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Magnetic Resonance Imaging (MRI), models

Simple model:

bi =

∫
Ω
u(x) exp(〈x , ki 〉)dx + ni

I Gaussian noise model, ni ∼ N (0, σ)
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Speed of MRI

I The measuerements bi ∈ C, i = 1, . . . ,M are sequentially
acquired.

I Scanning not arbitrary fast. Fast scans needed
I dynamic imaging
I patient comfort
I time is money: higher patient throughput, cheaper scans

I Speed-up by acquiring for less data
I Sparse MRI: “Omit” unnecessary measurements and replace

by a-priori information about the object (Lustig et al., 2007)
I Parallel MRI: sample some data in parallel

m.j.ehrhardt@damtp.cam.ac.uk

m.j.ehrhardt@damtp.cam.ac.uk


Speed of MRI

I The measuerements bi ∈ C, i = 1, . . . ,M are sequentially
acquired.

I Scanning not arbitrary fast. Fast scans needed
I dynamic imaging
I patient comfort
I time is money: higher patient throughput, cheaper scans

I Speed-up by acquiring for less data
I Sparse MRI: “Omit” unnecessary measurements and replace

by a-priori information about the object (Lustig et al., 2007)
I Parallel MRI: sample some data in parallel

m.j.ehrhardt@damtp.cam.ac.uk

m.j.ehrhardt@damtp.cam.ac.uk


Speed of MRI

I The measuerements bi ∈ C, i = 1, . . . ,M are sequentially
acquired.

I Scanning not arbitrary fast. Fast scans needed
I dynamic imaging
I patient comfort
I time is money: higher patient throughput, cheaper scans

I Speed-up by acquiring for less data
I Sparse MRI: “Omit” unnecessary measurements and replace

by a-priori information about the object (Lustig et al., 2007)
I Parallel MRI: sample some data in parallel

m.j.ehrhardt@damtp.cam.ac.uk

m.j.ehrhardt@damtp.cam.ac.uk


Multi-Contrast MRI

pre-contrast

a) T1-weighted

b,c) dual-echo T2

post-contrast

d) 2D T2 FLAIR

e) 2D T2 FLAIR

f) T1-weighted

I Standardized brain MRI protocol for multiple sclerosis

I 6 scans, total duration: 30 min
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Multi-Contrast MRI Reconstruction

fully sampled T1 data

fully sampled T2 data

reconstructed T1 image

reconstructed T2 image
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Multi-Contrast MRI Reconstruction

under-sampled T2 data

reconstructed T1 image

reconstructed T2 image
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Multi-Contrast MRI Reconstruction

under-sampled T2 data

reconstructed T1 image

reconstructed T2 image

edge location0%

100%
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Multi-Contrast MRI Reconstruction

under-sampled T2 data

reconstructed T1 image

reconstructed T2 image

edge direction

0π
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1) Mathematical Model

2) Algorithms

3) Numerical Results
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Mathematical Model

m.j.ehrhardt@damtp.cam.ac.uk

m.j.ehrhardt@damtp.cam.ac.uk


MRI Reconstruction

Variational Approach

u∗ ∈ arg min
u≥0

{1

2
|Au − b|2 + αJ (u)

}

A : RN → CM , A = Re∗ ◦F ◦ S

I 2D discrete Fourier transform F

I sampling operator S
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Modelling A-Priori Information

Total Variation

J (u) = TV(u) :=
∑
i

|∇ui |

Weighted Total Variation

J (u) = wTV(u) :=
∑
i

wi |∇ui |, 0 ≤ wi ≤ 1

wi =
η

|∇v i |η
, |∇v i |2η = |∇v i |2 + η2, η > 0

Directional Total Variation

J (u) = dTV(u) :=
∑
i

|Di∇ui |

Di = I − ξiξTi , ξi = ∇v i/|∇v i |η
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Parallel Level Set Prior

〈∇u,∇v〉 = cos(θ)|∇u||∇v |

Measure Similar Structures

S(u) :=
∑
i

(
|∇ui |2 − 〈∇ui , ξi 〉2

)1/2

I ξi ∝ ∇v i/|∇v i |η, |∇v i |η :=
√
|∇v i |2 + η2, η > 0

I 0 ≤ S(u) ≤ TV(u)

I S(u) = 0⇔ u ∼ v (∇u ‖ ∇v)

Directional Total Variation = Parallel Level Set Prior

dTV(u) = S(u)
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Algorithms
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Reformulate the Optimization Problem

min
u≥0

{1

2
|Au − b|2 + αJ (u)

}

min
u

{1

2
|SF Re∗ u − b|2 + αJ (u) + χ≥0(u)

}

min
u,x ,z

{1

2
|Sx − b|2 + αJ (u) + χ≥0(u)

}
, s.t. x = F Re∗ z , u = z

Lagrangian Formulation, ρ > 0

L(u, x , z) =
1

2
|Sx − b|2 + αJ (u) + χ≥0(u)

+
ρ

2

[
|ν − (x − F Re∗ z)|2 + |µ− (u − z)|2

]
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Solve Optimization Problem with ADMM

L(u, x , z) =
1

2
|Sx − b|2 + αJ (u) + χ≥0(u)

+
ρ

2

[
|ν − (x − F Re∗ z)|2 + |µ− (u − z)|2

]
Alternating Direction Method of Multipliers (ADMM): Iterate
Update first block

uk , xk = arg min
u,x
L(u, x , zk−1)

Update second block

zk = arg min
z
L(uk , xk , z)

Update Lagrange multipliers
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Proximal Operator of Structural-Guided Total Variation

uk = proxα/ρJ+χ≥0
(·)

= arg min
u

{1

2
|u − (·)|2 + α/ρ|D∇u|1 + χ≥0(u)

}

= arg min
u

{1

2
|u − (·)|2 + α/ρ|∇̃u|1 + χ≥0(u)

}
Same algorithms as for “normal” total variation. Here: FISTA

‖∇̃‖ = ‖D∇‖ ≤ ‖D‖‖∇‖ ≤ ‖∇‖ (1)
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Numerical Results
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Parameter Estimation (example for T2)
S
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I Best results for η = 10−2. Trade-off: regularization v structure

I For large η, both methods perform as TV (not shown)
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Results with varying Regularization Parameter
PS

N
R
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Quantitative Results
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Conclusions

Summary

I extend total variation to include structural side information

I structure based on location and direction

I efficient convex optimization

I Results show it is beneficial to use side information; direction
better than location

Future

I extend to joint reconstruction

I extend to more than two contrasts

m.j.ehrhardt@damtp.cam.ac.uk

m.j.ehrhardt@damtp.cam.ac.uk

