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Image Segmentation



Image Segmentation

In two-phase segmentation we look for a contour I that separates the
objects in an image into foreground and background.



Image Segmentation: Global

Pro: good segmentation result.
Con: result is not useful necessarily, e.g. medical imaging.



Image Segmentation: Selective

The user selects an object to segment.

S:{(X,',y,')EQ./].SI.S k}



Image Segmentation: Selective - Motivational Results

Motivational medical segmentation results




Variational Approach

We use a variational approach, i.e. look to minimise functionals.

Our basic model is:

mrin F(T)

subject to some conditions on [ enforced by functional F.



In selective segmentation we want

I" to be on the edges of objects.

I" to be close to the points of S.

I" to be as short as possible.

the inside of I' to have the same characteristics, e.g. intensity or

= ® P

texture.
5. the size of the shape to be similar to the user desires.

How can we enforce these through F?




Constructing F: , Distance, Short, Intensity, Size

We want a function g ~ 0 at edges, g =~ 1 in homogenous areas.

Look at the gradient |Vz(x, y)| of the image.

Large at edges, small away from edges.

1
14 8IVz(x,y)?

g(IVz(x, y)l)




Constructing F: Edges, , Short, Intensity, Size

We want a distance function d ~ 0 near S, d ~ 1 away from S.

Such a function is

K
=% _ i=y)?
d(x,y) = H <1 —e 22 e 27 > V(x,y) € Q, (xi,yi) €S.

i=1

o is a fixed non-negative tuning parameter.



Constructing F: Edges, Distance, , Intensity, Size

We minimise the length of a contour by minimising

/ds
.

In practice, we get short I' near image edges and the points of S by
minimising

/r d(x,y)(|V2])ds
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Constructing F: Edges, Distance, Short,

Define Q; inside ', Q\Q; outside it.

(&)

(o]

(0]

(o]
We aim to minimise

A z2(xy) — aldxdy + /\2/ |2(x,y) — c2f*dxdy
93} O\

which penalise intensity differences inside and outside I'.
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Constructing F: Edges, Distance, Short, Intensity,

We want a term which penalises the area inside I' being different to the
user desired area.

A = 3,898, 120hh,

A1 = 296, 184h,h,

We aim to minimise

v l(/Ql dxdy — A;)? + (/Q\Ql dxdy — A2)21

which penalises the area inside and outside I
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The Rada-Chen model

Rada and Chen (2012) introduced a new model

min Frc(, c1, )
IT,c1,6

where

Fre(T) = g /r d(x, y)e(|Vz(x, y)|)ds

+A1 [ Jz2(xy) — affdxdy + >\2/ |2(x,y) — co*dxdy

1951 2\
+v (/ dxdy—A1)2+(/ dxdy — Az)?
1951 A\

which addresses the 5 required properties.
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Minimising for [: Level set formulation

We have the following relations

/rds:/Q\VHg(@ldxdy, /Q dxdy:/QHE((b)dxd%
/Q\Ql dxdy = /Q(l — H:(¢))dxdy

where H.(¢) is a regularised Heaviside.

Using level sets we can rewrite our problem as

Fre(és cur 62) = /Q d(x, y)&([V2(x, y)))|V He(@)]dxdy
+ / (2(x,y) — @2 He($)dxdy + Ao / (2(x,y) — 2)2(1 — He(6))dxdy
Q Q

([ etopamay - A1)2 + ([ Haopanay - A2>2

+v
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Minimising for [: Euler-Lagrange form

To minimise Frc we must find

VFrc =0

where

— . d(x,y)-g(|Vz(x,y)|)V¢
VRc=del) {“ v ( Vel )

— (M(z(x,y) = a)® = Xa(z(x,y) — @)?)

o |( [ Ae@yaxay - ) = ([ 1~ He)) - )] } =0

with 0-(¢) = HZ(¢).
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Minimising for [: Discretisation on 2

We simplify this to

55(¢){MV -(GVo) — [Al(z(x,y) — c1)2 —Xa(z(x,y) — C2)2]

o | Aonanay — a9 - ([ @ - H(o) A2)]} 0

Discretising on € and using finite differences and we obtain

Gi 1. i Gi,' 1
65(¢,-,,-){u [;51 (Pit1j — Pij) — 2 ! ($ig — i) + %;2 (ij+1 — 9i)

G
IJ 2 (¢// (;5;,1‘1):| — [)\1(2,31- = C1)2 _ >\2(Zi‘j — CQ)Z}

—v [(hxhyZHg(@,,)—Al) (h hy 2(1— (¢x.1)) )] } =0

d(x.y)-8(IVz(x.y)]) 16
Vol

where G =



Minimising for [: Numerical scheme

We simplify to

Aijbit1j + Bijoi—1j+ Cijdijr1 + Dijdij—1 — Sijdi]
0e (i) {/\1(2;,,- —a)?— Koz, - C2)2}

v0.(81) | (ehy - He(@rs) = Ar) = (hchy Z He(x,) = A2)] =0
k,l

where
_ p0e(ig) o (i g) _ pde(ig)
Ai,j - h>2< Gi+%,j BI’J - h>2< GI—E J CI'J - hff Gi,j+%
de (i
DIJ:NS/EZIJ) ijl S,J—A1J+Bi,j+CIJ+DIJ
y
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Minimising for [: Numerical scheme

We iterate the numerical scheme on all pixels

Aijbiv1j+ Bijbi—1j + Cijdiji1 + Dijdij—1 — Sijoij
—d:(1) {Al(zi,j —a)® = Xz — C2)2]

~v8(6i) | (hhy > He(drs) = A1) = (hahy D (1 = Helg) — A2) | = 0

until convergence to a solution ¢.
The level set ¢ = 0 is the boundary of the object.

We can solve this pixel-by-pixel for ¢; ; or for entire lines of pixels ¢. ;.

Problem: Expensive for large images.
18



Introduction to Multigrid




: Motivation

Key ideas:
e If we solve our iterative scheme on fewer pixels it is computationally

less expensive.
e Interpolate the solution.

64 x 64 128 x 128 256 x 256

Motivation - fast

. Semi-Implicit Method | Additive Operator Splitting Multigrid
Image size . . . . . .
Iterations | Cpu-time(s) | lterations | Cpu-time(s) Iterations | Cpu-time(s)
128 x 128 30 29 85 14 2 9
256 x 256 85 511 80 138 3 20
512 x 512 - 5000 3.6 x 10* 8 41
1024 x 1024 - - 3 165

Table from Badshah and Chen 2008
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Introduction to Multigrid: Framework outline

Smoothing Smoothing

icti Interpolation
Key elements: Restriction P
e Restriction Exact solution on Q2"

e Interpolation

e Coarse grid solution

Qh
e Smoothing Q2h .\. ./.
Q2Ph \ /
Q*'h @
Key requirement:

e To move between different grid levels we need smooth errors,
(k k
ety = dij— 8\
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Introduction to Multigrid: Smoother comparisons

Using Local Fourier Analysis (LFA) on each pixel we measure a

smoothing rate y1; ; where

Cij

e Gauss-Seidel and Newton iterative schemes smooth errors effectively

for linear problems.

e They perform poorly for some pixels in non-linear problems.

(k+1)

(k)

= Hij&;

Smoother hmax ave Cpu-time (s)
GS Pixel - Global 0.9851 | 0.5073 135.6875
GS Pixel - Local 0.9999 | 0.6568 303.5000
GS Line - Global 0.9966 | 0.4499 73.8594
GS Line - Local 0.9966 | 0.4499 74.4844
Newton Pixel - Global | 0.9847 | 0.5089 141.1719
Newton Pixel - Local 0.9999 | 0.6688 316.6719

21



Introduction to Multigrid: Problems with the Smoother

We find that the smoothing rate is poor mainly at edges.

We focus on these edge pixels in particular and use a different smoother
at these pixels.
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Introduction to Multigrid: Locating where smoothing is poor

Top 5 worst smoothing rates

I i j Aij Bi; Gij D;
52 | 55 || 0.9966 || 0.0027 | 0.0027 | 0.2125 | 0.0007
54 | 55 || 0.9966 || 0.0027 | 0.0027 | 0.2116 | 0.0007
49 | 55 || 0.9966 || 0.0027 | 0.0027 | 0.2132 | 0.0007
55 | 55 || 0.9966 || 0.0027 | 0.0027 | 0.2107 | 0.0007
46 | 55 || 0.9966 || 0.0027 | 0.0027 | 0.2134 | 0.0007

Suggests that the problem is due to significant variances in the sizes of
A,’J, B,',J', C,',J' and D,"J' in our scheme

Aijdis1j+ Bijoi—1j+ Cijbij+1 + Dijoij—1— Sijdij— K(gij) =0
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Introduction to Multigrid: Locating where smoothing is poor

Smoothing rate over 0.5 vs. pixels where one of A; ;, B; j, C; j and D; ;
differs by a factor of at least 50%

New idea: we look at those pixels where at least one of A, j, B; j, Ci
and D;; is significantly different to the others.
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Introduction to Multigrid: Considering cases

There are 14 cases to consider for the relative sizes of A; j, B; ;, C; ; and
D; j when at least one is significantly different.

Case # A,"j B,"j C,',j D,',j Case # A;’j B,’j C,’J D,"j
1 S L L S 8 S S L S
2 S L S L 9 S L S| S
3 L S L S 10 S S S L
4 L S S L 11 L L S L
5 L L S S 12 L S L L
6 S S L L 13 L L L S
7 L S S S 14 S L L L

Let D be the set of pixels which are one of these cases.

SmOOther ‘ Mmax D ‘ Have D H /LmaxQ\D ‘ Have Q\D
GS Line - Global | 0.9966 | 0.5030 | 0.6372 | 0.4401

Away from D the rates aren’t too bad.
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Introduction to Multigrid: New smoother

e We develop different schemes for each case with improved
smoothing rate.

Smoother ‘ Hmax before ‘ Hmax after
GS Line - Global | 0.9966 | 0.8774

e Although the decrease is small, it is significant.

e To smooth out the errors by 90% we would have needed 677
iterations but now need only 18.

e We use the line smoother on all pixels then use iterative schemes on
the pixels of D.
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Preliminary Results




Preliminary Results: Synthetic images
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Preliminary Results: Real images
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Appendix A: Scheme derivation

Our PDE is

uV - (699) — (Ma(z(x,y) - @)’ = Xa(z(x,y) - @)’)

(] H@axay = ) = ([ @ = He@) - 4| =0

Using finite differences and discretising on Q

¢)i+%,j - ¢)i—%,j ¢)i,j+% - (z)i,j—%

Ax(iy) = hx Ay(diy) = hy

we can rewrite this as
BIA(Gij - Ax(di) + Ay (Gij - Ay(i))] — [/\1(21',1' —a)’ = Xo(zi)— C2)2]

v | (O He($w1) = A)) = O (1 — He(¢w1)) — A2) | =0

k1



Appendix A: Scheme derivation

B[A(Gij - Ax(8iy)) + Ay (Gij - Ay(9i))] — [/\1(21',1 —a)’ = do(zi)— C2)2]
—v [(Z He(¢k,1) — AL) — (O_(1 = He(w) — Az)] =0

noting that >, 1 =n-m, A> = n- m— A; and using the finite difference
K1

operators we obtain

(Gi+%,j ’ AX(¢;‘+%,])) (Gi—%,j : AX(¢[—%J)) (Gi,j+% ’ AV(¢i,j+%))

hX h>< h)/

of é))] B [)\1(21',/' - 61)2 — Xz — Cz)Q]

—v [(Z He(rr) = A1) = (n-m—=> " He(¢s) — (n-m—A1))| =0

Kl



Appendix A: Scheme derivation

(Gi+%,j ’ AX(¢/‘+%,])) (Gfl j AX(@?l,j)) n (G its V(¢u+ ))

2

hy hy hy

. . ;))] B |:)\1(Zi,j B C1)2 ~alzij— Cz)Q]

—v [(Z H(wr) = A1) = (n-m—=> " He(¢ws) — (n-m— Al))} =0

using the finite difference operators again and simplifying the final term we
obtain

Gi+l j Gi—l.' : j+1
0 {hfj (Bit1,j — bij) — Tﬂ (1) — i-1) + —p2 (i ja1 — biy)

G
IJ 2 ((ZSIJ ¢i,j1):| = [/\1(2,-,,' — 61)2 A2 (z,j — C2 ] —2v [Z H (bk/ ]

=0



Appendix B: Line smoother derivation

We start with
Aijbiv1j+ Bijbi—1j + Cijdijy1 + Dijdij—1 — Sijdij

= [)\1(2,"1' = Cl)2 = )\2(2,"]' = C2)2] — 2v Z Hg(¢k,l) - A1 =]
k,l

Grouping terms of the form ¢. ; on the LHS we obtain

Aijbiv1j + Bijoi-1j — Sijdij
= —Gijoij+1 — Dijdij-1+ [M(zij — a) — Xa(zj — @2)?]

+2v [ Y He(ds) — Ar
ol

B ") .. —_RB..
Recall that A;j = 2 G,-_%_J- and B = 2 G,-_%‘J- and hence Ai_y; = B;.



Appendix B: Line smoother derivation

Aijbis1j + A1 jbi—1j — Sijdi
= —GCijdijr1 — Dijdij—1 + [M(zij — a)® = Xa(zij — @2)?]

+2v Z He(ok1) = A| = Fij

k.l
we now form a system
~S; Ay 0 0 0 0 0 0 0 0 b1 R
Ay =S Ay 0 0 .. 0 0 0 0 0 b2, Faj
0 Ay S5 Ay; 0 ... 0 0 0 0 0 3 Fsj
0 0 0 0 0 ... 0 Az ~Se2; Ara; O G s
0 0 0 o 0 ... 0 0 An2j  —Sn-1j An-iy On-1 Fn-1,

0 0 0 0 0 ... 0 0 0 Ar1j  —5nj ®nj Fnj



Appendix B: Line smoother derivation

~S; Ay O 0 0 ... 0 0 0 0 0 b1
Aj =S Ay 0 0 ... 0 0 0 0 0 b2
0 Ay —S3; A; O ... 0 0 0 0 0 b3
0 0 0 0 0 ... 0 Ars; —Spaj Ao O bn_2j
0 0 0 0 0 ... 0 0 Arsj —Se1j Awij b1y
0 0 0 0 0 .. 0 0 0 Apng =S bn

We solve this for the entire column of index j in one iteration.

Fi;
Faj
F3;

Fnaj
Fo_1j
Foj

Note that this is a (strictly if enforced) diagonally dominant tridiagonal

symmetric matrix.

Therefore a Gauss-Seidel method will converge to a solution.




Appendix C: Adaptive iterative scheme derivation

For each of the six cases we derive the schemes in the same way. We

show case 1 in detail.

In this case we have A;; and D;; relatively small and B;; and G
relatively large. We can therefore rewrite our scheme as

Bijoi—1j + Cijdijr1 — Sijoij = fij — Aijdir1j — Dijdij—1

by moving the small terms to the right hand side. We now look to solve
@i—1,,¢ij+1 and ¢;; as a coupled system. We can rewrite this scheme,
with the iteration number indicated, as

(k+1) (k+1) (k+1) k (k)
J(ZSI 1, "’ CIJ¢:J+1 - /J¢ = [V Ai7j¢§+)1,j - Di.,j‘bi,j—l



Appendix C: Adaptive iterative scheme derivation

(k+1) (k+1) (k+1 k k
/J¢, 1,j + Cu¢, J+1 T u¢ = f — A 7J¢§+)1,j - Di7j¢§,j)71
We compare the smoothing rate of this scheme with GSLINE-I

Smoother ‘ [isess ‘ fLave

GSLINE-I 0.9427 | 0.7795
Adapted Scheme | 0.4182 | 0.2022




Appendix C: Adaptive iterative scheme derivation

(k+1) (k+1) (k+1 k k
J(ZSI 1,j "‘ CIJ¢:J+1 - /J¢ = ij = Ai7j¢§+)1,j - Disj(bg,j)—l

We are solving for ¢i_1 j, ¢ij+1 and ¢; ; simultaneously and as we have
only one equation then we need to use two more equations in these
variables to solve the system.

We get these by considering

Bijoi-1j+ Cijdijr1 — Sij¢ij = fij = Aijdir1j — Dijdij
at the pixels (i,j) — (i,j + 1) and (i,j) — (i — 1,J) which gives us the
two equations

Dijt19ij — Sij+19ij+1 = fij+1 — Aij+10i41,j+1 — Bij+10i-1,j41 — Cijr1ij12

Ai_1jdij — Sic1,jbi—1j = fic1j — Bic1jdi—oj — Cimajdi—1,j+1 — Dic1jbi—1,j-1



Appendix C: Adaptive iterative scheme derivation

Bijdi-1,j + Cijdijs1 — Sijdij = fij — Aijdit1j — Dijoij
Dijr1dij — Sijr1dij+r = fijr1 — Aijrrdivrjrr — Bijradi-1jv1 — Gijridij+2
Ai_1jdij — Sic1jbi—1j = fic1j — Bic1jdi—oj — Cim1jdi—1,j+1 — Dic1jbi—1,j-1

Noting Dj j+1 = Cij and Aj_1j = Bjj j we form a system

=Sij Gy Bi; ®ij fij — Aijoitrj — Dijdij—1
Cj  —Sij+ 0 | i | = i — Algsdisga — Bigrdiciin — Gindigre
Bij 0 =Si—1 i-1, fic1j— Cio1jdi—1j+1 — Dic1jdio1j—1 — Bicrjdi2

This is strictly diagonally dominant, tridiagonal and symmetric with a
kiwer smoothing rate than GSLINE-I.



Appendix C: Adaptive iterative scheme derivation

For completeness the remaining schemes are given below.

Scheme for case 2

=Sij  Aij Gij bij fij — Bijdi—1j — Dijoij-1
Aij —Sitiy 0 | by | = | firg — Grgdinnitr — Divajditij—1 — A diva
G 0 —Sij+1 Pij+1 fiir1 — Aijr19irijr — Bijridi-1jv1 — Gjridijr2

Scheme for case 3

=Sij Al b ) fij = Bijdi-1j — Cijoij+1 — Dijoij-

Aij =Sy Git1,j fiv1j — Gir1j®ir1jr1 — Diy1jdivij—1 — Aig1,jdira,
Scheme for case 4

=Sij Gy % ) fij = Aijdivrj — Bijdi-1; — Dijdij-1
Grp  =Shps ®ij+1 fijs1 — Aijrabivijr1 — Bijridi—i i1 — G jr1diji2

Scheme for case 5

=Sij  Bij Sij ) _ fij = Aijdivry — Cijoije1 — Dijdij-
By =S-a4 Oi—1,j fic1j— Gi—1jdi—1j+1 — Dic1jdi—1,j—1 — Bi—1,j0i—2j



Appendix C: Adaptive iterative scheme derivation

Scheme for case 6

—Sij Ay B;; Cij @i fij— Dijérj—1
Aij  —Sitij 0 0 | G | | f = Gragfisngen — Disigdivajo1 — Airrjdise,
Bij 0 =Si-1,j 0 i1 ficrj— Gio1ji—1js1 — Dic1jdi—1j-1 — Bic1jdia

0 0 —Sij+1 i j+1 fij+1 — Aijr1Git1j+1 — Bijr1di-1+1 — Cijr10ij+2
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