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PDE Constrained Optimization

Alright to turn the central heating
down a notch dear?
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How does this work?

§ 1 A2 ,B 2
min > ly = 9112 + 5 Jul

s.t. Ly = f(u)

u<u<uy

y: temperature (state)

u: control
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The ‘'mother problem’

1 Al12 ,B 2
min 511y = 911,60, + 5161,

- _v2y = u, for xe
0, for x € 2\,

y = f on 9S2

Tyrone Rees
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The linear system

Tyrone Rees

The linear system is:
» symmetric, but indefinite
» very large scale
> sparse

Solve with a Krylov subspace
method.
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Preconditioning

saddle point system

Ideal preconditioner:

BQu, 0 0
b_| 0 Q 1 0
0 550515T+KTQ;1K

Three distinct eigenvalues — MINRES will converge in three

iterations.
[Murphy, Golub, Wathen, 1999]
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Preconditioning

saddle point system

|deal preconditionﬁr:

EE 0
p=|0 & .

0 0 ;QQ'QT+KTQK

Three distinct eigenvalues — MINRES will converge in three

iterations.
[Murphy, Golub, Wathen, 1999]
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BQy 0}
0 Q

Approximating [

The diagonal is a good approximation to the mass matrix: e.g., if
we have a 3D tetrahedral mesh of P1 elements we have

LONDQ) e [1/2,5/2].

[Wathen, 1987]

Can do better — Chebyshev semi-iteration applied to relaxed Jacobi.
[Wathen, R., 2008] , [R., Dollar, Wathen, 2008]

e Science & Technology
racibites Lounci
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%@Qf@W KTQ, 'K

Approximation 1: S = KTQ;lK

Approximating

Eigenvalues of the preconditioned system satisfy:

X =

1 JL2cx1h4
- 11 5 < X
5 -+ \/ -+ 3 S

or %(1—\/5+2;%) <

(h mesh size, a1, a2 constants)
[R., Dollar, Wathen, 2008]
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Approximating %@QJIQ\T - KTQy“lK

Approximation 2: S~(K" + LT)Qy_l(K + L) , where
. —Q Q-1/2 1/2
ﬁ I
Eigenvalues of the preconditioned system satisfy:

1
- <A<l
7 SAS

[Pearson, Wathen, 2011]
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Control constraints

To make the problem a little harder...

| All12 ,B 2
min §I|y — Vi@ + §||U||L2(Qz)

5.k —Vy=uinQ,
y = f on 02
I up Su < uy

Can be solved using an active set method (semi-smooth Newton).

Linear system at each step looks like:

8Q,
0

-Q

[Stoll, Wathen, 2012]
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State constraints

B
IIUIIL2(02)+ “max{o y A yU}“L (0) + ~_ ”m'n {0 Yy = y/}”L (Q)

o o a2
min 2 lly = #lle@) + 5

s.t. —V?y =uin @,
y = f on 052

"
Need to solve a linear system of the form

-ﬁQU 0 —’Q\Tq
0 Q+€16G4Q,G4 KT

_—Q K 0

— -
-

where G is a projection onto the active set A
[Ito, Kunisch, 2003] , [Pearson, Stoll, Wathen, 2014]
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Time-dependent problems

i s B . 2
min ~ (y — y)“dxdt + = u“dxdt
y.u 2 0 Ql 2 0 Q2

I

- Ry I for (x,t) € Q5 x [0, T],
o ¥ 4 0, for(x,t) € Q\Q2 x [0, T],

y =g, on0f,

y=1wy, att=0,
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Transformed into linear algebra...

™M, 0 —-TM ]
o M, KT
—TM K 0

M= blkqiag(Q, ..., Q),

M= blkdiag(1/2Q,, Qy, ..., Qy,1/2Q,),
U= blkdlag(l/QQu, QUa s eey Qm 1/2Qu), and

[ Q, +TK

—Qy Q,+ 7K
K= _

[Pearson, Stoll, Wathen, 2012]
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Other norms?

f;‘,'y > ly — Y||L2(Ql) ¥ 2 ||U||H1(Qg)

S.t. —V2y= uin s
y = f on X2
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Time-dependent formulation

mm—/ (y — y)%dxdt += // u? dxdt + / (Vu)®dxdt
Q, Q, Q;

0, for(x,t) e Q\Q x [0, T],
y =g, on 094,
Y = Yo, at £ = 0,

yt—szz{u’ for (x,t) € 23 x [0, T],
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The linear system

™, 0
0 B(M.y+Ky)
-K ™M |

where K, = blkdiag(1/2K,, K,, ..., K,,1/2K,), K, is a Neumann
Laplacian.
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Approximation to

S=1'KMK+ 18I MM, +K,) T M.

Look for a (non-symmetric) approximation

S=r1K+ £1)M;1 (K+L2)"
I
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Approximation to
S=1KMK+ 78 MM,+K,) M.
Look for a (non-symmetric) approximation

T

VP

S=r7"1 (IC+

MM, +K,)™! My) M1

¥
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Approximation to

S=1'KMK+ 18I MM, +K,) M.

Look for a (non-symmetric) approximation

T
[ (zc+ 7 M,+K,) M )M—l (1c+—T M)
\/?J ( ) g = \/B

Solving a system with K + %XA\(MU + ICU)_1 Myu=Fis

equivalent to solving

p— —

K M
M, —YB (M, +K)

2 y §

Treat this as a sub-problem.
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Approximating a solve with

Recall this involves the solution of diagonal blocks of the form

-~ -

—Qu+7'K Q
I o VB
y

L ¥

(Qu + K,)

Approximate this by a simple iteration of the form

Xii1 = X + wW ™,

0

where W = \/B(M/;\K )

~
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Numerical results

Example:

9 = exp (—64 ((x0 — 0.5)° + (x1 — 0.5)°)),

Q = [0,1]?, 7 = 0.05. In the preconditioner w = 0.1, 10 steps of
simple iteration taken. Outer tolerance is 107°.
I
DoF Bf=10< (=10 F=10""
#itt)  #it(t)  #it()
1089 13(35.1) 13(35.2) 22(57.3)
4225 13(112.6) 15(128.8) 22(184.8)
16641 15(462.3) 15(462.2) 25(756.1)
66049 17(1442.6) 20(1691.4) 31(2578.7)
263169 19(4928.3) 22(5843.9) 34(8368.3)

[Barker, R., Stoll, to appear] e Science & Technology






