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Dynamics of wave trains
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Dynamics of wave trains
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Sources

Sources: outgoing transport e Cy
ol : g —» transport
group velocities point away

from core core

e Spectral and linear stability: linearized equation is time-periodic

* Nonlinear stability: previous methods do not apply



Spectra of sources

Reaction-diffusion system: u, = Du,, + f(u) g
St;m(ling sources are time-pcrimlic: s /l

Floquet spectrum determines spcctml stability
. space
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Expected dynamics

exponential adjustment
Burgers equation with of position and phase 2
advection in far field
X=-Cgt : X=Cyt
v 4
position/phase
‘ (Gaussians
CIror terms

defect core



Nonlinear stability

Theorem {Beck, Nguyen, S., Zumbrun}l: Assume u’(x,t)
is a spectrally stable source and let u(x,0)=u"(x,0)+vo(x)
where lIvo(xexp(xz/M)li<¢ is sufficiently small. Then there

are constants |p.l, [p.l<e such that

hu(x,0)-u"(x-po, t-¢.)| < €C exp(-nt) for (x,t) in Q, and
hu(x,t)-u’(x,t)l < £C exp(t) for (x,t) in Q,.

X=‘Cgt x——'(,gt

defect core




Nonlinear stability proofs

Define appropriate offset from source:
u(x,t) = u™(x,t) + v(x, t)

Derive equation for offset:
vy = Lv + O(|v[?)

Variation-of-constants formula:
T

v(t) = e"vo + [ e"*=20(|v(s)|?) ds
0

Fixed-point argument in appropriate function space:

B

No decay in Decay in weighted L2 spaces,
L= spaces but nonlinearity not well defined

L,2, = {v: |v(x)e™||.2 < o}




Nonlinear stability proofs

Define appropriate offset from source:
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Derive equation for offset:
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Nonlinear stability proofs

e Define appropriate offset from source:
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e Derive equation for offset:

v — puy — pu;) = (D85 + co + fu(u™)) (v — puy — 4>U§))+0(|V|2+|Px.c|2+l4>x.c|2)
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linearization about u®

e Variation-of-constants formula:

(—ps -t s = LR 6% % ¥,0)(v—pil—dud) o) d.v+J

e Fixed-point argument in appropriate function space:
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| 6. N gy

G(x t; y.8) = aq(x. t; 6, y)u (%, t) + a2(x, t; 5, y)ui (%, t) + Ge(x. t; ¥, 5)

/\wj(v)

err(x.t-s)

X='Cgt X:CFt

* ai(x,t;ys) = err(xt-s) wi(y) + Gaussians
* Grx,ty,s) = “differentiated” Gaussians

(zaussians




Spatial dynamics
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vw = D7ug —cgv —Fu)]

wave train = defect = wave train =
periodic orbit heteroclinic periodic orbit
orbit

[S. & Scheell



