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Motivation S

Primal-dual extragradient method:

m first-order algorithm for nonsmooth convex problems
with linear operators [Chambolle/Pock 2011]

m very popular in imaging (TV denoising, deblurring, ...)
m acceleration (Nesterov, O(1/k?) convergence)
m version for nonlinear operators [Valkonen 2014]

Here:

m application to parameter identification for PDEs
m ~ function space algorithm

Difficulty:

m convergence proof requires set-valued analysis
in infinite-dimensional spaces
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Model problems ;

L'-fitting

. 5 LI
min aHS(u) =yl + EHUHLZ

L*°-fitting/Morozov

min %||u||f2 st [SW) -2 <6 aeinQ
u

S:UCL%Q) — [2(Q), S(u)=:y satisfies

Ay +uy=f
oyy=0
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Problem statement

min F(K(u)) + G(u)
uex

BF:Y—>RG:X— IR convex lowersemicontinuous
m X, Y Hilbert spaces
mKeCXY) (here:K(u) = Su)-y°

m saddle point formulation:
min sup G(u) + (K(u), v) - F*(v)
ueX veY*

mF*:Y* - R Fenchel conjugate

Overview Algorithm Set-valued analysis Application to PDEs Numerical examples 5/25



UNIVERSITAT

Algorith m DU I SeBYU R G

linded.

K linear:

Ukt = prox ¢ (u¥ - TK*vF)

0k+1 - 2uk+1 _ uk

vk = proon*(vk + oKk

m 0,7 stepsizes, ot < ||K||?

1
B pProx,(v) = arg min % |u=v|?+ F(u) proximal mapping
u
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Algorithm Sy e

linded

K nonlinear:

Ukt = prox,g(u* - Tk’ (UF)*v¥)

uk+1 — 2uk+1 _ uk

VK1 = prox g (VK + oK (@)

m 0,7 stepsizes, 0T < sup,cs, ||K'(u)||
1
B prox,e(v) = argmin % |u=v]|[?+ F(u) proximal mapping
u

m K'(u) Fréchet derivative, K’(u)* adjoint
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Algorithm Sy e

linded.

K nonlinear, accelerated:

U = prox, Uk - TK' (uF)* V)

we =1V V142ctk P = it oy = on/wy

ak+1 — uk+ k)

k+1 k -+
VT = proxg, e (VS + 0k K@)

uk+1 _

1+(A.)k( u

B 0,7 stepsizes, OoTo < Supyeg, [|K'(u)[|™
1
B prox,e(v) = argmin % |u—-v|?+ F(u) proximal mapping
u

m K'(u) Fréchet derivative, K’(u)* adjoint

m ¢ > 0 acceleration parameter
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Convergence s

Theorem

Iterates converge locally to saddle point (a, v) if
1 Gis cg-strongly convex (here:cg =1)
2 c=¢,€[0,¢c5), ¢hn=0forn>N e IN (finite acceleration)
3 metric regularity around saddle point

(cf. [Valkonen 2014])

Difficulty:
B metric regularity in function spaces

m ~~ requires infinite-dimensional set-valued analysis

m here: only rough outline, no details
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3 Set-valued analysis
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Metric regularity

Saddle-point problem

min sup G(u) + (K(u), v) - F*(v)
ueX yeyx

Primal-dual optimality conditions

K(@) € dF* (V)
—K'(@)*V € 9G(d)
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Metric regularity

Primal-dual optimality conditions
K(a) € oF*(v)
-K'(0)*V € 9G()
Set inclusion for H : [2(Q)? = [%(Q)?

o= (250 KO0

OF* (V) - K()
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Metric regularity

Metric regularity at (i, v)

inf [lg- @V <Llw| forall|w|] <p
q: weHy(q)

m interpretation: small perturbation w of 0

= small perturbation g of saddle point (&1, )

m Lipschitz property for set-valued H' at ((@, v), 0)

Overview Algorithm Set-valued analysis Application to PDEs Numerical examples 9/25



Metric regularity

Metric regularity at (i, v)

inf [lg- @V <Llw| forall|w|] <p
q: weHy(q)

Mordukhovich criterion

Ly = inf sup {|B"H@' W) | ¢’ € B(@,7),1), w' € H(g) N Bw, 1)}
>

m Aubin constant Ly is minimal choice of L
m D*H regular coderivative of H  (cf.L = | V| forf € C")

m ~> set-valued analysis in function spaces
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Set-valued analysis in function space

Difficulties:
m multiple non-equivalent concepts (regular, limiting)

m calculus not tight

Here:

m set-valued mappings from subdifferentials of pointwise
functionals

m ~> infinite-dimensional (regular) derivatives pointwise via
nice finite-dimensional (regular, graphical) derivatives

m cf. pointwise Fenchel conjugates, subdifferentials [Ekeland]
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[ DIdGI(U|E - K'(@)*V)(Au) + K'(@)*Av
DHy(qlw)(Aq) = (D[aF*](v|n + K (@)u + cg)(Av) - K’(D)Au)

TqAg + V(glw)° Ag € V(g|w)

DHy(q|w)(Aq) =
(g|w)(Aq) {@ otherwise

u q = (ul v)l w = (61 r’)l Cyg = K(a) - K/(u)a

m T, linear Operator (independent of w), V(g|w) cone

| [A)*Hl—,(q|w) = [DHg(g|w)1** upper adjoint of convexification
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Mordukhovich criterion

ToAg + V(glw)° Agq € V(g|w)

DHa(q|w)(Aq) =
(glw)(Aq) {@ otherwise

Then: Aubin constant Ly < ¢ < oo iff

. [Tgaw -z||
sup inf ————>c >0
t>0 (Aw,z)EWt(q|w), ||AW||
[[Aw||>0
W/ € H-(q/)l
Wf( W) — {V( / W/) % V( / W/)o u
) =\ VW) < VW | et jw - wi <
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4 Application to parameter identification
L' fitting
L fitting
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Application to PDEs

Primal-dual optimality conditions

=S@*v=a

{S(U) —y® c OF* ()

Metric regularity around (&, v) if either

! (7 1 () * =
1 supinf {_llS <u)SH§L|4|) |
t>0

(z,v) € Vi (0)y® - S(@), 2 # o} >0

2 Moreau-Yosida regularization: F* — F == F* + 5| - ||2
3 finite-dimensional data: Y — Y}

In case 1: ||S'(@)*z|| > c||z|| for z € V4. (¥]y® - S(@) necessary!
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L' fitting

. s LT
min aHS(u) =yl + EHUHLZ

m F(y) =J a'lyWldx =8 g0(2)
o}

mS:UCL?Q) — [2(Q), S(u)=:y satisfies

Ay +uy=f
oy =0
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L' fitting: metric regularity

Here:z € V. (v|n) if

{0} |vV/(x)] = aand n’(x) # 0
z(x) € < -signV/(x)[0,00) |V'(X)]=aandn’(x) =0
IR V()| <a'andn’(x) =0

forsome ||V - V|| < t, |0 -7l <

m S compact operator: ||S'(4)*z|| > c||z|| only holds forz = 0
mi=S@)-y>% avesigni

m ~~ in general not satisfied!
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L' fitting: algorithm Whpes

linded

¢ zk+1 — S/(uk)*vk
1
uk+1 — (Uk _ Tkzk+'|)
1+ Tk

Wy = 1/\/ 1+ 2CTk Tk+1 = WiTx Oy = Gk/wk
ak+1 — uk+1 + wk(UkH _ uk)

H = i 1 k k+1 I}

= Proji_q-1,a-1 (1+ak y(V + 0 (S0 —y )))

m S'(uk)*vk solution of adjoint equation
B projc pointwise projection on convexset C C IR
m Moreau-Yosida parametery > 0

m local convergence if y > 0 or finite-dimensional
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L* fitting :;‘u:.;:%;;’m

min %||u||f2 st [SWX) -2 <6 aeinQ
u

B Fly) =byp<aly) ~ =07
m S:UCL2Q) — L%(Q), S(u) =: y satisfies

Ay +uy=f
oy =0

m fort =0: z(x) = 0if |S(@)(x) - y°(x)| < & ~ estimate unlikely
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L* fitting: algorit

zk+1 = S/(uk)*vk

P (U = 72
14+ 7%
Wi =1//14+2cTy Ty = WkTx  Ogqq = Okl Wy
ak+1 — uk+1 + wk(uk+1 _ uk)
‘—/k+1 — Vk + O.k+1(s(uk+1) _yé)
Vk+1 — 1+0’L+1y(|‘7k+1| _ 60.)+ sign(\'/k”)

m local convergence if y > 0 or finite-dimensional
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5 Numerical examples
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L' fitting

m Q=[-1,1], FE(P,—Py) discretization of (y, u)

m random impulsive noise:

s y o) + [lyT|lo€(x)  with probability 0.3
yox) = :
yT(x) else

yT =5Sw’), &x) €N(,0.1), ~a=1072

moo=L",1=099", L[=|SWO|/u

my=10" u=1,v0=0 (nowarmstart!)

m comparec € {0,1}, N € {100,1000, 10000}
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L' fitting: acceleration (same data)

10°

—_—C=0

— G =

10*

103

J(ug)

102

10!

—Ioo L] L1l [N
10° 10' 107 10°
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L' fitting: discretization (avg. of 10)

10°
= = N =100
i —— N'=1000
N = 10000
2 |
10 g |
~ L \‘“‘
S \
10"
i T
100 Ll Ll Ll
10° 10° 10° 10
k
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L* fitting

m Q=[-11], FE(P;-Py) discretization of (y, u)

quantization noise:

round y' to n, = 11 equidistant values

y=10"2, oo=L0[",19=099", L=|Sw|/|u°]

mu=1v0=0 (nowarmstart!)

m comparec € {0,1}, N < {100,1000, 10000}
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L* fitting: acceleration (same data)

10137 — ;=0
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L* fitting: discretization (same data)

1013 - e N =100
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100 w
§ 107 [ \\
= \
\ A\
104 Vo
101 -
Ll Ll Lol
10° 10' 10° 10° 10*
k

Overview Algorithm Set-valued analysis Application to PDEs Numerical examples 24/25



UNIVERSITAT

Conclusion

linded.

Primal-dual extragradient methods in function space:
B can be accelerated

m analyzed using set-valued analysis in function space

B requires Moreau-Yosida regularization

B ~~ NO horm gap, continuation needed; mesh-independence
Outlook:

m full acceleration

m partial stability (w.r.t. primal variable only)

m other PDE-constrained optimization problems

Preprints/Code (soon):
http://www.uni-due.de/mathematik/agclason/clason_pub.php
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