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More than 2 billion photos shared 
on social media per day �




Reuters/CBS/TIME/KPCB		

Over 100 million are “selfies”


That’s 23,000 frames/sec�



That’s 1,200 frames/sec�





Modern	Era	of	Easy	Photography	



Evolu=on	of	(cheap)	Photography	

Mason	Resnick	



Evolu=on	of	(cheap)	Photography	

Mason	Resnick	
Modern	Era	of	Hard	Image	Processing	
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	Global	(or	Local)	Filters	

Data-dependent	
matrix		 Image	scanned	

into	a	vector		

rows	

Each	output	pixel		

All	input	pixels		

z = Wy
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Wij yj

wT
i = [W1j , W2j , · · · , Wnj ]



Global	Filters	

Matrix	W	
Local	Filters	

Dense	but	low-rank	Sparse,	but	high-rank	



Same	weights	everywhere	

* 

* 

* 

input	 output	

Same	Gaussian	kernel	everywhere	

zi =
X

j

Wij yj



Data-adap=ve	weights	

* 

* 

* 

input	 output	

The	kernel	shape	depends	on	the	image	content.	But	how?	

zi =
X

j

Wij yj





				The	Laplacian			

•  It	is	all	over	physics	
– Heat	equa=on	
– Wave	equa=on	

–  Schrodinger’s	eqn.		
– Maxwell’s	eqns	

–  Fluid	flow	
– …..	
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The	Laplacian	in	Imaging	
•  It	is	all	over	image	processing	

–  (Anisotropic)	Diffusion	
–  Curvature	Flow	
– Adap=ve	Sharpening	
– Deblurring	
– …...	



Laplacian,	the	non-conformist		
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Average	of	z	around	x	



The	Laplacian	in		
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Laplacian	Operator										Center	–	Surround	average				
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The	Laplacian	–	In	mammalian	vision	
•  Center-surround	Antagonis=c	Recep=ve	Fields	

•  But	these	cells	have	a	nonlinear	response	to	their	input)		



The	Laplacian	--	Proper=es			
•  Detects	local	“non-conformity”		
	
•  																								implies	smoothness	

– Harmonic/analy=c	func=ons		
– Mean-value	property		
	

• Minimizer	of	Gradient	(Dirichlet)	Energy	
	

	

	

∆z(x) = 0

min
z

∫
∥∇z(x)∥2dx ∆z(x) = 0



The	Laplacian	and	Diffusion		

min
z

Z
krzk2dx

@z(x, t)

@t

= �z(x, t)

z(x) �! z(x, t)

(Func=onal)	Gradient	Descent	

z(x, 0) = z0

Diffusion	Eqn	

Dirichlet	Energy	



The	Laplacian	and	Smoothing	
@z(x, t)

@t

= �z(x, t) z(x, t) = z0 ⇤H(x, t)

z(x, t+ �t)� z(x, t)

�t

⇡ �z(x, t)

z0 ⇤ H(x, t+ �t)�H(x, t)

�t

⇡ �z(x, t)

Laplacian	Operator													Diff.	of	Smoothing	Kernels	



What	about	prac=cal	use?		
•  Data	is	generally	discrete,	and	non-parametric		

–  pixels	and	patches,	instead	of	func=ons	



What	about	prac=cal	use?		
•  Data	is	generally	discrete		

–  Pixels	and	patches,	instead	of	func=ons	
•  Image	(patches)	live	on	a	manifold	
•  Useful	distances	are	hard	to	measure		

Geodesic	distance	

Euclidean	distance	



Discrete	Laplacian	
•  Just	a	cloud	of	point			

– No	explicit	manifold	
– No	specified	metric	
– No	geodesic	paths	

zi = z(xi)



Discrete	Laplacian	
•  Let’s	look	closely	(Belkin	and	Niyogi	‘05)	

d(zi, zj)

kzi � zjk

d(zi, zj) = kzi � zjk+O(kzi � zjk3)

For	nearby	points,	chordal	distance	
approximates	the	geodesic	distance.	



Discrete	(Graph)	Laplacian	

•  Center-surround/mean-value	Property	
• Measure	Smoothness	
•  No=on	of	Diffusion		
• With	enough	samples,	converges	to	the	
con=nuous	defini=on	of	Laplacian	(Lafon	‘04,	Belkin,	et.	
al	‘05,	Hein	et	al.	‘05,	Singer	’06,	….)	
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Graph	Laplacian	and	Smoothness	
KijL(zi) =
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j

Kij(zi � zj)L(zi) =
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Kij(zi � zj)

= zi
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L(zi) =0 zi =

P
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“Filter	as	prior”	



Kernel	Weighted	Graph	

Kernel	(Affinity)	Matrix	

Kij = K(zi, zj)K(xi, xj)
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K(zi, zj) = exp(�kzi � zjk2/h2
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Spa=al	Gaussian	Kernel	

Photometric	Gaussian	Kernel	

Bilateral	Kernel	

Kij

K = {Kij}



Non-Local	Means	Affini=es	



di =
X

j

Kij

“Degree”	of	Pixel	~	Number	of	similar	pixels	
	

Image	



Laplacians	Give	Birth	to	Filters	(I)	

Gradient	Descent	

Dirichlet	Energy	

Diffusion	

z0 = y

zk+1 = (I� L) zk = W zk

zTL zE =
X

j

Kij(zi � zj)
2



Or…	Define	Laplacians	from	Filters	

Dirichlet	Energy	

L z = z�Wz

L = I�W
Center-surround	

zTL z



Laplacians	Give	Birth	to	Filters	(II)	

Gradient	Descent	

Dirichlet	Energy	
On	“residuals”	

(y � z)T (I� L)(y � z)

Reac=on-Diffusion	(Nordstrom	‘90)	
Twicing	(Tukey,’77)	
(Kaiser	and	Hamming	’77)		
Boos=ng	(Buhlmann	et	al.	’03)	
Bregman	iter.	(Osher	et	al.	’05)	

zk+1 = zk +W(y � zk)

z0 = Wy

bz = (2I�W)Wy



Graph	Laplacian	so	far	….	

D = diag{di}n1

L = D�K
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Un-normalized	Laplacian		

[0,	n]	

Spectral	Range	



Other	defini=ons	

D = diag{di}n1

				Normalized	Laplacian	(Chung	‘97)		

di =
X

j

Kij

[0,2]	

[0,	n]	

Spectral	Range	



Other	defini=ons	

D = diag{di}n1

		Random	Walk	Laplacian		

di =
X

j

Kij

[0,2]	

[0,	n]	

Spectral	Range	

		[0,1]	



Other	defini=ons	

D = diag{di}n1

		“Sinkhorn”	Laplacian	(M.,’13)		

di =
X

j

Kij

[0,2]	

[0,	n]	

Spectral	Range	

		[0,1]	

		[0,1]	



S=ck	to	one	defini=on	of	Laplacian	

Lu(zi) = zi di �
X

j

Kij zj

Lr(zi) = zi �
1

di

X

j

Kijzj

Lu = D�K

Lr = I�D�1K

•  Un-normalized	

•  Random	Walk	



S=ck	to	one	defini=on	of	Laplacian	

Lr(zi) = zi �
1

di

X

j

Kijzj

Lr = I�D�1K

•  Re-normalized	

•  Random	Walk	

↵ = O(n�1)

Lu = ↵ (D�K)

Lu(zi) =↵ zi di � ↵
X

j

Kij zj



•  Random	Walk	

Corresponding	Filters		

•  Re-normalized	

Wr = D�1K

bzi =
1

di

X

j

Kij yj

bzi =(1� ↵di) yi + ↵
X

j

Kij yj

Wu = I� ↵(D�K)



Example:	Bilateral	Kernel	

Random	Walk	Filter	 Re-normalized	Filter	Input	Image	



Residuals		



More	Generally	

Data	Fidelity		 Regulariza=on	

(y �Az)T (I+ �L)(y �Az) + ⌘ zTLz



More	Generally	

Regulariza=on	

(y �Az)T (I+ �L)(y �Az) + ⌘ zTLz

“Blur”	



Deblurring	–	Es=mated	PSF	

(y �Az)T (I+ �L)(y �Az) + ⌘ zTLz



Adap=ve	Sharpening	as	a	Special	Case	

•  Special	Case:		

(y �Az)T (I+ �L)(y �Az) + ⌘ zTLz

A = I ⌘ = 0

bz = (I+ �L) y

Adap=ve	Sharpening	“nonlinear	unsharp	mask”	
(No	knowledge	of	PSF)	

� > 0



No	knowledge	of	PSF	

Adap=ve	Sharpening	



Linear	Embedding	Using	Laplacian	

min
zTLz

zT z
max

zTWz
zT z

bz ⇡
X

i

↵i ⇥ top eigenvectors of W

bz ⇡
X

i

↵i ⇥ bottom eigenvectors of L



The	(Orthonormal)	Eigenvectors	

v1
v2
v3v4
v5

v10



Why?	How	many	eigenvectors?		
•  Eigenvectors	of	the	Laplacian	are	op5mal	in	approxima=ng	

func=ons	with	L2	bounded	gradient.	(Aflalo,	Brezis,	Kimmel	’15)	
	

•  Affinity	eigenvalues	decay	(very)	rapidly.	(Talebi,and	M.	’15,	Meyer	and	
Shen,	‘12)	

f(z) = zTL z =
X

i

↵2
i�i



Spectral	Filtering	in	Lower	Dimension	

Vm f(Sm) VT
m

W z



Spectral	Filtering	in	Lower	Dimension	

Vm f(Sm) VT
m

z



KB 
 

 
 
 
KAB

T 

KA                                     KAB 

Affinity Matrix  

K = 

Explicitly computed weights 

Approximated weights 

m 

n-m 

Spatially uniform sampling 

A: Sampled pixels (m) 
 
B: Remaining pixels (n-m) 

Nystrom	ApproximaSon	

We go from sampled affinities directly to the eigenvectors.  



W2-W1	

W1	

T2(.)	

T1(.)	

Output	I-Wk	 Tk+1(.)	

Fine	scale	details	+	noise	Medium	scale	details	base	layer	

Input	
Blending	

Mul=-Laplacian	Scale	Decomposi=on	

z = �1 y
smooth

+ �2 y
detail1

+ · · ·+ �
k+1 y

detailk



W2-W1	

W1	

T2(.)	

T1(.)	

Output	I-Wk	 Tk+1(.)	

Fine	scale	details	+	noise	Medium	scale	details	base	layer	

Input	
Blending	

Mul=-Laplacian	Scale	Decomposi=on	

z = �1W1y+ �2(W2 �W1)y+ · · ·+ �k+1(I�Wk)y



W2-W1	

W1	

T2(.)	

T1(.)	

Output	I-Wk	 Tk+1(.)	

Fine	scale	details	+	noise	Medium	scale	details	base	layer	

Input	
Blending	

Mul=-Laplacian	Scale	Decomposi=on	

z = �1W
ky+ �2W

k�1(I�W)y+ · · ·+ �k+1(I�W)y



W2-W1	

W1	

T2(.)	

T1(.)	

Output	I-Wk	 Tk+1(.)	

Fine	scale	details	+	noise	Medium	scale	details	base	layer	

Input	
Blending	

Mul=-Laplacian	Scale	Decomposi=on	

z = �1y+ (�1 � �2)L1y+ · · ·+ (�k � �k+1)Lky



Some Examples




Color	and	Tone	Enhancement	

Low-light		Imaging	



Color	and	Tone	Enhancement	

Low-light		Imaging	



Color	and	Tone	Enhancement	

Low-light		Imaging	



Color	and	Tone	Enhancement	

Low-light		Imaging	



Color	and	Tone	Enhancement	Dehazing	



Color	and	Tone	Enhancement	Dehazing	



Color	and	Tone	Enhancement	



Color	and	Tone	Enhancement	



Dynamic	Range	Expansion	



Dynamic	Range	Expansion	



Dynamic	Range	Expansion	



Dynamic	Range	Expansion	



Color	and	Tone	Enhancement	HDR	Tone	Mapping	



Color	and	Tone	Enhancement	HDR	Tone	Mapping	



HDR	Tone	Mapping	



HDR	Tone	Mapping	



HDR	Tone	Mapping	



HDR	Tone	Mapping	



Compression	Ar=fact	Removal	



Compression	Ar=fact	Removal	



Noise-aware	Sharpening/Contrast+	



Noise-aware	Sharpening/Contrast+	



Thank	you.	
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