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Topics

o Introduction.
o Time discrete scheme.
o Existence of adapted solutions to the scheme.

o Convergence of the scheme.
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The stochastic primitive equations

Let U = (v, T, S) be the set of prognostic variables.
The abstract form of the stochastic PEs reads

d U+ (AU + B(U) + E(U)) dt = £t + o(U)aW,
U(0) = U,

where we will denote for simplicity

N (t,U) := —(AU + B(U) + E(U)).
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The stochastic framework

e We are given a stochastic basis S = (2, F, P, { Ft}t>0)-
e The function U takes its values in a Hilbert space H.

e The cylindrical Brownian motion W takes its values in an
auxiliary Hilbert space 4l with basis {t;}i>o :

w=3 W
i=0

where {W;};>o is a sequence of independent standard
one-dimensional Brownian motions adapted to {F;}+>o.

e o(U) € Ly(4, H) is uniformly sublinear as a function of U.
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The stochastic Primitive Equations of the oceans

OV + (V- VIV + wo,v + %Vp + K XV — iy AV — 3,0,V = Fy + oy (v, T, S) W4,
9zp = —p9g,
V-v+0,w=0,
HT +(v-V)T +wd,; T — ur AT — 070, T = Fr 4+ o7(v, T, S) W,
XS+ (V- V)S+ wd,S — usAS — v9,,S = Fs+ o5(v, T, S)Ws,
p=po(1=Br(T—T:)—Bs(S—S)).

@ u := (v, w) - velocity field,
@ T - temperature,

@ p - pressure,

@ p - density.
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The stochastic Primitive Equations of the oceans

Domain & Boundary Conditions

Physical domain: M := {x:=(x,y,z) e R®: (x,y) € [;,z € (—h(x,y),0)}.

ON+ay(v—Vv)=mn, w=0, 9,T+ar(T-T%=0, 9,S=0,
onl;

v=0, w=0, hT=0 0S=0, only,

V=0, ohT=0, 0,S=0, onl,,

where ay, ar are fixed positive constants and 7, v&, T2 are in general
random and non-constant in space and time.
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Time discrete scheme

Fix T > 0, and, for any integer N, let At = T/N,
t" =t = nAt, n" =np = W) - W), n=1,...,N.

We introduce the following implicit Euler scheme:

U Un 1
T“!‘AUN‘FB(UN)‘FEUN—gn -‘rf(t” UN)+UN(tn ! UI,\7/ 1)At
where
nAt
MU = L ot,UHdt forn=1,2,... N,
At ( )At

Nlim on(t,Uy) = o(t,U), whenever Uy — Uin H.
—00
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Existence of weak martingale solutions

Theorem (GHTW, ’14)

We only specify U° and ¢ as measures (denoted as jup, jie) such that
MU°(| : |I2-I) <oo and /M(H : ||i1206(0,00;\//)) < Q.

Then there exists a martingale solution (S, U, ?) of the abstract stochastic
equation satisfying

U € L2(Q; Lis(0, 00; H) N LE6(0, 00; V),

and U a.s. weakly continuous in H.
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Challenges due to the stochasticity

e A measurable selection theorem is not enough to derive the existence of
adapted solutions to the scheme.

e Piecewise linear approximation introduces troublesome error terms due to
the necessity of ensuring that the processes are adapted.

e Compactness arguments are made more difficult due to the complicated
error terms and lack of higher order moments for the estimates of Uy,
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A measurable selection theorem

Lemma (Bensoussna & Temam, '73)

Let \(t, F) be a multivalued mapping from (0, T) x V' into the subsets of V
with the values being all the admissible solutions of the Euler scheme.
Then there exists amap T : (0, T) x V' — V which is universally Radon
measurable such that for every t € (0, T) and every F € V',

U:=T(t F)eAtF),
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The Wiener space and a specific stochastic basis

Let Q = C([0, T]; U4) equipped with its Borel o-algebra denoted as G and the
Wiener measure P.

Then W(w, t) :== w(t),w € Q, t € [0, T], is a cylindrical Wiener process in 4l,

with the filtration G; defined as the completion of o{ W(s); s € (0, t)} with

respect to P.

Let Sg = (Q,G,{Gi}i>0,P, W), then it has the following key feature
a{W(s);s € [0,])} = ¢ "(B(C([0, 1]; £1)).

where (¢; 'w)(s) =w(tAs);0<s<T

Chuntian Wang (UCLA) SIAM Conference. Scottsdale. Dec., 2015

12/21



Existence of the Uy's adapted to G

Proposition (GHTW, ’14)
Consider the stochastic basis Sg = (2, G, {Gt}t>0, P, W)

Then there exists a sequence {UJ}N_, as an admissible solution of the Euler
scheme (satisfying the scheme and certain energy bounds) where U}, is
adapted to Gn.
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Continuous time approximations

We define

Un(t) = UR,, for t € [0, 1],
n, forte (1" t"1], n>1.

_ Ul(al7 fOrt€[07t1]a
= Ulr\vl—1 UN (tf t"), forte (1", t"1], n>1.

Remark

The processes Uy and Uy are their deterministic analogues evaluated at time
t by their value at time t — At, so that they are adapted to G;.
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Derivation of the error terms

t t
On(t) =US + /0 ((Un) + fn)ds + /0 on(Un)dW + E8(1) + £5(1).

where

t

EP(1) = = N(UYAEA L — (/t Onds + O8N (N - t)x,>,1> :

NE —1
N —2 77N£‘71 t !
R0 = — (U (0 = O = [, on(Un)aW.

NI =inf{n: t" > t}.
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Convergence of the error terms

Proposition

&y and EF converge to 0 in L3(Q; L2(0, T; H)) strongly, and they remain
bounded in L2(Q; L2(0, T; V)).

Problem: With only L? estimates on U, it is complicated to derive estimates
on the fractional derivatives in time on these error terms.
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An auxiliary sequence

We define
Vi(t) := Un(t) = EQ (1) — ERJ(D)
= Uy — /O I(NN(UN) + (y)ds + /O taN(UN)dW,
Then whenever we can verify the following

Viy — U in distribution,

ER &Y —0as.,
we obtain

Uy — U in distribution.
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Summary

@ As a first step towards the extension of the numerical schemes from the
deterministic to the stochastic case, we have explored time discretization
scheme for the stochastic Primitive Equations.

@ As a second step, we are exploring the time and space discretization
scheme for the stochastic Navier-Stokes equation, where the stability
conditions need to be developed.
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Thank you
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A measurable selection theorem

Lemma (Bensoussna & Temam, '73)

Let \(t, F) be a multivalued mapping from (0, T) x V' into the subsets of V
with the values being all the admissible solutions of the Euler scheme.
Then there exists amap T : (0, T) x V' — V which is universally Radon
measurable (Radon measurable for every Radon measure on (0, T) x V'),
such that foreveryt € (0, T) andevery F € V', U :=T(t,F) € A(t, F),
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Construction of an adapted solution

We can build the desired sequence {Uj}N_, inductively as follows:
UI,\7/ = fll\}(W|[0Jn])’

with ffj : C([0, t"]; Yo) — V measurable for V equipped with B(V) and

C([0, t"]; Uo) equipped with Gin.

Suppose that we have obtained U,’\’,*1 for some n > 2. Then by the
measurable selection theorem, we have

UI’\TI = r(tn7 fl(ll_1(W’[07tn—1])? L’/zI(W‘[O’t”])7 77/,3[)
= f/O(W|[O,t"])

where I is universally Radon measurable and hence fjj is measurable with
respect to Gp.
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