: use the following to enforce SINDy loss

1
N

N

∑
i=1

∥ ·xi − ∇zφ(zi)Θ(zT
i )Ξ∥2

2 =
1
N

N

∑
i=1

∥ ·xi − ∇zφ(ϕ(xi))Θ(ϕ(xi)T)Ξ∥2
2

L1 L2 L3

new L2 :
·zi

{ ·zi

{



Autoencoder + SINDy

loss:

xi x̂izi

ϕ φ

… …… … λ1
1
N

N

∑
i=1

∥xi − x̂i∥2
2 + λ2

1
N

N

∑
i=1

∥ ·zi − Θ(zT
i )Ξ∥2

2 + λ3∥Ξ∥1

> Issue: training shrinks norm of z to minimize loss function
> Solution: use the following to enforce SINDy loss

> New loss function:

1
N

N

∑
i=1

∥ ·xi − ∇zφ(zi)Θ(zT
i )Ξ∥2

2 =
1
N

N

∑
i=1

∥ ·xi − ∇zφ(ϕ(xi))Θ(ϕ(xi)T)Ξ∥2
2

L1 L2 L3

new L2 :

λ1
1
N

N

∑
i=1

∥xi − x̂i∥2
2 + λ2

1
N

N

∑
i=1

∥ ·xi − ∇zφ(zi)Θ(zT
i )Ξ∥2

2 + λ3∥Ξ∥1

·zi

{ ·zi

{



Achieving sparsity

> With L1 penalty alone, get model that has many very small 
coefficients but is not truly sparse

> Instead combine L1 penalty with sequential thresholding

λ1
1
N

N

∑
i=1

∥xi − x̂i∥2
2 + λ2

1
N

N

∑
i=1

∥ ·xi − ∇zφ(zi)Θ(zT
i )Ξ∥2

2 + λ3∥Ξ∥1



Example problem

space

tim
ex

x(t) = Az(t) +B

0

@
z31(t)
z32(t)
z33(t)

1

A
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x(t) ∈ ℝ128

z1z2

z3

A, B ∈ ℝ128×3



Example problem

Lorenz model

Equations

Coefficient
 Matrix

Dynamics

·z1 = − 10z1 + 10z2

·z2 = 28z1 − z2 − z1z3

·z3 = − 2.7z3 + z1z2

·z1·z2·z3

z1z2

z3

1 z1 z2 z3 z2
1 ⋯ z 3

3

Ξ



Example problem

Lorenz model Discovered model Discovered model
(transformed)

Equations

Coefficient
 Matrix

Dynamics

·z1 = − 10.2z1 + 8.8z2

·z2 = 26.7z1 − 8.5z1z3

·z3 = − 2.9z3 + 1.1z2

·z1 = − 8.5z2z3

·z2 = 9.2 − 2.9z2 + 1.1z1z3

·z3 = − 8.8z1 − 10.3z3

·z1 = − 10z1 + 10z2

·z2 = 28z1 − z2 − z1z3

·z3 = − 2.7z3 + z1z2

·z1·z2·z3

z1z2

z3

z1z2

z3

z1z2

z3

1 z1 z2 z3 z2
1 ⋯ 1 z1 z2 z3 z2

1 ⋯ 1z1 z2 z3 z2
1 ⋯z 3

3 z 3
3 z 3

3

Ξ



Discovery Models &  
Coordinates Simultaneously


