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@ Normal adult human
sleep occurs in a
consolidated nighttime
. Wake
perlod REM

@ Sleep includes both N1
rapid-eye movement

NREM | N2
(REM) sleep and
non-REM (NREM) sleep N3
@ Over the course of the o 12 %me(hg 5 6 7
night, people cycle
between NREM and Scammell et al., Neuron, 2017

REM sleep approximately
every 90 minutes
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Sleep across the lifespan

Newborn W."'.W""' Highly polyphasic sleep

1 yearold ‘w’“’vv" Polyphasic sleep
4 years old ﬂwwf""\‘\vv Biphasic sleep

10 years old

\'\wﬁ’lm‘“ Monophasic sleep
Adult

’V\aw Monophasic sleep
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Goal

Use mathematical modeling and analysis to investigate the role of
REM sleep in sleep/wake dynamics during the transition from
polyphasic to monophasic sleep and gain insight into physiology
during development.
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Two-process model

Two-process model
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@ Homeostatic sleep l“’“
drive (Process S): ! -
propensity to sleep nls Nt Do
that increases with e dm e s
time in prior Borbély, 1982

wakefulness



Two-process model

Web-based simulator of two-process model

Developed in collaboration with Victoria Booth, U. Michigan
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Two-process model

Two-process model equations

e Circadian rhythm (Process C) represented with sinusoid (may
include higher harmonics):

Ct(t) = Hy + asin(2rt); C(t) = Hy + asin(2rt)

@ Homeostatic sleep drive (Process S) represented by
e Exponential growth during wake:

Hs(t, to) = H™ (to) exp((to — t)/xs)

e Exponential decay during sleep:

Hu(t,t0) = 1 = (1 = H™ (t0)) exp((to — t)/xw)



Two-process model

Circle map for two-process model

Circie Map
27 T

e Compute map describing
successive phases of sleep
onset
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@ Stable fixed point of map =
entrained sleep-wake
behavior
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@ Map monotonic with a 0 7
vertical gap Sleep Onset(n)

Nakao et al., 1997
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Two-process model

Gap in map

@ Vertical gap comes from
tangency of homeostat with
upper or lower threshold

—~ 06
@ Nearby initial phases of

transition to wake onset can
produce large differences in
phase of next sleep onset

H(t, to

@ This feature plays a role in Size of gap
the observed patterns in 0
recovery sleep following 0.5 1 1.5
sleep deprivation Time, ¢

Bailey et al., 2018
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Circle map for two-process model

Circie Map
27 T

@ Existence and stability of

fixed points changes with
Hy
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@ System may undergo a
border collision bifurcation
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@ Period-adding sequences
observed in the number of 0 ; v
sleep episodes/day Sleep Onset(n)

Nakao et al., 1997
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Three-state network model

Three-state sleep/wake network model

@ Represents neuronal network
in brainstem and c

hypothalamus
o Arrows = excitatory

projections
o Circles = inhibitory
projections
@ Circadian modulation C
relayed by suprachiasmatic
nucleus (SCN)

@ Homeostatic modulation h
on NREM-promoting
population




Three-state network model

Model equations - firing rates for neuronal populations

Fxoo (O_; 8ix Cico(Fyi)) — Fx
TX

Fl =
Fxoo(€) = Xmax(0.5(1 + tanh((c — Bx)/ax)))

Cioo(f) = tanh(f /i)
for X = W,N,R,SCN.

Elements of Two-process model also present here:
@ Forger circadian pacemaker model produces 24 h variation in
Fscn
@ Homeostatic sleep drive modulates activation threshold of
Fnrem
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Typical model behavior
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Three-state network model

Model equations - homeostatic sleep drive

dh hmax — h
=" _H[Fyw — O] —

a_ H[0w — Fu
dt XThw XThs [ ]

Initial time constants fit to experimental measurements in
adults.

Parameter 73, controls growth of homeostatic sleep drive

Parameter 7,5 controls decay of homeostatic sleep drive

Decreasing the scaling parameter y below 1 causes both
growth and decay to occur more quickly



Three-state network model

Three-state model dynamics change with x

As x decreases, it
affects both

Wake —— NREM —— REM —— SCN
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Three-state network model

Three-state model dynamics change with x

Time spent in sleep over 4 day period as y is decreased. Blue
areas represent sleep; white areas represent wake.
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Three-state model dynamics change with x

1 sleep episode per day

Time spent in sleep over 4 day period as y is decreased. Blue
areas represent sleep; white areas represent wake.



Three-state network model

Three-state model dynamics change with x

6 07 .8
Scaling parameter x

2 sleep episodes per day

Time spent in sleep over 4 day period as y is decreased. Blue
areas represent sleep; white areas represent wake.



Three-state network model

Three-state model dynamics change with x

%3 4 0.5 06 07 0.8 0.9 1.0 11
Scaling parameter x

3 sleep episodes per day

Time spent in sleep over 4 day period as y is decreased. Blue
areas represent sleep; white areas represent wake.



Three-state network model

Map of three-state model

@ Numerically compute < e Zaa
map to describe the sleep > e > 1
onset phase, ®;,1, as a e .l 7 ]
function of the previous eg 2 1

sleep onset phase, ®; )

@ Determining appropriate 05+ :
initial conditions was key
step in algorithm for
computing map

0.6 -

0.4 4

@, (Day i)

0.2+ -

@ For y =1, map has one 00 ; ; . ,

0.0 0.2 0.4 06 0.8 1.0

stable fixed point and @ (Day i)

multiple gaps ,
Booth, Xique, CDB, SIADS, 2017



Three-state network model

Map dynamics near fixed point - x = 0.92

0.66 0.68 0.7 0.72 0.74 0.76 0.78 0.8 0.82
[

n

Cusp-like behavior of map near fixed point causes fixed point to
lose stability near xy = 0.92 in a putative period-doubling
bifurcation.



Three-state network model

@ For x = 0.92, the fixed

points goes unstable, and : ' ' ' '
REM occurs in a /
0.8

{114, 1pap Lsys - - - 3 7
pattern. |

0.6 | 5 -

@ Sleep onsets (red dots) o )

plotted on the map show 04 .
two on the branch
associated with 4 REM 02 1
bouts/sleep period and 1 )
one on the branch with 5 00 f - 3@ g

REM bouts/sleep period @,



Three-state network model

@ For x = 0.89, unstable
fixed point associated o

with one sleep episode /

per day s 7 -
@ The number of REM 06 s i
bouts in each sleep e} : J, ]

0.4 - 4

episode alternates in a
{].[5], ].[4]7 .. } pattern

0.2 —

@ One sleep onset (red 1 )
dots) mapped to each 00 - - %, :

0.0 0.2 0.4 0.6 0.8 1.0
branch .,




Three-state network model

@ For y = 0.88 REM bouts
occur in a

sy Lpsp Lpay - - -3
pattern

@ Two sleep onsets (red
dots) mapped to branch
associated with 5 REM
bouts and one mapped
to branch associated
with 4 REM bouts




Three-state network model

Summary of REM bouts/sleep episode changing with x
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Three-state network model

Summary of REM bouts/sleep episode changing with x
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Three-state network model

Summary of REM bouts/sleep episode changing with x
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Three-state network model

REM sleep dynamics also change with x

Wake —— NREM ——REM —— SCN

e For x =1, 1=0.88
there are 4 6
4
REM bouts per )
sleep episode. o JIbH : : : a2 =,
< x=0.89
o As s N m\
Q 1 -
decreases, 4 or g4 {
22
5 REM bouts £ o DB b )
occur In ] x=0.92
successive 4 M i
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Conclusions

@ Border collision bifurcations involved in the transition from
one to two sleep cycles per day in both two-process model and
our physiologically-based three-state model

@ Period-doubling bifurcations may contribute to changes in the
number of REM bouts/sleep cycle

@ REM sleep contributes to stabilizing and destabilizing
sleep/wake patterns and should be considered when analyzing
sleep/wake dynamics, particularly during transition periods

@ Results suggest that during the transition from napping to not
napping in early childhood, physiology may promote higher
order patterns of sleep-wake behavior
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Conclusions

Model equations - circadian oscillator

Forger circadian pacemaker model produces oscillation with ~ 24 h
rhythm is entrained to 14:10 light/dark cycle [6]:

dC T
b ﬁ(xc + B(t))

dx. w 4x3 24
dt 720 [“ (XC -3 ¢ <O.99669TC> + kB(t))]
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Fast-slow analysis of model dynamics

@ Taking homeostatic
and circadian
variables to be slow,
we have z-shaped
surface

@ Hysteresis loop with
respect to h is
common feature of
many sleep models

o REM sleep —
hysteresis loop
interacting with limit
cycle
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