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Brief Introduction to BECs

» 1924 S BDSE and A. Einstein realize that Bose statistics predicts a
in the Excited States: a Quantum Phase

Transttlcm.

e 1995: E. Cornell, C. Wieman and W. Ketterle realize BEC in a dilute gas of
8TRb and 23Na: 2001 Nobel Prize.

e [oday:
— ~ 35 Experimental Groups have achieved BEC (in 100-10° atoms of Rb,
Li, Na, H).

— O(103) Theoretical and O(10?) Experimental papers | Check out:
http://amo.phy.gasou.edu/bec.html/bibliography.html




Mean-Field Models of BEC: why do we care 7
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Many Body Hamiltonian

2
= / dr\st [—ﬁ—& + reﬁ(rﬂ v+ % / drdr' U (e) U () V (r — )W ()W (r)

2m
(1)
Bogoliubov Decomposition:

U = &(r,t) + V'(r.t) (2)
¢ is now a regular wavefunction (the expectatic alue of the field
operator). Its equation:

L Od h2 :

ih— = —A® + Vo (r)® + g| "D (3)

ot m
for dilute, cold, ¢ : 3i0N gas.

But: This is 3D NLS with a Potential: GF |




Low Dimensional Reductions

e 1d Magnetic Trap and/or Optical Latt
1
V(z) = EQEE + Vosin®(kxz + ) (4)
e 2d Maanetic Trap and/or Optic
] . :
V(z,y) = 5 (222* + Q2y°) + Vo (sin*(kz + 0) + sin*(ky + 0)) (5)
e [ypical 1d Scenario: g > 0 = Exact Frototyp solutions: Dark Solitons
®(z,t) = e *tanh(z — z0) = n = |®|* = tanh?(z — =) (6)
e It is also possible to have Muitiple Spin States of a Bose Gas (such as 8'Rb
or 22Na or tures thereof) = This will be our Focus here.
O 1 =
. L'm e - I - I, I 2 oo I, :
z ot —_E? tUn + Va(r)dnm 'I‘;[QHJ;JLL‘I Un Hni:lrk'i'ﬂnkﬂin] - (7)




Mean-Field Models of BEC: why do we care 7
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Many Body Hamiltonian

2
H= / dr\s’ {—;—a + 1-;11(1»)1 v+ % / drdr’ U (r) W () V (r — )W ()W (r)
m

(1)

Bogoliubov Decomposition:

U = &(r,t) + U'(r.t) (2)
@ is now a regular wavefunction (the expectatic lue of the field
operator). Its equation:

L O0d k2 .

ih— = ——A® + Vo (r)d + g|D]PD (3)

ot m

for dilute, cold, bina : 2N gas.

But: This is 3D NLS with a Potential: GF |




Early Motivation: Dark-Bright Solitons in Nonlinear Optics

e Dark-Bright Solitons were shown to Robustly Persist in P!
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Further Early Motivation: Dark-Bright Soliton Pairs in Photorefractives

e Optical (Dark) Solitons were found to be Glued Together by At

e | his gave rise to the notion of Solitonic Gluons

tm}_—
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More Recent Motivation: (Pseudo)-Spinor Experiments in BECs

2-Components, 1-dimension: Dark-Bright Solitons in Pullman
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More Complex Configurations: Multi-Dark-Bright Solitons in BECs (2, 3,
a5 ...}
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More Complex Dynamics: Interaction of Dark-Bright Solitons with
Barriers




(Even) More Complex Dynamics: Counter-Flow Experiments

Spontaneous Production of Dark-Bright and Dark-Dark Solitons

DB D DB

Density [a.u.]

0 100 x [microns] 200
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T heoretical Analysis of the States: The Single Dark-Bright Soliton
e The General Model (for Two Hyperfine State of 8’ Rb, or 22Na reads:

A
.art.ll-lr!ﬂ _ ]-. E i e f : g 2 i ' i
z 5 _Ev Un + Ln(r)'ﬂ'n i ; [anibkl Un — Bpti + ﬂnk%”n] : (B)
e Constraining to the Simpler Case of Purely Nonlinear Coupling, we
(Approximately, since e.9. g11 2 g12 : goo = 1.03 : 1 : 0.97) have:
Wy = —55:2 b1+ V() + ([¢1]% 4 [2]? — p)vs, (9)
POTIE - I 7 AR A2 1l — oVl
10 = 5092 + V(z)¥2 + (|¥1]° + |v2]” — p)ebo, (10)
e Further, assuming Absence of Potential V(z) = 0, we obtain the Integrable
Manakov Model. Special Solutlons. in the form of Dark-Bright Solitons read:
U1(z,t) = /p(cosé tanh € +isin¢), (11)
Uo(z,t) = n sech £ explikz + i6(t)]. (12)
where E — D(I—Ig(f)) @ is the phase, cos¢ and n are the amplitude of the
tons, and D and .rn(t) describe the inverse width and the

cente ‘-':: thhe DB; D2=pucos’¢ —n?, 2o = k= Dtan¢ and
ﬂ(t) = (1/2)(D? — k)t + o.

:




A Cousin of the DB States: The Single Dark-Dark Soliton

e | he Manakov Maodel is Invariant under SU(2) Rotations with Matrices:

. a —f
- (; 7)

e Applying this to a DB, we obtain the Rotated Solutions:
Yi1(z,t) = a/p{cosotanh € + isin o} — B'n sech £ exp{ikz + i0(1)}, (13)
Yo(z,t) = By/p{cosgtanh § + isin ¢} + o'y sech £ exp{ikz + i6(¢)}. (14)

e In the Special Case of SO(2) Rotation, a = cos(d) and 8 =sin(4). Then,
the Respective (Time-Dependent !) Densities become:
n1 = |¢1]* = pcos?(8) — (ucos?(8) cos® ¢ — n” sin?(8))sech¢ — , /unsin(24)
x {sin ¢sin[kx + 6(t)] + cosdcos[kx + 6(¢t)] tanh £} sechg, (15)

np = |ts|? = psin?(8) — (usin?(d) cos?® ¢ — np* cos?(48))sech?¢ 4 /ansin(24)
x {sin ¢sin[kx 4+ 6(t)] 4+ cos o cos|kx + 6(¢)] tanh £} sechg, (16)

e The Frequency of DD Soliton Oscillation for zo(%) = kt is given by
(k2 < wo < Zp):

wo = %U{E — Dz) = %(p — I}E sec? ). (17)

13




The Single Dark-Dark Soliton: Spatial Representation in Different Cases
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Emergence of DB and DD Solitons in Experiments: Check !
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DB Solitons in a Trap

e Rewrite the problem with the Trap in a Perturbed Form (using ug — urpug
with |ugTe|* = max{p — V(z),0}, t = pt, z = /pz, |uwp]® = p{u|?):

iOa + 02ua — (Jua® + luwf2 — 1) ua = Ra (18)

0+ 50%us — (Jusf? + lual?® — ) s = R, (19)

where p =1+ A/u and the functional perturbations H; and Ry are given by:
Ra = (2p%) 7' [2(1 — |ual*)V (z)ua + V'()0zud), (20)

Ry = pu2[(1 — |ugP)V (z)ws]. (21)

e Consider the Model's Energy:

1 = ::
E = Ef Iﬂrudlg - |c'f?:ub|2 — ([udlz — |u,15,]2 - 1)2 —2(p — 1}|'U-b|2 dx. (22)

e For a DB, the Eneray is:
.Lnl'l'rb
VA

(23)

E=iD3-|—x(lD25ec2m—é) with y =
3 2 7

16




DB Solitons in a Trap (Contd.)
We Assume a Slowly Varrying DB with ¢ — o(t) and D — D(t)

D?(t) = cos® ¢(t) — %D(f}. zo(t) = D(t) tan o(t), (24)
Then, the Energy Evolution (for the Soliton Parameters) is:
% — 4DD? + xDsec® &(D + Dé tan ¢). (25)
Calculating the dE/dt from the Equation of Motion:
dE o »
=y = —2Re (R;0iug + R;0vup)dz ¢ (26)

Evaluating this RHS and Setting it Equal to Eq. (25)

4DD?* 4+ xDsec? é(D + Détan ¢) =
1

2

(2 cos® ¢sing — xDsinécos @) V'(zo). (27)
7

Then the Fixed Point is: zgeq =0, ¢peq = 0, Deq = \/1 -4 (%)z —;} and the

Linearization around it yields (with xg = 8\/1 + (x/4)°. x = No/\/12):

fo=— (3~ X) Vi(zo) = we = 02 (3 - X).

£ ;




DB Soliton in a Trap: Checking the Theoretical Prediction (in 1d)
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DB Soliton in a Trap: Experimentally Realistic 3d Setup

. E E’ 40 _;fi ‘3 Pt - | —=—NPSE
2 5004 2/5 g2 e [fe | ——GMDE
- ML ' 1
0 43 3000
N 2000 4000 000 220\
- 6000 0 -
NN\
;‘g -?: 9 / *;\ /
® =R TS ?’.*--‘:ﬁ - 75-‘_
%_DIEE S i L : S 7 %.;

L=

19




Experimental Confirmation of DB Soliton In-Trap Oscillation: Check !
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DD Soliton in a Trap: SO(2) Leaves the Oscillation Intact
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Multiple DBs: Bound States or Solitonic Gluons
e Consider the Ansatz of 2 DB Solitons with Xy = D (z £ z(t)):

uq(xz,t) = (cosgptanh X_ 4+ ising) (cosotanh X4 —ising), (28)
up(z,t) = npsechX_ sl 0) Lig-—-18 + nsech Xy == =1 ei‘ﬁ&, (29)
e Derive again the Multi DE Energy & Equation of Motion:
FE = 2F1 + Epp + Ege + 2EpB = 7o = Fpp + Fee + 2FDpe. (30)
where:
1 |1 .
Fop = — 15(544 —352D73) +128D¢ (D3 — 1) ID] g T
Xo

2
Fag = — [(4 — 2xDo — 6D3) Do + 4D3 (D3 + 1) zo] cos Abe2Po% — 8X_ D3z, cos® Ade

Xo Xo

K 2 5 214 - 3 _ 4Dz,

Fpg = - 6xD§ + 12xDj cos A#é = Dy + 8 (8D )(DD) Tg |e :
Xo

22




Confirming the Prediction:

Existence of Bound States
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EXistence of Solitonic Gluons: Check !
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Multiple DBs in a Trap: Theoretical Considerations

e Without a Trap, an Out Of Phase |

z0(t) = Teq + 6(t) and w2 = — =

= can be found for

e With the Trap, the Dynamics is described with
Freap = —QEDE.I-'{] = 2 (% — _:_) rg by:

xo = Fir + Fint.

e Now, there are T

Out — Of — Phase

In — Phase

25

e . 2
] _““TDSC_I_L‘JD'

W2 — Wosc.

(31)

(32)

(33)

(34)




Multiple DB Solitons: Capturing Equilibria & Normal Modes
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Experimental Observations of Multi-DEB Equilibria: Check !
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Many DBs: DB Lattices & Cnoidal Functions
e Now, Inspired by the Experiment, consider Lattices of OOP Solitons

u1 = A1 sn(bz. k), wuz2= A> cn(bzx,k), (35)
® -
AZ — 2k?(g12 — g22) 1 (36)
Y (62, — 911922) + k2(2g11912 — 9% — 911922)
2k2(g11 —
A% [ - l':1%1'?11 912)#1 . | (3?}
(955> — 911922) + k2(2g911912 — 955 — 911922)
2 -
bE . - (gllggg ﬂlg).ﬂl . . (38)
(915 — 911922) + k*(2g11912 — g5, — 911922)
e Also for IP DB Solitons: u; = A; sn(bz. k), wu> = A, dn(bz, k) with:
A 21-'2(5'12 = !—?22)#1 39
T 2011910 — 92, — + k2(g3, — )y (39)
12 — 911922 91> — 11922
,_12 A 2‘1':2(911 = 912)#1 (4[}}
2 2¢11912 — g7, — 911922 + k%(g3, — 911922)
12— 2(g3> — g11922)p1 | (41)

2 — g7, — k2(g7, —

29




Numerical Illustration

DB Lattice:
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Many DBs: From Crystals to Gases

e Consider Many DBs inside a Trap in the form:

1 =Vpu1—V H{cc:-s@j tanh{Dj[E — -:1_:'(?’)]}
j=1

+ isin ¢;} (42)
b2 =Y misech{D;¢ — a;(r)]}e T4 0% (43)
j=1
e Define a Kinetic Te = based on:
N
p b7
i—1
, = . 44
ek = (44)
e Define an Order Parameter
N—1 N1 o
Y cos(kmin(Zits —:)) Y. COS(ZE(zitq — z:))
i—1 =1
— — 45
N-—-1 N-—-1 £As)

31




Many DBs: Transition from Order to Disorder
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Many DBs: Transition from Order to Disorder
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Variations on the DB Theme: (I) Higher-Excited Trapped States
Operating Principle: the Dark creates a Potential Well for the Bright
Idea: Can we Trap Higher Excited States 7

) ]‘ j It F= g j i r i
p-p_ = —E(G—} + (62 +03) o—- + V(z) o, (46)
. D - " 12 2 g 4 -
= (¢4)"+ (02 +907) o1 +V(z) 1, (47)
For a Dark Solution ¢_(z) = /p_tanh (,/u_z), we have the Linear Operator:
D d?
Loy =A¢py, L= +p_sech? (Vo_zx) (48)
2 dx?
Additional Bound States Exist for + 1i- Teller Potential when
D < D) = iy and Bifurcate from:
. -
27 | 8
Bt = p— 1—§<V1+5—(2n+1)) - (49)

34




Numerical Illustration: Trapping Higher-Excited States
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Variations on the DB Theme: (II) Thermal DB Dynamics
e A Prototypical Model for the (In-Trap) DB Dynamics under Therma

Perturba 5 s
1

(2 —va)Orug = —Eaf'ud + V(z)ua + (Jual® + |us|® — pe)ua, (50)
1

(i — ) 0up = —Effub + V(z)up + (Jus)® + |ud|]® — p — A)up, (51)

e Considering the Thermal Effect as an Additional Perturbation, we have:

Ri= (2p%) 1 [2(1 — |ual®)V (z)ug + V'(z)Bzud] + vap~ Orua, (52)
Ry = p?[(1 — |ua|*)V (z)usp + pypOsus). (53)

e Derive a Dynamical Equation from the Ene

4DD? 4+ yDsec? é(D + Détan o) = iz (2 cos> & sin ¢ — xDSianaCDSqﬁ?) V'(xo)

7
87 . 2

— =Xip3gin2 ¢ — =2y D*tan2 6. (54)
3 u 3 u

e Linearizing Around the Equilibrium, we get Zy — azg + w3, o = 0, with:

2 i 4 y i
a = —ji — —_ ' ——t N o . 55
3 ('m X 'm) - 31[}# (’m va + X ’Tb) (55)

36




The Single Thermal DB Soliton: Equilibrium & Stability

¢ Depend on Exponential Prefactor s12 = (u_ v a® ﬂcr) With acr = 2wosc:
Either Oscillatory or Exponential Anti-L > Motion.
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The Single Thermal DB Soliton: Anti-Damped Dynamics
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Generalize to 2 IP Thermal DBs: Equilibrium & Stability
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IP & OOP Thermal DB Anti-Damped Dynamics: Simulation vs. Theory
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Variations on the DB Theme: (III) 2 DBs — Double Well
Use the 2 Dark Solitons as a Double Well Potential for the 2 Bright Solitons

We use the Dark Component Wavefunction ¢p as part of the
Veri(z,t) = Voxr(z) + |¥p(z.t)|? for the bright Effective GPE:

o 1, . |
idbp = | — 502 + Verr + gnlvnl| vn (56)

—

In this Effect yle Well, we can do a 2-Mode Analysis
vp(z,t) = Cg(f)t‘,‘bg(l') - Cl(f)ﬂ}l(r) and predict Symmetry-Breaking
Bifurcations at

Aw

O o0
NL‘_'I — r 4'”1{]1'.]11 — / d.I.' G}gﬂb%, ;4_1111 — / d:[_' {I)'i'(E?}
gB(3Aco11 — A1111) ¥ -

Also, Effective Double We Cu::-njugate Variables can be defined as: (4, z2)

with @ = 6, — 6, and =z = Y2= with N; = [°_dz|¢¥5|2 and N, = [>° dz |¢p|?

w{x
and the Phases through 6, = arg(f dzpg) and 6, = arg(fD dzvp).
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Bifurcations for 2 DBs as a Double Well System
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Dynamics for 2 DBs as a Double Well System
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Variations on the DB Theme: (IV) Spinor BECs, DDB & BBD Solitons

e Consider the FF =1 Spinor BEC system:

i0p+1 = Hop+1 + 6 [(|21|” + [vol® — |1 |*)¢e1 + Y503 ] | (58)
idppo = Hovo + 8 [(Jv—1|” + [¥41]*)bo + 2¢_19p¢41] (59)
where HD = —(1/2)92 + V(z) + ntot, the Potential is V(z) = (1/2)2%z2, the
p's strength is Q = E{ﬂ.;—'—ailﬂ:]n_ (:) and we define § = :ﬂ = e

e 0 <0 and é > 0 correspond, respectively, to Ferromagnetic and Polar spinor
BECs. 8'Rb and ?>Na atoms have § = —4.66 x 10— (F), and
§ =+43.14 x 1072 (P).

e HC geneous States read:
= | . B
Y1 =Py = \/;E}{p(—mf}. o — O (60)
Y1 =v%41 =0, o= /pexp(—iut). (61)
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Generalizations to Spinor BECs: DDB and BBD Solitons (Contd.)

e Derive the Yajima-Oikawa system:

= —(Vi/2)dx (la?) - (67)
iorq + —@xq —2pg = 0. (68)
e [ he resulting DDB Soliton Solutic Read:

byi(zx,t) = \/(,u,fz) — 2612 sech?(2VénZ) exp [—i.,ui: — Ei-r;n.fé{;.atanh(zv’ﬁnZ}] :
Yoz, t) = 272683 =117 \/ESECI'I(E VénZ) exp [—ipt + i /pz — 2iV8eZ + 2i6(n? — £2)t

e Similarly from the Other Plane Wave, BBD Solutions can be obtained:
o1 (z,t) = 263/ 4nu~1/2, /€ sech(2vV/3nZ) x exp [—mt + i/fz — 2iVBEZ + 2i8 (1P — gﬂ)f}

olz, t) = \/(,u,/'ﬂ} — 457° SEChE(EﬁnZ) X exp [—E.Jut — 2an\/ o/ tanh(?VﬁHZ)] :
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2d Generalizations: Vortex-Bright, Vortex-Vortex, DB-Ring States

Consider the 2d Generalization:

01 (z,y, t) = —%(tf + 5‘5) + V(z.y) + g1|v1]? + o12|2)? | ¥1(z, y, t)
W0 (z,y,t) = —%(312 +87) + V(z,y) + g2lv2|® + 012|901 ? | Ya2(=, 9, 1).
h ‘ (73)

Now the V{::rtex plays the role of the Potential Well that can Trap the
Bric 3  to create a Vortex-Bright State.

One can use the SO(2)-Rotation of the Vortex-Eright to generate a
Vortex-Vortex Time-Periodic State.

One can use a Ring-Dark-Soliton as the Trapping Well, to form a
Dark-Bright Ring.

The approach can be, in principle, similarly generalized to 3d BECGCs.
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A Single Vortex-Bright Soliton
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Two Vortex-Bright Solitons & Double Well Bifurcation
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Double Well Dynamics & Symmetry Breaking
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Rotating the Vortex-Bright: the Vortex-Vortex State
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Another Twist: Using the Ring Dark Soliton As the Potential Well
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Summary: Many Intriguing Aspects in DB Dynamics in Theory &
Experiment

1 DB Soliton & 1 DD Soliton in Manakov Models
DB + DD Solitons in a Trap (1 & 3d)
1. 2 3 ... Many DB Solitons: G s + State

Order to Disorder Transitions

Variations: Trapping Higher Excited States

Variations: Thermal DBs (1 & Many)

Variations: 2 DEs as a Double-Well System

Variations: Sp ==Cs with DDB & BBD Solitons
Variations: A 2d Prototype: Vortex-Bright Solitons

Twists on the VB Theme: VBs as a DW ortex-Vortex State
My B S ke

Variations: Als 2d: Dark-Bright Ring

Many, Many More
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