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INTRODUCTION

Signal: Unpredictability

Consider the following map with random initial conditions:

vit1 = V(vj),  vo~ po.

Example — Lorenz '63 (a, b, r) = (10,8/3, 28).

1
d\;(t) — —a(V(l) — v(z))‘
2
d\;( ) = —av(l) - v(z) = v(l)V(3)-
£
(3)
d\c//t = —bvl® + vy _ p(r + a).

Set v = (vV), v(2) v3)) v = v(jh) to put in framework above.
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INTRODUCTION

Signal and Observation: Control Unpredictability?

Signal, deterministic (chaotic) dynamics on Hilbert space

(H, ()51 - 1):

Signal Process

|

Vit1 =V(v),  vo~ po.

Observations, partial and noisy, P : H — H is a projection.

Observation Process

Yis1 = Pvjy1 + €41,  E& =0, El§[2=1, iid.

Filter: probability distribution of v; given observations to time j: '

Filter

ui(A) =P(v; € AlFj), Fi=oaly1,---.y).
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large-time limit?




INTRODUCTION
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Key Question: For which ¥ and P does the filter ;¢
concentrate on the true signal, up to error ¢, in the
large-time limit?

Key Problem: ¥ may expand

Define Q=1 — P.

Key ldea: QW should contract
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INTRODUCTION

Signal and Observation: Control Unpredictability?

Signal, deterministic (chaotic) dynamics on Hilbert space

(H, ()1 1):

Signal Process

|

Vit1 =V(y),  vo~ po.

Observations, partial and noisy, P : H — H is a projection.

Observation Process

yis1 = Pvjy1 +€§41, E& =0, E|§)°=1, iid.

Filter: probability distribution of v; given observations to time j:

Filter

ui(A) =B(v € AF), Fi=oln,....5). i




INTRODUCTION

Goal (Cerou [3], SIAM J. Cont. Opt. 2000)

Key Question: For which ¥ and P does the filter ;1
concentrate on the true signal, up to error ¢, in the
large-time limit?

Key Problem: ¥ may expand

Define @ =1 — P.

Key ldea: QV should contract




INTRODUCTION

Running Example: Geophysical Applications

Consider the ODE for v(-) € H, given u,f € H:

Assume dissipative with energy-conserving nonlinearity i.e. 3\ > O:

(Av,v) > Av|?, (B(v,v),v)=0.

Dissipative semigroup W denoting time h flow (v; = v(jh)):

Vit = V(y), w=u
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THREE IDEAS

Idea ]. SynCh ron IZathn (Foias and Prodi [4], RSM Padova 1967 Pecora and Carroll [10], PRL 19900.)

Synchronization Filter m = (p, q)

p}—{-l = PW(p}. q})’ Pi+1 = pj-{-—l
g, = QU(pl,q}). gi+1 = QU(p!, q);

VjT+1 = W(v}), mj+1 = QW(mj) + P,-T+1-



THREE IDEAS

Idea ]. SynCh ron IZatiOn (Foias and Prodi [4], RSM Padova 1967 Pecora and Carroll [10], PRL 1900.)

Truth vi = (pT, q') Synchronization Filter m = (p, q)
i Pl g
p,-+1 = PV(p;, q,-) Pi+1 = Pj41;
ql,, = QU(p,q}). gi+1 = QU(p!, q);

m-—v.f — 0. as | — oc.
J J ./



THREE IDEAS

|dea 2: 3DVAR (Lorenc [9] Q. J. R. Met. Soc 1986)

3DVAR Filter. |-|c =|C™2 -|.

. By 2
mj+1 = argmin .4 {|m — W(m;)|c + € “|yj+1 — Pml}.

Solve Variational Equations (with C = ez(n_er + Q))

mjs1 = (I — K)W(m) + Ky, K = (1+72) 2P,

Variance Inflation (from weather prediction) n < 1

mj+1 = QY(m;) + Pyj+1, 71 =0. Synchronization Filter.



THREE IDEAS

|dea 3: Filter Optimality (Folklore, but see e.g. Williams - --)

Recall 7 = o(y;
0 = E(y|F;) = B4(v).

Use Galerkin orthogonality wrt conditional expectation

For any F; measurable mj : l

A 12 2
Elv; — | < Elv; — m;|*.

Take m;j from 3DVAR to get bounds on the mean of the filter.
Similar bounds apply to the variance of the filter. (Not shown.)
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DISCRETE TIME: THEORY

Assumptions

There are two equivalent Hilbert spaces (H, (-,-),|-|) and

(V. ¢ v - 1):
Assumption 1: Absorbing Ball Property

There is Ry > 0 such that:
@ for B(Ro) = {x e H: |x| < Ro}, V(B(Ro)) C B(Ro);
o for any bounded set S C H 3J = J(S) : W/(S) C B(Ry).

Assumption 2: Squeezing Property
There is a(Rp) € (0, 1) such that, for all u.v € B(Rp).

|QW(u) — W(v))|I* < a(Ro)||u — v]*.




T DISCRETE TIME: THEORY

Theorem (Sanz-Alonso and S, 2014, [12])

Let Assumptions 1,2 hold. Then there is a constant ¢ > 0
independent of the noise strength € such that

limsupE|v; — \“/J|2 < cé?

J—oc

Idea of proof:

@ Fix mp € B(Rp) and let P denote the H—projection onto
B(Rg). Define the modified 3DVAR:

mj+1 = P(QW(mj) + yj+1).

@ Prove

limsupE|v; — m;|? < cé2.

J—oc

@ Use the L2 optimality of the filtering distribution.



DISCRETE TIME: THEORY

Idea of proof (sketch, W globally Lipschitz):

Yj+1
r——
mj+1 = QV(myj) + PW(v;) + €&,
vi+1 = QVU(vj) +PV(y;).

Subtract and use independence plus contractivity of QW:
Ellvita — mia|® = E[|Q (W(v;) — W(m;)) — €&l
<E|[Q (¥(v;) — ¥(m))) |* + €E||§+1]I°

< aE|lv; — mj||* + €E||&+1].
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Lorenz '63 (Hayden, Olson and Titi [5], Physica D 2011.)

1
d‘;(t)+ a(v(t) — v(2)) =
2
d‘c;( )+ avlt) 42 4 ,(1),8) —g
r
(3)
d\(/j w bv®  — vy = _ p(r 4+ a)
r - Y — r— N —
dv Av B(v.v) b

Standard parameter values: (a.b,r) = (10,8/3,28).
Observation matrix

e

QO -
(< Y R <
L O O

Theory applicable with || - || := |P - [? + | - |?: [5]. [8].
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Lorenz '96 (Law, Sanz-Alonso, Shukla and S [11], arXiv 2014.)

Consider the following system, subject to the periodicity boundary
conditions vo = v3,v_1 = V3J_1. V31 = V1:

() : : . :
d\c/{t + v U DU -2y = F o =12, 3J.
= ~— o N~
dv Av B(v.v) '

dt

Observation matrix P: observe 2 out of every 3 points. Theory
applicable with || - ||? := |P - |> + | - |%: [11].



DISCRETE TIME: THEORY

Lorenz '63 (Hayden, Olson and Titi [5], Physica D 2011.)

dv(1)

o a(vit) — v(2)) =0
2
d\;( )—i— av) +v@ 41,06 =g
4
(3)
d‘; + b® vy — _ p(r 4+ a)
\.vt./ _— e e, e a—, —
dv Av B(v.v) f

Standard parameter values: (a. b, r) = (10,8/3,28).
Observation matrix

| o

o O -
o O O
(= N = B~

Theory applicable with || - || := |P - [? + | - [%: [5], [8]. |



DISCRETE TIME: THEORY

Lorenz '96 (Law, Sanz-Alonso, Shukla and S [11], arXiv 2014.)

Consider the following system, subject to the periodicity boundary
conditions vo = v3y,v_1 = V3J_1, V311 = V1:

U) . ; o :
d;t + vl DU -2y = F . j=1,2,..., 3J.
A % s
dv Av B(v.v) g

[

Observation matrix P: observe 2 out of every 3 points. Theory
applicable with || - [|2:= |P - | + | - |*: [11].



DISCRETE TIME: THEORY

Navier-Stokes Equation on a 2D Torus
(Hayden, Olson and Titi [5], Physica D 2011.)

Pleray denotes the Leray projector:

1

Au = —VPerayAu, B(u,v) = >

1
Pleay [t~ 9]+ 5 Pleey[v- V],

Observation operator in (divergence-free) Fourier space:

P — Z Uy €™

Theory applicable with H =V = Héi\-('lfz) and kpax sufficiently
large/ h sufficiently small: [2], [5].
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Inaccurate: 7 too large. (NSE tOrus) wa s . Monthiy Weather Review, 2012

3DVAR,v=001,h=02 3DVAR,v=0.01, h=02, Fle(u‘ >

................................. ﬂ

10° |
___limit }-uee i
---t(D) |
107} _--ti(-B)r(-8)] i
107°




DISCRETE TIME: THEORY

Accurate: smaller 7. (NSE torus) waw s s 1. Monthy Westher Review, 2012

[3DVAR],v=0.01, h=02 [3DVAR], v=0.01, h=0.2, Re(u, ,)
: R T e o ™ R
- - | -=-tr(l) :
10° ___hi(-8)re-8) 1]
S M »\/“M
10 : E —————————————————————————————————————
i




DISCRETE TIME: THEORY

Inaccurate: 7 too large. (NSE torus) waw s m. Menthiy Weather Review, 2012

3DVAR,v=0.01, h=0.2 3DVAR,v=0.01, h=02, Re{u, ,)
10° L e ANRNER———
___llmft )t i
---tr(l)
107} ___bi(-B)re-8)] | |
B e i—. R




DISCRETE TIME: THEORY

Accurate Sma“er ’] (NSE tOfUS) Law and S [7], Monthly Weather Review, 2012

[SDVAR],v=0.01, h=0.2 [3DVARY], v=0.01, h=0.2, Re(u, ,)
S [—me)wr —
................... -=-tr(l) _
10° ___bi(-B)r(-8) ]
/\./\/\AN|
f'\/ 1
10-!'::“_“"“—“_“_—"___“_____““_T ‘
’
10 20 30 40 50 60 70 6 8 10
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CONTINUOUS TIME: DIFFUSION LIMITS

S ( P ) D E le ITS with Biomker 2012 [1], Kelly 2014 [6]; also Tong, Majda, Kelly 2015 [13] .

High Frequency Data Limit — 3DVAR

dm xr-—1 : 'l-dW —
==+ Am + B(m, m) + CP*T (P(m—v)frz dt)_f




CONTINUOUS TIME: DIFFUSION LIMITS

S ( P) D E Ll MILS with Biomker 2012 [1], Kelly 2014 [6]; also Tong, Majda, Kelly 2015 [13] .

High Frequency Data Limit — 3DVAR

dm N 1dW
d—+Am+B(m m)+ CF") (P(m—v).l’- dt)_f '
High Frequency Data Limit — Ensemble Kalman Filter
U) U) mU) r—1 U) _ 3 -
I +AmY'+B(mY’, mY7 )+ CP*T (P(m v) dt) E,
B ,

S () S U) _m
m=- Z m"’, =7 2_: (m m).




CONTINUOUS TIME: DIFFUSION LIMITS

SPDE Inaccurate (NSE Torus) (Blsmker et al [1])
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CONTINUOUS TIME: DIFFUSION LIMITS

SPDE Accurate (NSE Torus) (Blémker et al [1))
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CONCLUSIONS

@ Chaos — and resulting unpredictability — is the enemy in
many scientific and engineering applications.

@ lts study has led to a great deal of interesting mathematics
over the last century.

@ Data — when combined with models — can have a massive
positive impact on prediction in all of these scientific and
engineering applications.

@ The emerging new field, in which model and data are
analyzed simultaneously, will lead to interesting new
mathematics over the next century.

e Data Assimilation needs input from Dynamical Systems.
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