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Image restoration/ denoising ... ROF Model (Rudin, Osher and Fatemi 1992)

2 C R? open bounded domain, Liptschitz boundary ... image domain
ug: 2 — R ... (noisy)image
Al tuning parameter

min {|Du|(Q)| —l—)\/ lu — uo|?dz : u € BV(),u —ug € L2(Q)}
Q

removes noise while preserving edges
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Image restoration/ denoising ... ROF Model (Rudin, Osher and Fatemi 1992)

2 C R? open bounded domain, Liptschitz boundary ... image domain
ug: Q— R ... (noisy)image
A, tuning parameter

min {|Du|(Q)| + )\/ lu — uo|?dz : u € BV(),u —ug € L2(Q)}
Q
removes noise while preserving edges

extended to higher order and/or vectorial setting (RGB color images)
e Gilles Aubert and Pierre Kornprobst 2006
e Tony Chan, Selim Esedoglu, Frederick Park and Andy Yip 2006

but...

blurring and stair-case effect

Fidelity term? Regularization term?

Here focus on the fidelity term Keinest
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¢ Yves Meyer 2001 ...images with oscillations often treated as texture or
noise ~» the G norm

min {|Dul(Q)] + A|ju — uol|g : u € BV(Q),u—ug € L*(Q)}

GG RY) = {v € L2 (4 RY) : v; = dive;, € € L2(Q; (R?)%, & -v = 0.on 9Q}

[lvl|lg = inf{||¢]|Le : v; = diVE,, ...}
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¢ Yves Meyer 2001 ...images with oscillations often treated as texture or
noise ~» the G norm

min {|Dul(Q)] + A|ju — uol|g : u € BV(Q),u—ug € L*(Q)}

GG RY) = {v € L2 (4 RY) : v; = dive;, € € L2(Q; (R?)%, & -v = 0.on 9Q}

[lvl|lg = inf{||¢]|Le : v; = diVE,, ...}

If @ ¢ R? is a domain with Lipschitz boundary

G RY) = {v € L*(;RY) /Q v(x)de = 0}

||||||||||||||
\I ellon’
University

Center for
Nonlinear
Analysis

Irene Fonseca ( Department of Mathematical Sciences CB Model for Denoising SIAM APDE Dec. 2015 3/30



Chromaticity-Brightness, CB
ug : 2 — [0, +00)3 \ {0} ...color RGB image

(uo)p := |uo]| - .. intensity
(uo)e =2y € S2 ...chromaticity

ug = (uo)p(o)e
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Chromaticity-Brightness, CB
ug : 2 — [0, +00)3 \ {0} ...color RGB image

(uo)p := |uo]| - .. intensity
(uo)c := 12y ... € S? ... chromaticity

o = (o) (to)e |

And in general

u = () (u)e J

(up)p ~ grey-scale image ...so use Meyer's G-model

(up). ~ colored image . ..so adopt a Kang-March-type model (Sung Ha
Kang and Riccardo March 2007) .. . weighted harmonic maps

(

min {/ g(|Vug|) | Vue|>dz + )x/ [ue — (ug)e|?de : u. € WH2(Q; SZ)}
Q Q i

U

uo extended by zero outside Q2 Centerfor

Nonlinear
2
[Ed]

. . L — Analysis
up” = Go* (U)p ... Go(z) 1= Ze~ 30, A>0,0 >0
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Kang-March

min {/ g(|Vug|) | Vue|>dz + )\/ [ue — (ug)e|?de : u. € WH2(Q; 52)}
Q Q

_lx|?

wp? = Go * (ug)p - .. Go(x) := %e 1, A>0,0>0

Usually

1
g(t) ~ m

a

t
a

or g(t)we_( )2, a>0

g ~ 0 where u{ varies fast ~ sharp transitions of u.
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Kang-March
min {/ g(|Vug|) | Vue|>dz + )\/ [ue — (ug)e|?de : u. € WH2(Q; SQ)}
Q Q

12
wp? = Go * (ug)p - .. Go(x) := %e_%, A>0,0>0

Usually
N
1+ (£)?

a

t
a

g(t) ~ or gt)~e (5 a>0

g ~ 0 where u{ varies fast ~ sharp transitions of u.

e uf ...a very smooth version of the brightness component . .. should let

oc—0

e infq g(|Vug|) > 0 for o > 0 ... hence compactness of minimizing sequepnges

40 )
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Consider

mn
upeWh1(9),ucewl 2(0;52),
up—(ug)p EG(Q),ug—ucup €G(QHR3)

{Fo(ubuc) + Fy(up) + F2(uc)} }

where

Fo(u) :=|Du|(22) + Aollu — uollg(a;re)
u € BV(Q;R3),u —up € G(Q;R3), \g € RT

Fy(up) :=[Dup|(Q2) + N [lup — (wo)sllc )
Uup € BV(Q),ub — (Uo)b S G(Q), Ap € Rt

Fy(u,) = /Q (Vo)) Ve de + Ao /Q 1o — (uo)of? de

u, € WhH2(9Q;8%), A, € RT
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Thatis ...

inf{/ |V(ucub)|dx+/ |Vub|dm+/g(|Vub|)|Vuc|2dx
Q Q Q
Tt — wollaonms) + Aol — (wo)sllaw + Ae / te — (1t0)ef? dx}
Q

where

o u, € WH(Q)

o u, € WhH2(Q; 5?)

o u, — (up)p € G(Q2)

o ug — ucup € G(Q;R3)
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Thatis ...

inf{/ |V(ucub)|dx+/ \vub|dx+/g(|vu,,|)|vuc|zdx
Q Q Q

+ Ml wolegeizs) + ol = onllqen + A | e = (uo)el dx}
Q

where

o Uy € Wl’l(Q)

o u. € Wh2(Q; 5?)

o up — (ug)p € G(Q)

o ug — ucup € G(Q;R3)

And will assume for some 0 < oo < 3

(uo)p, up € [, B]  a.e. inQ
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Then

a/ |Vuc|dx§/ |V(ucub)|dx+/ [Vup| dz
Q Q Q

and if

{(up, u) Inen C {(up, ue) € WHH; [av, B]) x WH2(9Q;5%) s up — (uo)s € G(9),
UpUe — Ug € G(Q;R3)}

is a infimizing sequence then (up to a subsequence) there exist
iy, € BV (& [ov, B])

e i, € BV(;5?%)

such that

w2 @, in BV(Q), w2 @, in BV(;R?)

ay — (uo)y € G(Q), Uptie — ug € G(Q;R?)

. > id/—  — University

lim Ffld(u}}, U?) = Ffl (Ub, ’U,c) Center for
n—+00 } Norlinear
Analysis

where the Fidelity Term (sum of the three fidelity terms) is
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Ffid(’u,b,UC) o= AU||ubuc—ug||G(Q;R3)+)\b||ub—(uo)b”G(Q)—i—)\c/ |uc—(u0)c|2 dx
Q

So existence of minimizers ... swisc of the energy ~» swisc of the regularizing
terms
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Ffid(’u,b,UC> 0 )\UHubuc—uOHGm;RS)+)\b||ub—(u0)b||g(g)+)\c/ |“C_(U0)c|2 dx
Q

So existence of minimizers ... swisc of the energy ~» swisc of the regularizing
terms

GOAL: Find an integral representation for

inf { lim inf/ h(uy ,uy, Vuy, Vuy) de up € WHHQ; [, B]),
n—oo Q
up — up in WHH(Q),

h(r,s,6m) = €]+ g(EDIn* +[s @ €+l ug € WH2(2;8%),
Uy — ucin Wl’l(Q;R3)}

c
C
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In general,

(&m) > hlr,s,&m) = €] + g(IED N + s @ & + 1)

is not quasiconvex

Moreover, for (r, s) € [a, 8] x S?, h satisfies the
non-standard growth conditions

L€l 1n) < hros,em) < O+ €] + P,

Ql
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In general,

(&m) > hlr,s,&m) = €] + g(IED N + s @ & + 1)

is not quasiconvex

Moreover, for (r, s) € [a, 8] x S?, h satisfies the
non-standard growth conditions

S0l + ) < b€ m) < €O+ el + 1),

which leads us to ...the gap problem !

concerning the unconstrained setting

e |. F, Jan Maly 1997

e |. F., Giovanni Leoni and Stefan Muller 2004

e Giuseppe Mingione and Domenico Mucci 2005 it
Center for
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And more!
Admissible sequences must satisfy

upy — (uo)p € G(),  upuy

c

—Up € G(Q, RS)
or, equivalently,

/Q(U? — (uo)p) dz = 0, /Q(u{,‘ug —ug)dz =0

Nonlinear
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And more!
Admissible sequences must satisfy

ul — (uo)p € G(Q), ufu™ —ug € G R?)
or, equivalently,

/Q(U? — (uo)p) dx =0, /Q(ugug —ug)dz =0

Challenge: To construct a recovery sequence that simultaneously satisfies
the manifold constraint and the average restrictions

So ...singularly perturb the average constraints
Study the asymptotic behavior as ¢ — 0+ of

inf Freg U +Ffid U
(ub,uaervl(Q;l[a,ﬁthlvl(ﬂ;S%{ () + P, we) }

where

F79 (up, u.) ::/ |Vub|d:c+/g(|Vub|)|Vuc|dx+/ |V(ucub)\d1§‘;!l‘£‘.ii;.~
Q Q Q Nt
Analysis

standard growth conditions: [, g(|Vus|)|Vuc|? dz ~ [, 9(|Vus|)|Vuc|da
SIAM APDE Dec. 2015 11/30



The original fidelity term

Frd(uy, u,) = )\UHubuc—uOHGm;Rs)—|—)\b|\ub—(u0)b|\g(g)—|—)\c/Q [tte — (wo)o|* daz

UpUe — Uy — ][ (upue — up) dz

Fld(uy ue) = A, -

Q
1
+‘/(ubuc—uo)dx
El/a

s — (uo)s — ][(ub = (uo)y) dz
Q G(Q)
1
+— (up — (ug)p) dx
€l Ja
+)\C/ lue — (uo)c|2daj
Q W
Good news: EH
in the limit as ¢ — 0T we will recover the functional F/ N

pairs (up, u.) satisfying u, — (ug), € G(Q) and upu. — ug € G(Q; R?).

CB Model for Denoising SIAM APDE Dec. 2015 12/30
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Notation
Recall

Fro(up,ug) = / V| da + / 9| Vup)| Vit i + / IV (ueuwn)| da
Q Q Q

:/Qf(ub(x),uc(a:),Vub(x),Vuc(x))dm

where f: R x R3 x R? x R3*2 — [0, +00)

flrys,&m) = €]+ g(IEDIn] + [s @ & +rn
g :[0,400) — (0,1] ...non-increasing, Lipschitz
g(0)=1and lim;, 4 g(t) =0
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Notation
Recall

Fre(up, u.) ;:/ |Vub|dx+/g(|Vub|)|Vuc|dx—|—/ IV (s da
Q Q Q
:/f(ub(x),uc(a:),Vub(.r),Vuc(x))d:E
Q
where f: R x R3 x R? x R3*2 — [0, +00)

fr,s,8m) = 1€l + g([ED ] + s © &+ ]
g :[0,400) — (0,1] ...non-increasing, Lipschitz
g(0)=1and lim;, 4 g(t) =0

Recession function

8,1
Fers ) = lmsup L0501
freo t e
= limsup (¢ + g(t[&))n] + [rn + s @ £]) Centerfor
f=peo privey

= €] + X (o, IED ] + [rn + s @ ]
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Tangential Quasiconvex Envelope of f T,(S?)...tangential space to S? at s

Or f(r5,6m) = in { /Q [ 5,6+ Vip(y)n + V() dy -
e eWy™(Q), v € W&”"’(Q;Ts(S?))}

Recession Function of O f

(Qrf)>(r,s,&,m) = limsup w

t—+oo
Jump Energy Density

a,b € la,B] x S%, veSt, Q,...unitcubein R? centered at the origin and with
two faces orthogonal to v

Klaby) = inf{ ) f°°(so(y),w<y>,wy),wy))dy:(so,zp)ema,b,u)}

=it { [ (Ve + D0+ x (ToDIVel ay:
Y Noniinesr

Analysis
(907 ¢) € P(aa b7 V)
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Relaxation of F"9(uy, u.)
Recall

FT9 (up, u.) ::/ |Vub|d:c+/g(|Vub|)|Vuc|dx+/ |V (ueup)| da
Q Q Q

extend itto F: LY(Q) x LY (4 R3) — [0, +00]

F9(up,ue)  if (up,ue) € WHHQ; [a, B]) x WHL(Q; 52),
400 otherwise,

F(up,ue) := {

for (up,u.) € L1 (Q) x LY(Q;R3)
Looking for the lower semicontinuous envelope of F
F: LYQ) x LY(Q;R3) — [0, +00]

Fup,ue) = inf{limJiran(ug,uZ) ‘neN, (uf,u) € LY(Q) x LY RY),
S Gz

University

uf = in LNQ), u —uein LR}k

Analysis

Irene Fonseca ( Department of Mathematical Sciences CB Model for Denoising SIAM APDE Dec. 2015 15/30



Integral Representation of £ (uy, u,)
Theorem

Fup, 1) = Frease (uy,u.)  if (up, ue) € BV (Q; [, 8]) x BV (Q;5%),
PR 4o otherwise

for (up,u.) € L1(Q) x L1 (Q;R3), where F™*9*" . BV (; [a, B]) x BV (€; S?) — R

Freos¢ (up, u) 1= /Q Or f (up(x), ue(x), Vup (), Vue(x)) de

+ / K((ubv uc)Jr(g:), (Uba Uc)i(x), V(upy,ue) (x)) dHl(x)
S|

(ub,uc)

+/(QTf)"O(Ub(x%uc(w)vcl(év),02,3(@)IdIDC(Ub»Uc)I(ﬂc)
Q

o C, ...firstrowof C := %

e Cy 3 ...3 x 2 matrix, last two rows of C

Irene Fonseca ( Department of Mathematical Sciences CB Model for Denoising SIAM APDE Dec. 2015 16/30



Main Theorem with {e, },eny — 07, {0, }pen — 07

X:={(up, u.) € BV(; [, B])x BV (; 52) :up—(ug)p € G(Q),upuc—ug € G(Q;R?)}
btw ...itis nonempty ...

Theorem

min )(Freg’sc (uby ue) + F%up, ue) =lim inf (F79 (up, ue) +FL 4 (up, uc))

(up,uc)€ n—0o(up,uc)

o If (wy,ul) € Wh(Q; [, B]) x WH1(Q; S2) is a b, -minimizer of Fre9 + FJid,
ie.,
Fres(ay, ay) + FL9(@y, ap) <

e Fred . Ffid , O,
<ub,uc)eW1v1<n;[aﬁ]>xw171<n;52>( (1, 1) + B2 s, ) + O

then {(ay,a)}nen is sequentially, relatively compact with respect to the
weak-« convergence in BV () x BV ({);R?)

4
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Main Theorem cont.

Theorem (Cont.)

o If (w,, u.) is a cluster point of {(a}}, u?)}nen, then (uy, u.) € X is a minimizer
of (Fre9:s¢” 4+ FFid) jn X and

Fre95¢ (G, 1) + Ffld(ub U.) = lim sup (F""g(u ) + Ff“l(u,J , _"))

n—roo

o If the whole sequence {(u},u)}nen wWeakly-« converges to (uy, i) in
BV (Q) x BV (Q;R?), then the limit superior above is actually a limit.

||||||||||||||
\I ellon’
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What is new ...

The relaxation result falls within . . . lower semicontinuity and/or integral
representations of lower semicontinuous envelopes for

uH/{Zf(m,u(x),Vu(x))dx

u € WHP(Q; M), M c R?is a (sufficiently) smooth, m-dimensional manifold
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What is new ...

The relaxation result falls within . . . lower semicontinuity and/or integral
representations of lower semicontinuous envelopes for

uH/{zf(m,u(x),Vu(m))da:

u € WHP(Q; M), M c R?is a (sufficiently) smooth, m-dimensional manifold

E.g., liquid crystals, micromagnetic, magnetostrictive materials,
e Bernard Dacorogna, IF, Jan Maly, Konstantina Trivisa 1999

¢ Roberto Alicandro, Antonio Esposito and Chiara Leone 2007
¢ Jean-Francgois Babadjian and Vincent Millot 2010

e Jerry Ericksen 1990

e Domenico Mucci 2009

e Haim Brézis, Jean-Michel Coron and Elliot Lieb 1986

¢ and others

Center for
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Irene Fonseca ( Department of Mathematical Sciences CB Model for Denoising SIAM APDE Dec. 2015 19/30



What is new ...

Key ingredients are

e density of smooth functions in Wi:1(Q; M)

e projection lemma (as in Alicandro, Esposito and Leone 2007, and also Virga
1994)

BUT
as opposed to Alicandro, Esposito and Leone 2007, Babadijian and Millot
2010, Mucci 2009, etc.

e given (r,s) € [a, B] x S?, (&,1) € R x [T4(S?)]2 — f(r,s,&,m) € RT
is NEVER tangential quasiconvex

e our manifold M = [, 8] x S? has boundary

e the recession function f°° does not satisfy a hypothesis of the type

[f(rys.6m) = f2(r,s,&m)| < COL+|(€m)'™™)

for some C > 0and m € (0, 1), for a.e. (r,s) and for all (£, n) Center for
Analysis

Irene Fonseca ( Department of Mathematical Sciences CB Model for Denoising SIAM APDE Dec. 2015 20/30



The Tangential Quasiconvex Envelope
Inspired by Dacorogna, F., Maly and Trivisa 1999
Lemma

r € la, B, s € 82, £ € R2, n € [Ts(S?)]?

Orf(r,s,&m) = Qf(r,5,€,1m)

where
0f(ris.n) = int { [ €+ Vol + Vi) dy:
Q
PEWI™(Q) v e W™ (QRY)
= L f(f,g,fapgﬂ) ¢(|3|) if8€R3\{0}7 Carnegie
f(ra S, 57 77) T . Mellon’
0 otherwise, niversity
peitiied
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More About f(r, s, &, )

Pyn = (Isxz —s®s)n
projection of R3*2 onto [T, (5?)]? (resp., of R? onto T(S?))

a ifr<a,
. . _ s
ri=<r ifa<r<g, SI:Ha
. s

B ifr>p,

¢ € C*(R;[0,1]) ...cut-off function s. t.

1 if t>1
o(t) = { 0 if t<3
Forallr € [a, 8], s € S?, € € R?, and n € [T4(5?)]?

f(TV 8757 ,rl) = f(TV 8757 ,rl)'
Remark. There does NOT exist (r, s) € [, 8] x S for which
(&,n) e RZ x R¥*? 5 f(r,s,&,n) Nontieor

Analysis

is quasiconvex.
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Proof: Road Map

Blow-up method ... but with several road blocks ...
El Localization of the Energy: (u,v) € BV (;[a, 8]) x BV (£2; 5?)

’I’L—) o0
ne N7 (un,vn) € Wl 1( 7[a7ﬁ]) X Wl 1(Aa 52)7
Un — win LY(A), v, — vin Ll(A;R3)}

A€ A(Q) v Flu,v; A) = inf { l1m1nf/ Fltn (), vn(2), Vi (), Vou (x)) ds

Prove that F(u,v;-) is the restriction of a Radon measure on 2 to A(Q)
a. c. wrt |D(u,v)|

Look at the Radon-Nikodym derivatives, e.g.,
(u,v) € BV(Q; [, B]) x BV (Q;5?%). For £L? a.e. xp € Q

AF(u,v5+) o aw oy oy e Carmede
U (24) = @ Flulwo). vlaa). Vulao). Volae))
d‘c ﬁent‘erfor
Analysis
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Projection function m, : B(0,1) \ {y} — S? (Alicandro, Esposito and Leone 2007)

)+ )2+ 1s —ylP( —JyP?)
w—mQ
projects s € B(0,1) \ {y} onto S? along the direction s — y

my(s) ==y + — (s =)

Ty g2 = lg2, Vmy(s)w=w forse 5%, w e Ts(S?)

Lemma

A€ AQ),ve W' (A;B(0,1)) N C™(A;R?). There existsy € B (0,3) s. t.
Ty ov € WhH(4;8%) N C™(4;5?)

/|V(7ryov)|dx§0/ V| da.
A A

and then approximate with same trace on the boundary:

Lemma

A€ Ao(), w = (u,v) € BV (4, ] x ).
There exists a sequence {wn}neN C W (A;[e, B] x S)NC(A;R x R¥) s. t.

W, = w on OA foralln € N

limp s 00 [|@Wn — w]|L1arxrs) =0, limsup,_, . [, |V (z)|de < C|Dw|(A)
Irene Fonseca ( Department of Mathematical Sciences CB Model for Denoising SIAM APDE Dec. 2015 24/30



Upper Bound for F

(u,v) € BV (Q; [, B]) x BV (Q;5?). Then for £% a.e. zg €

dF (u,v;-)

I (x0) < Orf(u(zo),v(xo0), Vu(zo), Vu(zo)) J

Fix e > 0. Let p. € Wy'™(Q), ¥= € Wy ™ (Q: Ty(zo) (S?)), extended by
periodicity to the whole R?, be such that

Qr f(u(xg), v(xo), Vu(zo), Vo(xg)) +€ >
/Q F(ul0), v(0), V(o) + Vg (y), V(o) + Vebe(y)) dy

Carnegie

Center for
Nonlinear
Analysis
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{sk }ren - .. decreasing sequence of positive real numbers s. t.
B(xo,2%) € Q,  |Dul(0B(zo, k) = [Dv[(0B(zo, k) =0
{pn}nen - ..standard mollifiers for § = 1/n

Un(T) ;= Uk Py, Vy = Ukpy

Use Lemma:
Up ke 1= Ty, , © Uy € WH(B(xg, k) S%) N C™°(B(x0, sk); R?),
Yk € B(0,1/2) s. t.

/

A5y = {x € B(wo, ) dist(v, (z), S?) > §./2}

Vo i(z)|de < C, / Vo (2), d.
A

e e
n,k n,k

where

Nonlinear
Analysis
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AL = A{z € B(wo, 1) dist(v,, (), S?) > 6./2}
with 6. > 0s. t.

s1, 82 € B(v(zg),0:) = |[VII(s1) — VII(s2)| < i

be i= 1+ |[Vo(zo)| + [|Vie

&als 1€l Imls 2] < ae, €1 = &als [m —m2| < p- =
|f(u($0)7v($0)a§17771) - f(u(l'o),’l}(fl?o),fg, 772)| <e

a = max {2 + 2[Vu(zo)| + [[Veeloo; ([VIT[oo + 1)(2 + 2[Vo(zo)[ + [[Videlloo) }
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cut-off functions

G € CZ(R; [0,1)), [IGi]leo < 2/6e

1 € _&aéiv
am={ § rotTE
2 2

. 1)
~ o vak(@) I fon (@) —vlwo)| = %,
Uy, (%) 1= Pu(uy, 1 (2)), 05 4 (@) := _ . (525
H(vg k(@) if fonk(@) = v(zo)| < -
.
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®, : R — R... projection of [a — [[¢clloc /7, 8+ |l¢clloc/n] ONto [ar, 8]

n(B—a)r + (B4 a)leelloo

Pl = =B =) + 2l o

[Viag, i (2)] < Ce(1+ [Vun(z) — Vu(o)|)
(VU k(@) < Ce(1+ [Von i (2) = Vo(zo)])
{45, x }nen and {5, ; }nen are admissible sequences for F(u, v; B(xo; sk))

) (o) < imswptimonp £ flutio),v(e0), Vi, u(0), Vi o(0)
ac k—oco n—oo B(zo,sk)
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..and after a few estimates conclude that

lim sup lim sup ][ f(u(zo), v(wo), Vs, (x), VI, () da
B(zo,5%)

k—oo n—oo
< lim sup lim sup ][ [ (u(wo), v(zo), Vu(zo) + Ve (nz),
B(xo,sk)

k— o0 n—oo
Vo(zg) + Vipe(nz)) do + €
- /Q F(u(z0), v(x0), Vu(zo) + Ve (), Vo(zo) + Vebe(y)) dy + ¢

< QTf(’LI,(.’Eo),’U(iEo),VU(.Io), V’U(l‘o)) + 2
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