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Motivations: What feedback mechanisms are at play?

I Hamilton et al (2016) and Earle et al (2018) suggest a
runaway albedo effect

I Earle et al (2017) suggest SP’s location within diurnal zone



Today’s Talk

I Description of the Budyko-Widiasih energy balance model

I Approximation with System of ODEs

I Results and comparison with observations



Nondimensional Budyko-Widiasih-type Energy Balance
Model

R
∂T

∂t
= Qs(y , ζ)(1− α(y , η))− (A+ BT (y , t))− C

(
T − T∗

η

)
,

dη

dt
= ε(T∗

η (η)− Tc )

↓

∂ϕ

∂τ
= s(y , ζ)(1− α(y , η))− µ− ϕ(y , τ)− δ (ϕ(y , τ)− ϕ) ,

dη

dτ
= λϕ(η)
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s(y , ζ) annual average solar radiation
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Incoming solar radiation: s(y , ζ)
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s(y , ζ) ≈ 1− s2p2(ζ)p2(y)− s4p4(ζ)p4(y)− s6p6(ζ)p6(y)

p2i (y) : 2i-th Legendre polynomial

ζ : cos(obliquity)
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Ice Line Assumption

There are two ice lines, ηS and ηN , between which there is always
ice and ηS < ηN .

α(y , η) =


α1 −1 ≤ y < ηS

α2 ηS < y ≤ ηN
α1 ηN < y ≤ 1

, α1 < α2

 
  

      

ICE ICE 



Ice Formation Assumption

Permanent ice forms if the annual average temperature is below a
critical temperature Tc and sublimates if the annual average

temperature is above Tc .

dηS
dt

= λϕ(ηS)

dηN
dt

= −λϕ(ηN)

 
  

      

ICE ICE 



Budyko-Widiasih Model Summary

∂ϕ

∂τ
= s(y , ζ)(1− α(y , η))− µ− ϕ(y , τ)− δ (ϕ(y , τ)− ϕ)

dηS
dt

= λϕ(ηS)

dηN
dt

= −λϕ(ηN)

Ice Line Assumption: There are two ice lines, ηS and ηN ,
between which there is always ice.

No symmetry assumption: Do not require ηS = −ηN .



Approximate System of ODEs

Following framework given in McGehee and Widiaish (2014), let X
be the space of functions of the form

ϕ(y) =


∑3

i=0(u2i + v2i )p2i (y) y < ηS∑3
i=0 v2ip2i (y) ηS < y < ηN∑3
i=0(w2i + v2i )p2i (y) y > ηN

where u2i , v2i ,w2i ∈ R for each i ,p2i is the 2i-th Legendre
polynomial, and have

ϕ(ηS) =
limy→η+S

ϕ(y) + limy→η−S
ϕ(y)

2
, and

ϕ(ηN) =
limy→η+N

ϕ(y) + limy→η−N
ϕ(y)

2
.



Approximate System of ODEs

u̇0 = α1 − α2 − (1 + δ)u0

v̇0 = 1− α1 − µ− (1 + δ)v0 + δϕ̄

ẇ0 = α1 − α2 − (1 + δ)w0

u̇2i = −(α1 − α2)s2ip2i (ζ)− (1 + δ)u2i

v̇2i = −(1− α1)s2ip2i (ζ)− (1 + δ)v2i

ẇ2i = −(α1 − α2)s2ip2i (ζ)− (1 + δ)w2i

↓
after u0, w0, u2i , and w2i (i = 1, 2, 3) decay to their equilibria:

↓

v̇0 =− v0 +1− α1 − µ+
δ(α1 − α2)

2(1 + δ)

[
2 + ηS − ηN −

3∑
i=1

(P2i (ηS )− P2i (ηN))s2ip2i (ζ)

]
︸ ︷︷ ︸

F (ηS ,ηN )
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ẇ2i = −(α1 − α2)s2ip2i (ζ)− (1 + δ)w2i

↓
after u0, w0, u2i , and w2i (i = 1, 2, 3) decay to their equilibria:

↓

v̇0 =− v0 +1− α1 − µ+
δ(α1 − α2)

2(1 + δ)

[
2 + ηS − ηN −

3∑
i=1

(P2i (ηS )− P2i (ηN))s2ip2i (ζ)

]
︸ ︷︷ ︸

F (ηS ,ηN )



Approximate System of ODEs
Assuming that the u2i ’s and the w2i ’s have decayed to their
equilibria, we have

ϕ(ηS) = v0 +
(α1 − α2) + (α1 + α2 − 2)

∑3
i=1 s2ip2i (ζ)p2i (ηS)

2(1 + γ)︸ ︷︷ ︸
−G(ηS )

ϕ(ηN) = v0 +
(α1 − α2) + (α1 + α2 − 2)

∑3
i=1 s2ip2i (ζ)p2i (ηN)

2(1 + γ)︸ ︷︷ ︸
−G(ηN)

↓

v̇0 = −(v0 − F (ηS , ηN))

η̇S = λ(v0 − G (ηS))

η̇N = −λ(v0 − G (ηN)).
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Invariant Surfaces



Reduction for small λ

η̇S = λ(F (ηS , ηN)− G (ηS))

η̇N = −λ(F (ηS , ηN)− G (ηN)).

With Symmetry Assumption!
Equator = 0 ≤ y = sin(latitude) ≤ 1 = North Pole

ηS = −ηN
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Reduction for small λ

η̇S = λ(F (ηS , ηN)− G (ηS))

η̇N = −λ(F (ηS , ηN)− G (ηN)).

No Symmetry Assumption!
South Pole = −1 ≤ ηS < ηN ≤ 1 = North Pole
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Persistence of Asymmetric Ice Belts
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Caveats:
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I We don’t really know what values
to pick for µ and δ

I Basin of attraction of the “Sputnik
Panitia ice belt” is highly
dependent on µ and δ

I Pluto’s albedo has large
longitudinal differences
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Summary

I Stable, asymmetric ice line equilibria are present in the
Budyko-Widiasih EBM

I Albedo contrasts do not seem to be the driving factor for this
asymmetry

I The model might be able to tell us about Pluto’s Spunik
Planitia...

I its location is correlated with annual average sunlight
distribution,

I but we don’t know if the glaciers should be growing or
shrinking...

I so more scientific investigations are needed!
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Thank you!
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