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Quasi-periodic solutions for PDEs

Let us start with classes of dispersive PDEs on the circle

— 10 — L£(—i0)u+ f(u) =0 (1)

e £(—id,) is a real-on-real linear (pseudo-)differential operator of
order v

e f is a non-linear operator (of order ¢ < v).

Example: non-linear Schrodinger equation

—iug + Uge + f(2, Uy Upy Ugy) =0, L(k) = k2
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Quasi-periodic solutions for PDEs

Let us start with classes of dispersive PDEs on the circle
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order v
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Quasi-periodic solutions for PDEs

Let us start with classes of dispersive PDEs on the circle

— 10 — L£(—i0,)u + f(u) =0 (1)

o £(—id,) is a real-on-real linear (pseudo-)differential operator of
order v

o f is a non-linear operator (of order ¢ < v).

Example: non-linear Schrodinger equation
_iut+u:pw+f(xauvuwvuww) =0, £<k) =k*
Wave equation

Ytt — Yaxx ery + f(xvyayﬂvyTT) =0 MU= (*87-1 +m)71(y + lyf)
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Quasi-periodic solutions for PDEs

(=10 — £(=102))u + f(u) =0 (2)

This is a rather wide class of PDEs,
the main point is that if we ignore the non-linearity
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Quasi-periodic solutions for PDEs

(=i — £(—i0,))u =0 (2)

In the linear system all the solutions are of the form

u(t,x) = Z upethe ekt (recall that £(k) € R)
kEZ

Namely periodic, quasi-periodic or almost periodic.



intro

Quasi-periodic solutions for PDEs

(=i — £(—i0y))u =0 (2)
In the linear system all the solutions are of the form
u(t,z) = Z upethr e (recall that £(k) € R)
kEZ

Namely periodic, quasi-periodic or almost periodic.
This depends on the support of the solution and on the dispersion law

o (k)



intro

Quasi-periodic solutions for PDEs

(=i — £(—i0,))u =0 (2)
In the linear system all the solutions are of the form
u(t,x) = Z upethe ekt (recall that £(k) € R)
kEZ

Namely periodic, quasi-periodic or almost periodic.
When we study the equation close to u=0 it is natural to look for
quasi-periodic solutions

Quasi-periodic solution of frequency w € R?: a torus embedding
T? > ¢ — u(p, r) such that u(wt, z) solves the equation
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Quasi-periodic solutions for PDEs

Quasi-periodic solution of frequency w: a torus embedding
T¢ > ¢ — u(p,z) such that u(wt, x) solves the equation

the embedding T¢ > ¢ — u(ip, z) solves

Equation for the torus embedding

—iw - Opu + £(—10;)u + f(u) =0

The unknowns are w, u.
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Quasi-periodic solutions for PDEs

Equation for the torus embedding

—iw - Opu + L£(—i0;)u + f(u) =0

We need to be more specific on the regularity:

say f has C'7 regularity

look for small solutions in the Sobolev space H*(T¢ x T;C) for some
s<q

if f is an analytic function

look for small analytic solutions H*(T+!; ()
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Quasi-periodic solutions for PDEs

Equation for the torus embedding

—iw - Opu + L£(—i0;)u + f(u) =0

We need to be more specific on the regularity:

say f has C'7 regularity

look for small solutions in the Sobolev space H*(T¢ x T;C) for some
s<q

if f is an analytic function

look for small analytic solutions H*(T+!; ()

Tot' = {z+iy 2 € T, yeR™ |y <a}
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Example: Forced fully non-linear NLS on the circle

Consider a forced fully-non linear NLS of the circle
—iug + Uy + ef (Wt T, U, Uy, Ugy) = 0

with diophantine forcing w € A C R?

Theorem (Feola-M.P. 15)

for every nonlinearity f € C1 such that the PDE is either reversible
or Hamiltonian + some technical conditions

then for all e € (0,e0) small enough, there exists a Cantor set C. C A
of asymptotically full Lebesgue measure, i.e.

ICcl =1 as &—0, (3)
such that for all w € C. there exists a solution u(e,w) € H® to the

NLS equation with ||u(e,w)||s = 0 as e = 0. In addition, u(e,w) is
reducible and linearly stable.
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A result on the reversible autonomous NLS

Consider a reversible NLS equation
—iug 4 Uy + (U, Ug, Ugr) =0 (4)
where
U, g, Uge) = ar|ul?u + as|ul®uz, + azlug|*ut (5)
as|te|?Use + as|tUee |2 u + ag|tUee |2 tge + hoo.t.
with a; € R for i = 1,...,6. Suppose that

(a17 ag, as, a4, as, aG) 7& (O,CL, a, b> ba 0)
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A result on the reversible autonomous NLS

Consider a reversible NLS equation

—iug 4 Uy + (U, Ug, Ugr) =0 (4)

Theorem (Corsi,Feola,P.)

For any generic choice of tangential sites j1,...,ja € N and for all
e € (0,e9), there exists a Cantor set

13

Ce Ce{2 2

] , [Cel—1 as e—0, (5)
such that for all £ € C. the NLS has a quasi- periodic solution with

frequency w

=1

Z\fe”“ sin(jiz) +o(VE), w®(6) =37+ Y Mg +o(€)
j

The solutions analytic and linearly stable.
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Preliminaries —i0,u + £(—i0;)u + f(u) =0

The solutions we are looking for are very special

one does not expect typical initial data to evolve quasi-periodically)
First Idea: extend KAM theory to the context of infinite dimensional
dynamical systems.

Think of the equation as a vector field with « in some Banach space.

uy = F(u)

For instance if we pass to Fourier coefficients in x:
_ ik
w(@,t) =3 pez ur(y)e™”

we get
ap, = 1&(k)ug + fr({u;}).
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Preliminaries —i0,u + £(—i0;)u + f(u) =0

For instance if we pass to Fourier coefficients in x:
_ ik
u(@,t) =3 pez ur(y)e™™

we get
ap = iL(k)ur + fe({u;}).

This is a chain of harmonic oscillators coupled by a non-linearity.
If w is small f is a perturbation...
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Preliminaries —i0,u + £(—i0;)u + f(u) =0

For instance if we pass to Fourier coefficients in x:

U([E, t) = ZkeZ Uk (y)eikm
we get

g, = 18(k)uk + e fr.({u;})-

In a finite dimensional system:
e Suppose that the £(k) satisfy some non-resonance conditions

@ Suppose that your system has a Hamiltonian or a Reversible
structure

KAM theory (Moser counterterm theorem) implies:
o Existence of a positive measure set of maximal tori.

e Existence of families of lower dimensional tori.



lit. I

Classic KAM results

The first results were on model Hamiltonian PDEs such as the
semilinear NLS with Dirichlet boundary conditions

—ity + U + |ul*u + g(x,u) =0, u(t,0) =u(t,7) =0

o KAM theory(Semilinear PDEs with Dirichlet b.c. : Kuksin,
Wayne, Poschel, Kuksin-Péschel, Chierchia-You (Wave equation
with periodic b.c.)

The reason for requiring Dirichlet b.c. is that one needs the linear
frequencies £(k) to be distinct

U = 18(k)ur + fr(u).



lit. I

Classic results by Nash-Moser

A more flexible approach which was proposed to handle Periodic
boundary conditions is to consider the equation of the torus
embedding as a functional equation

Flw,e,u) = —iw - Opu + L£(—i0z)u+ f(u) =0

with unknowns w, v and apply a Newton algorithm.

o Craig-Wayne 93 (periodic solutions), Bourgain ’94 (quasi
periodic solutions), Berti-Bolle.
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Classic results by Nash-Moser

consider the equation of the torus embedding as a functional equation
Flw,e,u) = —iw - Opu + L£(—i0z)u+ f(u) =0

with unknowns w, v and apply a Newton algorithm.

F(u)

— U2 U1 Uo

Figura: Three steps of the Newton algorithm
Un+41 1= Up — (duj:(wvga u’ﬂ))il[]:(w757 u")]
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Some literature: unbounded non linearities

Recall

—10iu — £(—i0)u+ f(u) =0, L:H' = HTV f:H — H1

o semi-linear Pde’s, g <v —1
Kuksin ‘98, Kappeler-Péeschel ‘03 KdV (¢ < v — 1), Liu-Yuan
‘10, Zhang-Gao-Yuan ‘11 Hamiltonian and Reversible DNLS
(¢ = p— 1) Berti, Biasco, Procesi , Hamiltonian and Reversible
DNLW

o Fully Non-linear Pde’s, ¢ =p
periodic solutions
Toss-Plotnikov-Toland ’05, water waves, Baldi Kirckhoff ,
Benjamin-Ono,Alazard,Baldi capillary water waves
quasi-periodic solutions
Baldi, Berti, Montalto, ‘12-‘15 quasi-periodic solutions for KdV,
capillary water waves



Main problems

Small Divisors

The first problems come form small divisors.

The linearized equation is NOT invertible form H, to Hs. Even in the
best possible scenario it loses regularity As an example consider the
NLS operaotr linearized at v = 0

iw - 0pu — Opgu+cf(u) ~» Ly =iw - 0p — Opa

Eigenvalues of L,: (w- £+ j2), (¢,j) € 74 x Z.
l—o? > —1 V(4,5) € Z4H o = +1,7 > d
| oJI_HW, (4,7) € Y ,T > d,

Then L, is invertible, but
L;l CHE > HTT.

NO classical Implicit function theorem.



Main problems

Main Ideas: Quadratic algorithms

In a Newton algorithm we need to control the inverse of the
Linearized operator in a neighborhood of v = 0

F(u)

— Uz U1 Ug

Newton method :  wpy1 =ty — (duF (un))” F(uy) (6)

dyF(uy,) is an infinite matrix and in order to have convergence
we need estimates on the inverse in high Sobolev norm We would like
to control the loss of regularity

(dyF) 't Hy — Hs_,



Main problems

Main Ideas: Quadratic algorithms

In a Newton algorithm we need to control the inverse of the
Linearized operator in a neighborhood of u = 0

Newton method :  wp41 = uy — (du}—(un))fl}—(un) (6)

We would like to control the loss of regularity

(du‘/...)71 : Hs — Hs—u

o 1st Melnikov conditions: lower bounds on the eigenvalues of d,F
(necessary in order to invert d,F)
This is necessary but NOT sufficient in order to deduce the
control on the loss of regularity

@ 2nd Melnikov conditions: lower bounds on the differences of the
eigenvalues d, F This implies that d,F is diagonable by a map
H, — H, this is sufficient in order to deduce the control on the
loss of regularity.



Main problems

Main Ideas

e Nash-Moser: Uses 1st Melnikov conditions (bounds on the L?
norm of (d,F(\,€,u,))" 1)+ multiscale analysis (used to pass
form L? norm to Hg norm)

o KAM theory: Uses 1st Melnikov conditions + 2nd Melnikov
conditions at each step perform a traslation so that u,, — 0, and
then a diagonalization of the linearized operator, so that in this
basis it is simple to invert it and compute wu,41.

Here we also have information on the linear stability of the
solutions.



parameters

Due to the presence of small divisors in order to get results one needs
some parameters to modulate Consider the example of the linearized
NLS operator:
—iw - Opu+ Oppu+elufPu = —iw: 0y + Opr +V(p,2)
for some values of w and of the potential A = 0 can be an eigenvalue!
but if you have parameters
—iw(&) - Op + Oz + eV (£, 0, )

then ”for most values of the parameters” the spectrum does not touch
Zero

[Ae i ()] >~le]T



parameters

Due to the presence of small divisors in order to get results one needs
some parameters to modulate

e No natural parameter
—iuy — L(—i0,)u+ f(u) =0 ~ —iuy + Uge + [uPu+ Gz, u) =0

Use as parameters the initial data.... this might be very hard

@ One natural parameter
Uy — Ugg +mu + f(u)
o Add external parameters
—iuy + Upg + Me(x)u+ G(z,u) =0

where M¢ is a parameter family of potentials

e consider a forced equation
—iug + Ugy + ef (Wi, w)

use w as parameters



summary

Summarizing: —idwu + £(—i0,)u + f(u) =0

For a autonomous equation with no external parameters there are
three classes of problems:

1) Parameter extraction

2) Invertibility of the linearized operator
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Summarizing: —idyu + £(—i0;)u + f(u) =0

1) Parameter extraction

We fix some tangential sites S = {j1,...,ja} and we look for
approximate solutions of the form:

d

v(&,3,t) =) (/Eet T

p=ll

Then we need to prove that for generic choices of the j; the
parameters £ modulate the spectrum of

—i0; + £(—i0,) + fu(vo) = 0.

This is the so-called frequency-amplitude modulation.

2) Invertibility of the linearized operator

3) Reducibility




summary

Summarizing: —idyu + £(—i0;)u + f(u) =0

1) Parameter extraction

2) Invertibility of the linearized operator

Given an approximate solution v, (&, z,t) (appropriately close to vp)
we need to invert

*iat + 2(718I) =+ fu(vn)

as a tame operator: Hy — H,_,.

3) Reducibility




summary

Summarizing: —idyu + £(—i0;)u + f(u) =0

1) Parameter extraction

2) Invertibility of the linearized operator

3) Reducibility

Given an approximate solution v, (&, z,t) prove that
—i0y + £(—10y) + fu(vn)

can be diagonalized by a map Hs — H.




summary

Summarizing: —idyu + £(—i0;)u + f(u) =0

1) Parameter extraction

2) Invertibility of the linearized opers

3) Reducibility

Parameter extraction is potentially extremely tricky...it often reduces
to a combinatoric problem.

Reducibility is NOT necessary in order to prove existence of
quasi-periodic solutions.

We expect that if we can prove Reducibility then the Invertibility of
the linearized operator follows.

If we do not have reducibility then one has to use multi-scale analysis
in order to obtain invertibility



Strategy

Perform the parameter extraction by using a weak Birkhoff normal
form

Prove that for large measure sets of parameters one may diagonalize
the linearized operator

L(u) = dyF(u) = w(§) - 01 +i (152:5@)11)2(2@)) Ors

(@) hi(©) ao(§) ~ bo(§)
(0 o) o (0 o)

Put this into a convergent Nash-Moser scheme.

(7)



Proof of Reducibility:1

e J,—reduction: find invertible bounded Vi, Vs : H® — H* such
that

VitV =V Hw -0, +D+RWVo =L, Lo=w-0p+D.+Re

where R = O(g0,z), D, constant coefficients diff. operator,
R. = 0O(e) BUT bounded.

Tools: diffeomorphism of the torus, descent method.
Strictly based on the pseudo-differential structure of the
linearized operator of a Pde, namely > a;(¢, z)0L.



Proof of Reducibility:2

e c-reduction: find invertible bounded W,, : H® — H* such that
dlim,, ¥,, 0...0¥; =: lim,, ,, = &, where

O LD, =w 0y + Dy + Ry

n

with |R,| = O(?").
Classical KAM reduction scheme: works on bounded operators
on scales of sequences spaces. Requires 2nd Melnikov condition.



Generalizations

This methods works essentially in all cases of dispersive evolution
PDEs on the circle.

Analytic setting: the scheme seems to fail in the analytic context.
Consider T, := {z € C: |Imz| < a}. The diffeomorphism

x — x4 &(p,x) maps Ty to Ty, with o’ + |€|oo < a. At each step
|€]co = €. One cannot iterate!

use the KAM idea

At each step ONLY apply the change of variables such that

dF - w-0,+D+R

with R ~ O(e) bounded. then at the next step you still have the
multiplication structure
but at the step n one has [£(") | ~ e, ~27X"



proof

dispersion laws: if the dispersion law is linear or sub linear when one
conjugate £ with = + (¢, x), derivatives in time interact with
derivatives in space.
example: Ty 'w - 0,To = w - Oy + (w - )0
One need a different 7o
Works in progress:
o Degasperis-Procesi equations: linear dispersion law, analytic case,
Baldi, Feola, P.
e Water waves equations: sub linear dispersion, Berti, Baldi,
Montalto.



Thanks for the attention!
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