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Equations of motion of compressible fluid
We consider a set of conservation laws:

O¢(ou) + div(ou @ u) +divS + Vp =0,

Oro + div(pu) =0,
0t(0E) + div(pEu) + div Q + div (pu) + div (Su) = 0.

v

The unknowns: o, u and 9.

v

The pressure: p = Ro?.

» The energy: oE = olul> +0e, e=c.

The heat flux: Q = —k(p,%)V¥.

> The stress tensor: S = —2u()D(u) — A(g) divul, A(0) = 2(1'(0)o — 1(0))-

v



Rescaled System

We rescale the system using the Mach number ¢ = i’—i

dro0 + div(pu) =0,
O (ou) + div(ou ® u) — divS + £ Vp =0,
O: (0e) + div(geu) — div (kV¥) — €S : Vu + pdivu = 0.

Denoting v = 14+ R/c, and using definition of p and e the last equation writes
ﬁ(@tp + div(pu)) — divkVed — £°S : Vu + pdivu = 0.

For & small, we formally justify that

p = P(t) + N(t, x)e* + o(£?).



Low Mach Number System

For P(t) = Po = const, the system reads

0o + div(ou) = 0,

O (ou) + div(pu ® u) — 2div(p(@)D(u)) — V(A(e) divu) + VIT1 =0,
vPodivu = (y — 1) div(k(o, 9) V),

Po = Rov,

or equivalently

0o + div(ou) = 0,
[LM] ¢ Ok (ou) + div(ou ® u) — 2div(u(e) D(u)) — V(A(e) divu) + VIT =0,
divu = —2xAp(p)

with ¢ — an increasing function of ¢ and x > 0.

@ T. Alazard. Low Mach number limit of the full Navier-Stokes equations, ARMA 2006.



Literature

» Local strong solutions
ﬁ Beirdo Da Veiga '82, Secchi '82, Danchin & Liao '12 (in critical
Besov spaces).
» Global in time solutions

ﬁ Kazhikov & Smagulov '77 (for modified convective term and small &
existence of generalized solution which is unique in 2d), Lions '98
(weak solutions for ¢ = —1/p and small perturbation of a constant
density), Secchi '88 (2d, unique solution for small ) Danchin & Liao
'12 (small perturbation of constant density and small initial velocity).

» No smallness assumption
@ Bresch, Essoufi & Sy '07 global weak solutionds for special relation
<p/(s) = ,U,/(S)/S, k=1,

Cai, Liao & Sun '12 (uniqueness in 2d), Liao '14 (global strong
solution in 2d, critical Besov spaces).



Existence for 0 < x < 1

T Let0< T < o0, Q=T ¢ (0) = u'(0)/0 0 < k < 1. For the initial conditions
satisfying

V(1= K)kgo € HY(R), 0<r<go<R<oo, u+rkVe(pe) € H,

(o) such that u(e) € C*([r, R]), #'(¢) >0, > ¢ > 0 on [r, R], and

(50 + i(@e) 2 e > 0.

There exists a global in time weak solution™ to [LM].

T2: For k — 0 this solution converges to the weak solution of the non-homogenous
incompressible N-S equations; for £ — 1 (and %02 € H*(R)) it converges to the weak
solutions of the Kazhikhov-Smagulov system.

ﬁ D. Bresch, V. Giovangigli, E.Z., JMPA 2015.



General case

For T < 0o, 2 = T® and the general low Mach number system
Ot 0 + div(gu) = 0,

[LMG] O¢ (ou) + div(gu ® u) — 2div(u(e)D(u)) + VI = 0,
divu = —A(o),

with @'(s) = ji’(s)/s, we have:

T3: Under previous assumptions on the data and, for u(-) € C*([r,R]), #/(:) >0, u > c >0
on [r, R] and @(-) € C*([r, R]) and u(e), fi(e) related by

c< ggl[,ir?R] (u(e) — A(e)),

1-d
d < i'(e)e+ ——iilo);

(n(e) — fi(e) — &i(0))? o 1—d._
92[‘;’,)%] 2 (u(o) — fi(o)) <¢ Qg“['rf‘R] (u (0)e + Tu(g)) .

for some positive constants ¢, £. There exists global weak solution to [LMG].

@ D. Bresch, V. Giovangigli, E.Z., JMPA 2015.



Conclusions

> For p(o) = o (i.e. p(0) = log ) we recover the pollutant model.
> For p(o) = log(e) (i-e. ¢(0) = —1/0) we recover the combustion model.

> For u(o) =0, (o) =loge i.e. kp(o) =—1/0. There exists a

non-empty interval [F, R] such that if
0<F<oo<R<0O,

then the weak solution to [LM] exists globally in time. This corresponds to
the dense gas approximation.

@ S. Chapman & T.G. Cowling: The mathematical theory of non-uniform
gases, Cambridge Univ. Press, 1970.



Reformulation of the [LM] system

We introduce the solenoidal vector field w such that
w = u+ 26V (o),
divw = 0.

Then, system [LM] can be rewritten as

00 + div(pu) = 0,
Ot (ow) + div(ou ® w) — 2div(u(e)D(u)) + 2k div(p(e)Viu) + VI = 0,

where
My =N+ 2(u'(0)e — p(e)) divu — A() divu.

Equivalently, the "momentum” equation can be rewritten as

0 (ow) + div(ou @ w) — 2(1 — x) div(u(e)D(u)) — 2x div(u(e)A()) + Vy = 0,

where D(u) = 3(Vu+ V'u) and A(u) = 1(Vu — V'u).



Generalzed energy estimate

Multiplying momentum equation by w and integrating by parts:

3o [l ax20 =0 [ u@I D@ ax+ 26 [ o)A
+4(1 - N)f'@/ﬂu(g)Vu : V2p(e) dx =0,
but when k # 1 the last term does not vanish. From the continuity equation we obtain
3 (eVe(0)) + div(ou ® V() + div(u(e)V'u) + V (1 (e)e — 1(e)) divu) =0
and the corresponding energy is

d [Vel?

- o

dt Jo 2
Multiplying (2) by 4(1 — k)~ and adding it to (1):

wl? 2
%Ag<%+(l—n)m‘2v7m>d +2(1—n)/ 0)|D(u))? dx

+2n [ w(@IAW? e+ 20— x)? [ (1 (e)e = ne)lawl ax=o.

ax = [ (' (@)e = nle)) dvube ax— [ u(e)Vu: TPe(e) dx=0. ()

Q



Extension to the compressible brotropic system

The generalized k- entropy inequality:

lu+ 26Vp(0)[? 12V (o)1
éﬁf’n[/ng <f +(1fn)nf> () dx+ [ oele)(e) ax]

T ’ /
+2n/ / 0)|A(u)] dxds+2rc/ /M\Vgﬂz dxds
o Ja 4

)
+20-x) [ [ [ m@ID@P ax-+ [ /(e = (o)l div ul? ax] as
2 2
s/ﬂg(wm—n)nM) (0 ax+ [ soe(oo) ax

2
where we have introduced %Z(Q) = p(0).

» For k = 1 this is the so called Bresch-Desjardins inequality.

> In general for 0 < k < 1 mixing parameter

/ 0 (M +(1— n)n%) (t) dx
Q

:/ﬂg((lfm)%+m%) (t) dx.

@ S.M. Shugrin. Two-velocity hydrodynamics and thermodynamics, J. Applied Mech. and
Tech. Physics. 1994.



Possible modifications for A(0) = 2(op'(0) — 11(0))

1. Compressible N-S with singular pressure:

O¢0 + div (ou) = 0,
(Wsr] { 9 (ou) + div(ou @ u) — div (2(e)D(u)) — V(A(e) div u) + Vp(e) = 0,

where the pressure p is singular close to zero density

oY 7! for o< o*
oo {0 e,
2

c0” for o > o
such that
_ 2n(3m — 2)
+
>1, il il R
v 4m—3
for
- 1
m>3/4, 2/3<n< %
and

forall s < 0", p(s)>cos” and 3X\(s)+2u(s) > s,

s™ s™

forall s> 0", cas” <up(s) < — and c35™ < 3X\(s) +2u(s) < —
C1 C:



2. Compressible N-S with a drag term:
O¢0 + div (pu) =0,

[NSol § 5, (ou) + div(ou ® u) — div (21(0)D(u)) — V(A(e) div u) + rolulu + Vp(o) = 0,

with viscosity coefficients satisfying

W) >v,  u0) >0,

V(@I < w0 vule) < 2m(e) +37(e) < alo).

Moreover
p(o) < Co**/BM  with n € (1/7,1) when o > 1.
@ A. Mellet and A. Vasseur. On the barotropic compressible Navier-Stokes equations.
Comm. PDE, 2007.

A pair of functions (g, u) is a weak solution to [NSp] or [NSp] if it satisfies the weak
formulation of the continuity and the momentum equations and the k-entropy estimate.

@ D. Bresch, B. Desjardins, E. Z., JMPA 2015.



Construction of solutions

We introduce augmented system with two velocities w = u + 26V and v = 2V (p):

Or0 + div(o[w]s) — 2k div ([/1/((_))](,Vg) =0,
r (ew) + div((e[w]s — 2x[1' (0)]a Vo) @ w) — V [(A(e) — 2k(1(2)e — 1(e))) div(w — kv)]

—2(1 — ) div(u(e)D(w)) — 2k div(u(2)AW)) + A% w — = div((1 + |Vw|*)Vw) + Vp(o)
= —2k(1 — k) div(p(0)Vv),

9e(ov) + div((e[w]s — 2x[4'(0)]a Vo) @ v) — 2k div(u(e)VV) + 2V [(1'(e)e — n(e)) div (w — rv)]
= —2div(u()V'w).

with the following k-entropy equality

;t ; 0 (% +(1- n)m%) dx + % /Q oe(o) dx +2(1 — m)/ﬂu(g)|D(w) — kVv|? dx
#20- ) [ (5(@)e~ (@) [div w — wdiv v)* dx+ 25 [ (o)l Aw)* dx

Q Q
+2n/§l%\v9|z dx+6/n (\A5w|2+(1+|vW\2)\vW|2) dx

= —/p(g)div([wL; —w) dx.
Q



Generalizations

» The k-entropy equality may be seen as a nonlinear version of the so-called
hypocoercivity property which is strongly used in the framework of strong
solutions

@ C. Villani. Hypocoercivity, Mem. Amer. Math. Soc. 2009.

» The two-velocity structure allows to introduce the generalised
r-temperature. The obtained system does not coincide with the usual
N-S-Fourier system, but is consistent with the low Mach number limit

ﬁ D. Bresch, B. Desjardins, E. Z., JMPA 2015.
» Relative k-entropy and its application to the weak-strong uniqueness and
studies of singular limits

ﬁ D. Bresch, P. Noble and J.-P. Vila, preprint 2015.



Thank you for your attention !




