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Motivation: Data-Mining and Nonlinear Dynamics

m High dimensional data are becoming increasingly prevalent

m Dimensionalilty reduction has become a popular tool
for uncovering structure in these types of data sets
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This talk focuses on data generated by multi-scale dynamical systems:
m High dimensional at first glance due to fast transients

m Effectively confined to a low-dimensional manifold afterwards
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The Goal: Data Fusion or State Reconstruction

Data Fusion/State Reconstruction

Given two sets of measurements taken from the same underlying dynamics, find a
mapping from one set to the other (e.g., approximating the velocity field in a fluid
from pressure data on a body).

Physical System

Xn = d(xn\ guns® = F(x,) [ "%ua, o :é;(xn)
nut® b |
Measurements (Set 1) Measurements (Set 2)
Xn1 = F(Xn) Xny1 = F(Xn)

m Two types of sensors: g and g
m Two types of measurements: X and X

m Two effective evolution laws: F and F
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Standard Approaches

Measurements (Set 1)
Xpt1 = F(Xn)

Linear Stochastic Estimation,
Quadratic Stochastic Estimation,
Kalman Filters, etc.

Measurements (Set 2)
xn+1 = ?(xn)

Standard Approaches: Find a mapping directly between X and X. This requires:

m A large amount of joint data (for stochastic estimation)

m An accurate physical model (for Kalman filters)
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Data Fusion via Intrinsic Variables

Our Approach: Map to and from a set of intrinsic variables

g Physical System =
-nfg\:ﬁ-‘_ “taagy . Elx)

(‘.‘..nnll l.......)
Measurements (Set 1) Measurements (Set 2)
X1 = F(Xn) Xni1 = F(Xn)
Embed in Embed in

Intrinsic Coordinates Intrinsic Coordinates

Intrinsic Variables

Invert Invert

Question: How can intrinsic coordinates be defined?

Williams & Kevrekidis (Princeton) Data Fusion via Intrinsic Variables May 21, 2015 5/30



Intrinsic Coordinates

We define our intrinsic coordinates based on dynamics.

m If they are deterministic, then we define our intrinsic variables so that:
X —ppeam ior i =1,..., 0N,

using Koopman spectral analysis'.

m If they are stochastic, then we define our intrinsic variables so that:
dxj = aj(x)dt +dw;, fori=1,...,N,

using Nonlinear Intrinsic Variables (NIVs)?.

IM.O.W. et al., “Data Fusion via Intrinsic Dynamic Variables: An Application of Data-Driven
Koopman Spectral Analysis,” EPL 109 2015

2dSilva et al., “Nonlinear intrinsic variables and state reconstruction in multiscale
simulations,” J. Chem. Phys. 139 2013
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Outline

The Koopman Operator
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Finding the Linearity in Nonlinear Dynamics

Turn the system x,+1 = F(x,) into

x,(,Ql = pixp(i}, fori=1,...,N.

For the linear system x,+1 = Ax,, this can be done via an eigen-decomposition.

N
Xn+m = Z py Vi (W Xn)
k=1
where

m v, € RN the k-th eigenvector
m /) is the k-th eigenvalue
m w, the k-th left eigenvector

m The x are dynamically coupled, but the w;, x are not!
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Uncoupling Nonlinear Systems: The Koopman Operator

For the autonomous discrete time dynamical system (n, M, F),
where x,+1 = F(x,), we can define a scalar observable to be ¢ : M — R.

The action of the Koopman operator, K, on ¢ is

(Ko)(x) = o(F(x)) = (00 F)(x).

The Koopman operator maps functions to functions and not states to states.

m K is an infinite dimensional but 1 Nenhiicar Li{lear & Uncoupled
linear operator | ' 1
m The eigenfunctions, oy, ~ ok
. : =
linearize and uncouple the .
dynamics _q L
m The eigenvalues, 1), determine - ;:;) :
1

the temporal evolution
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Koopman Eigenvalues, Eigenfunctions, and Modes

Accompanying the Koopman eigenvalues and eigenfunctions are
the Koopman modes, which depend on the dynamics and how they are observed.

Often, vector valued observables (e.g., g(x) = x) can be written as:

K

8(Xn+m) = Z#km Vipk(Xn),
—1

m v, is the k-th Koopman mode, a fixed spatial profile

m /., is the k-th Koopman eigenvalue, and determines the temporal evolution
of the k-th Koopman mode (often we also define A\, = log(uy)/At)

m o, . M — Cis the k-th Koopman eigenfunction, and determines
the “weight” associated with the k-th Koopman mode
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Nonlinear & Finite or Linear & Infinite?

The choice: Finite dimensional and nonlinear or infinite dimensional and linear?

n n+1
M - M
®
States Evolution Operator F(x3)
(:c,n,F) w.l W F- M= M F(wl).
(Finite Dimensional o F(x3)
33.2 and Nonlinear)
Z m - 2 u -~
5.2 m P = =2 a : =
58: I8 T
S5 = 15 E g4 . 128
o & = n s v o = n® 2
= =0 =u ™ - B N ™ -
.ﬁ—j B . f{j v ]
<3 P2
?3
Observables @ Koopman Operator
(F.n,K) b1 @ K:F = F
(Infinite Dimen-

sional and Linear)

<l
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Outline

Data-Driven Approximations
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Data-Driven Koopman Spectral Analysis

What do we do when we have data rather than equations?

m Generalized Laplace Analysis: Computes the Koopman modes
and eigenfunctions, but requires Koopman eigenvalues

m e.g., Mezi¢ 2005; Budisi¢, Mohr, & Mezi¢ 2012.

m Ulam-Galerkin Method: More commonly used to approximate
the Perron-Frobenius operator, but could be used for computing Koopman
eigenvalues and eigenfunctions

m e.g., Dellnitz, Froyland, & Junge 2001;
Froyland, Gottwald, & Hammerlindl 2014.
m Dynamic Mode Decomposition: Produces approximations
of Koopman modes and eigenvalues
m e.g., Schmid 2010; Rowley et al. 2009; Tu et al. 2014.

m Extended Dynamic Mode Decomposition: Produces approximations of
Koopman modes, eigenvalues, and eigenfunctions

m e.g., MOW, Kevrekidis, & Rowley (on arXiv).
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Extended Dynamic Mode Decomposition

Data Rather Than Equations.

All we have access to is a data set {(xm,ym)},A,;’zlwhere Y —F X))
However, F itself is unknown, and we cannot ask for more data.

m Choose W,,(x) =09(x—x,,). Then

Yi(x) - Yk(x) viyn) -+ ¥k(n)

Ui(xm) -0 Uk(xm) vilym) -+ Uk(ym)
m The finite dimensional approximation of K is:
i — \I';‘Ily,

m [he eigenvalues of K approximate the eigenvalues of K
m The eigenvectors approximate the eigenfunctions of K

m The left eigenvectors approximate the modes of K
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Extended Dynamic Mode Decomposition

Data Rather Than Equations.

All we have access to is a data set {(xm,ym)}lewhere Y —akle)

However, F itself is unknown, and we cannot ask for more data.

m Choose W,,(x) =d(x—xp,). Then

vi(x1) - Yk(x) vily1) -+ Yk(n)
\I,x ] [ | | ] ’ ‘I’Y i |: . | ] |

1/’1(.)‘M) ¢K(XM) ¢1(:YM) ¢K(YM)

m The finite dimensional approximation of K is:
K= \P;\Py,

m The eigenvalues of K approximate the eigenvalues of K
m The eigenvectors approximate the eigenfunctions of K

m The left eigenvectors approximate the modes of K
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A Simple Example: A Singularly Perturbed System

Consider data from the system: m x is “slow”, y is “fast”
% =—(x+y) m 2000 snapshot pairs
, 3 m=0.01, At =0.001
ey =x>—y
m Polynomial basis functions
Koopman
=0

x x

(Colored by slowest ) (Colors denote 1st PCA coeff.)
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A Simple Example: A Singularly Perturbed System

Consider data from the system:

x=—(x+y)
ey =x>—y
Koopman
1.0 E=0.1
0.8}
0.6}
>
0.4}
0.2+

0.0 ] ] !
0.0 0.2 04 0.6 0.8 1.0

I

(Colored by slowest )

m x is “slow”, y is “fast”
m 2000 snapshot pairs
m=0.01, At =0.001

m Polynomial basis functions

PCA
1.0 -]
0.8}
0.6}
==
0.4}
0.2+
——— »

0.0 i ! 1
0.0 0.2 04 0.6 0.8 1.0

T

(Colors denote 1st PCA coeff.)
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State Reconstruction with Koopman Modes

Truncated Koopman mode expansions reconstruct “slow” dynamics:

5

X~ Z Vmem(x) 10

m=0 0.8

m Grey: original points =
m Red: projected points

m Blue: slow manifold

In Summary:

5 Mode Approx.

0.6k

N T is% v
> ¥iedm (-7 4
0.2 !
. ) » ot ’ - 2% L ~
e -’ ‘; R
J 'y
§

o.obitiede " L
0.0 0.2 0.4 0.6 0.8 1.0

£I

m [he Koopman eigenfunctions can parameterize state space in such a way

that the dynamics look linear

m [The Koopman modes allow the state to be approximated

m Both can be computed from data if a sufficiently rich set

of basis functions are chosen
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Outline

Overcoming the Curse of Dimensionality
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Large State Spaces and the Curse of Dimensionality

A Practical Problem: Size

Choosing a “rich” basis quickly results in unreasonably large problems
as N, the dimension of state space, grows.

m Example: Approximating all polynomials on R*% up to 10th order requires
K ~ 10'9 basis functions, and an O(MK?) computation

m The cost can be reduced to O(KM?) by using the matrix

A

K=G"A.
m The jj-th entries of these matrices are
G =w(x)T®(x) A =®(y,)T®(x),

where ®(x) = [t1(x), a(x)..... Yk (x)]T.
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Extended DMD and the Kernel Trick

The Kernel Trick?

Rather than explicitly computing inner products,
we define a kernel function f : M x M — R, and let

@(U) —= f(X,',Xj), A(U) == f(yi,Xj).

mIf f(x,y) =x"y, then ¥(x) = x and this is DMD
mIf f(x,y)=(1+x"y)®, then ¥ spans all polynomials up to order a.

m A simple example:
fx,y)=1+xy)?=1+2xy+x%*)=[1 Vv2x x?]-[1 V2y y?],

which uses the basis functions ¥(x) = [1 V2x x?].
m K can be computed in O(M2N) time; the same as DMD if N > M.

3C.M. Bishop, Pattern recognition and machine learning, 2006.
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A Synthetic Example: The FitzHugh-Nagumo PDE

Using five sets of numerical data from the FitzHugh-Nagumo PDE:

The Data (in R*%) The Spectra
Kernel Method DMD
0.2 ; , 0.2 - -
A
0.1 4= - 0.1 | N
. b . - X
o = ~< -~ =
S 3 > 0.0 prs . 2 = 0.0 | » x - & x}
—0.1 = o -0.1 | " il
<
—0.2 L L —0.2 las
et a3 ~0.01 0.00 ~0.02 0.00
(Only first 4 PCA coeffs. shown) R(A) R(N)

The Koopman Modes

A= —6.5x 1073 +0.052i

£ 010 0.3 : : -
=
= 005 ol |
g 0.0
g 0.1} :
2 —0.05
2 —0.10 | ! |
0 5 10 15 20
b n I b
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Outline

Data Fusion
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Data Fusion with Koopman Eigenfunctions

Our Approach

Uses the properties of the Koopman operator to perform data fusion on data
produced by nonlinear systems in a way that minimizes the number of “joint”
measurements

o~

Treat X,.1 = F(X,) and X,.1 = i-'(f(,,) as two separate systems.

There are three key properties of the Koopman operator we need:

Koopman eigenfunctions can be used to parameterize state space®

K and K have the same eigenvalues
m Eigenfunctions can be “matched” using their associated eigenvalues
If x=g(x) and x = g(x), then @,(X) = arpr(X).

m [ he same parameterization can be obtained, but we must
fix a normalization constant

4A. Mauroy, |. Mezic, & J. Moehlis, Physica D 261 (2013).

Williams & Kevrekidis (Princeton) Data Fusion via Intrinsic Variables May 21, 2015



Data Fusion with Koopman Eigenfunctions

The Idea: Use the Koopman eigenfunctions as intrinsic variables

Physical System S0
Xn = g X:3 ...l..,7 i a( )
sun®® “taag,

Lot ree
Measurements (Set 1) Measurements (Set 2)
Xnr1 = F(%) Xny1 = F(Xp)
Evaluate Eigenfunctions Su, _ Evaluate Eigenfunctions
{#1(Xn), §2(Xn), ...} UESE Yaiables {#1(Xn), P2(Xn), ...}

Pk(Xn) = akPr(Xn)

Sum Koopman Modes Sum Koopman Modes
(or Interpolation) (or Interpolation)

This approach requires:
Koopman eigenfunctions and eigenvalues for x
Koopman eigenfunctions and eigenvalues for X

The normalization constants ay
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Data Fusion with Koopman Eigenfunctions

To compute these needed quantities, we need three sets of data:
A data set of snapshots pairs {(Jv'(m,}"m)},l\,/,’:1 where ¥m = F(%m)
Another data set of snapshots pairs {(2,,,,;1,,,)},",{:1 where ¥, = F(Xp)

Ghiay m n A ~ Mioi
A set of “joint data,” {(Xm.Xm)} 7 . that are known to correspond
to the same underlying state

We demonstrate this approach on a “master” set of data
taken from the FitzHugh-Nagumo PDE in 1D:

w(x,t)
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Data Fusion: FitzHugh-Nagumo PDE

The master data set:

m contains 4 x 10* snapshots of v and w

m created by perturbing the unstable fixed point, and recording the approach to
the limit cycle

m split into two data sets with 2 x 10* points:

m Principal component coefficients
m Pointwise measurements

PCA Data Pointwise Data Joint Data
d] = —1.52
day = —1.60
A a3 =—1.02
5 v(10) = 1.65
w(10) = 0.85

(PCA performed

(Pointwise measurements of v and w)
on 2 x 10* data points)
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The Data Fusion Procedure

Compute the Koopman eigenfunctions and eigenvalues using the data in

{(im,ym)}le. Use them to parameterize state space.

Repeat for the data in {(&m,ym)}f‘;”zl.

Ensure an consistent ordering by “matching” eigenfunctions
based on their eigenvalues

Using the one “joint” measurement, pick ay so that ¢x(X) = ax@k(X)

The Result

PCA Magnitude PCA Phase ) Point Magnitude ) Point Phase

g 0.04
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Embedding New Data

Test Case: a trajectory of 10* new pointwise measurements
that were not used in the computation

For each data point, evaluate the pointwise eigenfunctions
to find its coordinates in the Koopman-based parameterization

Use interpolation to predict the corresponding PCA coeffs.

Actual Predicted
3 0.5 L | | | |
S 05 . . | ;
. 1 '_ | | | I I ‘
¥ 0
I I ; ; i I -
. 0sh \
R S S ‘
| 1 1 1 | .‘

800 &850 900 950 1000 1050 1100 1150 1200
t
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Eigenfunctions as Intrinsic Variables

The data displayed using a common set of coordinates:

Principal Component Coefficients

0.04

as

0.04

-
-
«w

—— 15
0.03 0.03 p— o il 1
————— | - )R
g 0.02 § S 002 —————1Hl 0
- W— —— ——— _0-5
0.01 0.01 -1
0 0
0 -2 0 2 -2 0 2
Lp2 L@ £Pa
Pointwise Measurements
v(10) w(10)
0.04 T 38 15 004 P 1.5
0.03 ———| 0.03 i
= 0.5 b2
g 002 E ==, S 0.02 0
= ' =5
0.01 —05 0.01 B
3 = 3 -1.5
-2 0 2 0 2
LD L Do
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Embedding New Data

Test Case: a trajectory of 10* new pointwise measurements
that were not used in the computation

For each data point, evaluate the pointwise eigenfunctions
to find its coordinates in the Koopman-based parameterization

Use interpolation to predict the corresponding PCA coeffs.

[ Actual ——— Predicted
1 I 1 ] 1
1 ‘ 3
s o)
| P
1 I 1 l " 1 ‘ 1 Ll T L] 1 Ll |
AR R IR LA THARA AR AR ARG (EE J 130 st I (IR BRI R | TRIHIE R
g 05 Lt R it s'?"‘ll-"q"f‘!'!ina':'!’u!"lﬂiii'f!;'l'.'! il A it il i .lni’
} f } } } } f |
" 1
g 050 '
-2 1 1 1 1 1 1 1 1
1000 1500 2000 2500 3000 3500 4000 4500 5000
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