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parametric problems
107 CR* = HY}(Q)
> p(11), 5.t — V- (A1) Vp()) = f

» many-query context (optimization, UQ, ...)

» real-time context (embedded devices, ...)
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parametric problems
107 CR* = HY}(Q)
> p(11), 5.t — V- (A1) Vp()) = f

» many-query context (optimization, UQ, ...)

» real-time context (embedded devices, ...)

M| p2 m

13 | Ha

=(1,0.1,0.1,0.1) Q
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parametric problems
107 CR* = HY}(Q)
> p(11), 5.t — V- (A1) Vp()) = f

» many-query context (optimization, UQ, ...)

» real-time context (embedded devices, ...)

B | p2 m

H3 | 4

=(1,0.1,0.1,0.1) Q

& multi-scale problems
given 0 < e < |Q|,find p- € HJ(Q),s.t. — V- (kVp.) = f

> k. exhibits strong oscillations or high contrast

> grids have to resolve multi-scale features: h < & ke €[7-10744-10°]  (log)
oz od o6 0 1 SPe»t:;gz/‘;etb/csp/datasets/
set02.htm
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elliptic parametric (multi-scale) problems

Let ;2 € 7 (a bounded set of admissible parameters 7> C RPEN), / fqdx
Q

/

find p(s1) € Hg(R) : b(p(11), q; 1) = 1(q) Vg € Hy(Q);

[ (e Tp()) Ve
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elliptic parametric (multi-scale) problems

Let ;2 € 7 (a bounded set of admissible parameters 7> C RPEN),
find p(11) € Hg(Q) : b(p(s1), q; 1) = 1(q) Vg € Hj(Q);
to be more precise: compute approximations
p(11) € Q) - b(B(1), & 1) = 1(@) Vg € Q(mh), ®
accurately, such that (for a prescribed tolerance A > 0)

lp(e) =BG < A,

> in real-time contexts: for some ;. € 77 as fast as possible (= online efficient) or
> in multi-query contexts: for all parameters of interest ;. € it as “cheap” as possible
(= overall efficient).
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outline

introdcution

elliptic parametric (multi-scale) problems
model reduction with reduced basis methods
the localized reduced basis (multi-scale) method
error control based on diffusive flux reconstruction
adaptive online enrichment
numerical experiments

parabolic parametric problems
error control based on elliptic reconstruction
numerical experiments

summary
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outline

elliptic parametric (multi-scale) problems
model reduction with reduced basis methods
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model reduction with reduced basis methods (Fox, MiuRA, 1971]

[MADAY, PATERA, TURINICI, 2002]

Idea: given a multi-purpose high-dimensional approximation space Qp(74),
[KOLMOGOROFF, 1936]
if 104(7) := {pn(s2) solution of (1) | 2 € P} C Qu(7h) “low-dimensional” [Pinkus, 1985]

» find a reduced space Qq C Qn(7h) using a discrete weak greedy algorithm
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model reduction with reduced basis methods [Fox, MiuR, 1971]
Idea: given a multi-purpose high-dimensional approximation space Q4 (74), oy PA[TKERA' o, 200:
OLMOGOROFF, 193

if 104(7) := {pn(s2) solution of (1) | 2 € P} C Qu(7h) “low-dimensional” [PINkUS, 1985]

» find a reduced space Q.q C Qn(74) using a discrete weak greedy algorithm: . [VeRroy,
RUD’HOMME,

given: model reduction error estimate || py(12) — Preq(12)Il < 7eq(14), training parameters 7in C PATERA,

2003]
> startwith 60 = 0, Q) := span(¢'Y), n 0

> find worst approximated parameter: 1, < argmax,, ¢ train nred(Qr(:d)a )

> extend reduced basis: ¢Sgd+l 1= gram_ schm1dt(d> ed Upp(es)), n<n+1

untilmax,, e oy o Mred (1) < Dred
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model reduction with reduced basis methods [Fox, MiuR, 1971]
Idea: given a multi-purpose high-dimensional approximation space Q4 (74), oy PA[TKERA' o, 2002
OLMOGOROFF, 193

if 104(7) := {pn(s2) solution of (1) | 2 € P} C Qu(7h) “low-dimensional” [PINkUS, 1985]

» find a reduced space Q.q C Qn(74) using a discrete weak greedy algorithm: . [VeRroy,
RUD’HOMME,

given: model reduction error estimate || py(12) — Preq(12)Il < 7eq(14), training parameters 7in C PATERA,

2003]
> startwith 60 = 0, Q) := span(¢'Y), n 0

> find worst approximated parameter: 1, < argmax,, ¢ train nred(Qr(:d)a )
> extend reduced basis: ¢Sgd+l 1= gram_ schmldt(qﬁ U pp(ies)), n<n+1

until max ) < A
€ P train Tred (14) red [BINEV, COHEN, DAHMEN, DEVORE,
> low-dimensional reduced space Qeq = /Ox(7) PETROVA, WOJTASZCZYK, 2011]

[COHEN, DEVORE, 2014]
> eg,100 = n:=dim Qeq < dim Qp(74) =: N = 10°
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model reduction with reduced basis methods [Fox, MiuR, 1971]
Idea: given a multi-purpose high-dimensional approximation space Q4 (74), oy PA[TKERA' e, 2002
OLMOGOROFF, 193

if 104(7) := {pn(s2) solution of (1) | 2 € P} C Qu(7h) “low-dimensional” [PINkUS, 1985]

» find a reduced space Q.q C Qn(74) using a discrete weak greedy algorithm: . [VeRoy,
RUD’HOMME,

given: model reduction error estimate || py(12) — Preq(12)Il < 7eq(14), training parameters 7in C PATERA,

2003]
> startwith 60 = 0, Q) := span(¢'Y), n 0

> find worst approximated parameter: 1, < argmax,, ¢ train nred(Qr(:d)a )
> extend reduced basis: ¢Sgd+l 1= gram_ schmldt(qﬁ U pp(ies)), n<n+1

until max ) < A
€ P train Tred (14) red [BINEV, COHEN, DAHMEN, DEVORE,
> low-dimensional reduced space Qeq = /Ox(7) PETROVA, WOJTASZCZYK, 2011]

[COHEN, DEVORE, 2014]
> e.g,100 = n := dim Qg < dim Q4(7) =: N = 10°
> efficiency by Galerkin projection and precomputation (if b(p, g; 1) = 3= 6¢ (12) by, ¢ (p, 9))

find pu(e) € Qu(7h) = b(Pa(1), ani 1) = lh(an)  Yan € Qulrh) b(p) € RVN
rea bn.g drea™

find preq(12) € Qred : B(Pred(14)s redi 1) = In(dred) Vred € Qred breq(12) € R™X"
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accuracy vs. efficiency of RB methods

= 6 N
[A., HAASDONK, KAULMANN, OHLBERGER, 2012] '2: L
o
£
SWIPDG N = 4.44.10° Z4r 1
> offline: - 8
> online (avg. for one ;1): 10min £
a 2 -
RB n=23 g
> offline: 5.4h =
> online (avg. for one /2): 0.3ms 2 oL i
| | | |
0 10 20 30
, #solutions of (1)
Ip(12) = Pred (1)l < lp(12) = Pr(k)Il + IPA (1) = Prea(i)ll < A
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accuracy vs. efficiency of RB methods

= 6 N
[A., HAASDONK, KAULMANN, OHLBERGER, 2012] '2: L
o
E
SWIPDG = 4r N
> offline: - 8
> online (avg. for one ;1): 10min £ 5
RB efficiency: v/ accuracy: ® g
=
2 ob i
| | | |
0 10 20 30
R #solutions of (1)
Ip(12) = Pred (1)l < lIp(12) = Pa(k)Il + lPA(14) — Prea(1) < A

<7 <req (1)
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accuracy vs. efficiency of RB methods

= 6 3
[A., HAASDONK, KAULMANN, OHLBERGER, 2012] '2: L
o
£
SWIPDG efficiency: ® accuracy: v/ Z4r 7
S
s
5
. a 2 -
RB efficiency: v/ accuracy: ® E
=
2 ob i
| | | |
0 10 20 30
| #solutions of (1)
Ip(r) = pr(e)ll + Ipn(0) = Prea )| < &
- 2
<np(r)
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accuracy vs. efficiency of RB methods

= 6 1
[A., HAASDONK, KAULMANN, OHLBERGER, 2012] '2: L
o
£
SWIPDG efficiency: ® accuracy: v Z4r b
S
s
=3
. a 2 -
RB efficiency: v/ accuracy: ® E
=
2 ob i
| | | |
0 10 20 30
, #solutions of (1)
[p(r) = Pred () < p(12) = pr(k) Il + IPn(12) — Prea (1) < A

challenges

» offline: “noway out of Qn” =>I[Au, STEH, URBAN, 2014], [YANO, 2015]

> online: “no way out of Qreq” = [CARLBERG, 2015], [OHLBERGER, S., 2015]

-/

» offline computational complexity ~ & (for multi-scale problems, with / € N)
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outline

elliptic parametric (multi-scale) problems

the localized reduced basis (multi-scale) method
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the localized reduced basis (multi-scale) method

Idea of the LRBMS: given a multi-purpose highly-resolved grid T,
» decompose approximation space into local spaces Qu(T4) = ®TeT;, QhT
» associated with arbitrary (connected) subdomains T € Ty

N
[
1

N

=]

9

felix.schindler@uwu.de http://felixschindler.net


felix.schindler@wwu.de
http://felixschindler.net

WESTFALISCHE
WILHELMS-UNIVERSITAT . .
MOUNSTER frameworks for error control in (localized) RB methods

the localized reduced basis (multi-scale) method

Idea of the LRBMS: given a multi-purpose highly-resolved grid 7,
» decompose approximation space into local spaces Qu(T4) = ®TeT;, QhT

» associated with arbitrary (connected) subdomains T € Ty
independent local discretizations and approximation spaces (CG or DG)

)
PN
B
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frameworks for error control in (localized) RB methods
the localized reduced basis (multi-scale) method

Idea of the LRBMS: given a multi-purpose highly-resolved grid T,
» decompose approximation space into local spaces Qu(T4) = ®TeT;, QhT

» associated with arbitrary (connected) subdomains T € Ty

independent local discretizations and approximation spaces (CG or DG)
and global SWIPDG coupling [ERN, STEPHANSEN, ZUNINO, 2009]

gy
T )L
7 4
| % }77 I N (-
1
¢ Il
A ]
L 7Y /
)AL v/
ol
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the localized reduced basis (multi-scale) method

Idea of the LRBMS: given a multi-purpose highly-resolved grid 7,
» decompose approximation space into local spaces Qu(T4) = ®TeT;, QhT

» associated with arbitrary (connected) subdomains T € Ty

independent local discretizations and approximation spaces (CG or DG)
and global SWIPDG coupling [ERN, STEPHANSEN, ZUNINO, 2009]

> build local reduced spaces Q 1, € Q]

> reduced broken space Qeq = BreTy, QL4
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the localized reduced basis (multi-scale) method

Idea of the LRBMS: given a multi-purpose highly-resolved grid T,
» decompose approximation space into local spaces Qu(T4) = ®TeT;, QhT

» associated with arbitrary (connected) subdomains T € Ty

independent local discretizations and approximation spaces (CG or DG)
and global SWIPDG coupling [ERN, STEPHANSEN, ZUNINO, 2009]

» build local reduced spaces Qer - QhT

reduced broken space Qg = DTeT} Q,Zd

P ()] 72 pe(19)] 2

» standard theory applicable
(But: residual-based estimates are expensive!)

v

Ph,s( )‘7-4
» greedy basis generation applicable

(by localizing snapshots)
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outline

elliptic parametric (multi-scale) problems

error control based on diffusive flux reconstruction
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error control based on diffusive flux reconstruction

locally computable a-posteriori error estimate [OHLBERGER, S., 2014]

[KARAKASHIAN, PASCAL, 2003]

» nonconformity estimator: Oswald interpolation operator los[-] € Ha(Q)
Me(P(1): 72) == IB(1+) = los[BO )l 7
[ERN, STEPHANSEN, VOHRALIK, 2010]
> residual estimator: diffusive flux reconstruction —A(12)ke Vi = Ru[-] € Haiv(2)
nf (B(1) = (CF /)Y 2hrlf = V-Ra[B(): 1l 7

» diffusive flux estimator:
g (B(1)i 1) = [(A(@)re) 2 (M) e VinB(10) + RulB(): 1) [ 2 7
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error control based on diffusive flux reconstruction

locally computable a-posteriori error estimate [OHLBERGER, S., 2014]

i i [KARAKASHIAN, PASCAL, 2003]
» nonconformity estimator: Oswald interpolation operator los[-] € Ha(Q)

Me(B(1) 1) == 1B(1) = tos[BO Iz, 7
[ERN, STEPHANSEN, VOHRALIK, 2010]
> residual estimator: diffusive flux reconstruction —A(12)ke Vi = Ru[-] € Haiv(2)
0l (B(11)) = (Ch /D) Phrlf = V-RalB(): 1l 2,7

» diffusive flux estimator:
g (B(1)i 1) = [(A(@)re) 2 (M) e VinB(10) + RulB(): 1) [ 2 7

= P00 — ROl < (RO A) = [\/w( I AC O

a(p,m) Fer
H

[ a6

TETH

-‘r\/n(liﬁ) [ 277;;—(,3( )vﬂ)z] 1/2:|

TETH
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error control based on diffusive flux reconstruction

locally computable a-posteriori error estimate [OHLBERGER, S., 2014]

i i [KARAKASHIAN, PASCAL, 2003]
» nonconformity estimator: Oswald interpolation operator los[-] € Ha(Q)

Me(B(1) 1) == 1B(1) = tos[BO Iz, 7
[ERN, STEPHANSEN, VOHRALIK, 2010]
> residual estimator: diffusive flux reconstruction —A(12)ke Vi = Ru[-] € Haiv(2)
0l (B(11)) = (Ch /D) Phrlf = V-RalB(): 1l 2,7

» diffusive flux estimator:
g (B(1)i 1) = [(A(@)re) 2 (M) e VinB(10) + RulB(): 1) [ 2 7

= lle(e) = Bl < n(B(): 1) = —=L [\/7( I AC O

a(p,m) Fer
H

o provides an estimate on

> discretization error: p(+) = pn(/+) +[ ZTer(f?( ))2] v
> full error: B(1) = Prea(1+) TETy
o givenl e QT 271/2
o a(j1,7) = min 0 (11)0¢ () e PR ]
H
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outline

elliptic parametric (multi-scale) problems

adaptive online enrichment
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adaptive online enrichment

challenges

/ = snapshots extremely costly

> limited computing power =- insufficient reduced space Qeq

LRBMS: offline

> initialize QT , with DG basis of orderup to k € Nforall T € Ty

red
» optional: greedy basis generation (using localized global snapshots), given available
resources

> |Tp| e

~~ proceed as in standard RB methods ...
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adaptive online enrichment

LRBMS: online for some p € Pint

> compute reduced solution preq (/)
> estimate error ny red (1)

> if gy ea(1r) > A, start intermediate local enrichment phase:
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adaptive online enrichment

RBMS: online for some p € Pint

> compute reduced solution preq (/)
> estimate error n req(1+)

> if gy ea(1r) > A, start intermediate local enrichment phase:
o compute local error indicators
o mark subdomains for enrichment: 7 = mark(Tp) (e.g., Dorfler and age)
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adaptive online enrichment

RBMS: onlin for some p € Pint

> compute reduced solution preq (/)

> estimate error 1y, ed(14)

> if gy ea(1r) > A, start intermediate local enrichment phase:
o compute local error indicators

o mark subdomains for enrichment: 7 = mark(Tp) (e.g., Dorfler and age)

o solve corrector problem on overlapping subdomain TS 5 Tforall T € 7~',.,:

blen(14), @i 1) = In(an) in T°

en(1) = preda(2) onar?
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adaptive online enrichment

RBMS: online for some p € Pint

> compute reduced solution preq (/)
> estimate error n req(1+)

> if gy ea(1r) > A, start intermediate local enrichment phase:
o compute local error indicators

o mark subdomains for enrichment: 7 = mark(Tp) (e.g., Dorfler and age)

o solve corrector problem on overlapping subdomain TS 5 Tforall T € 7~',.,:
. 8
b(en(r4); qni 1) = In(an) inT
5
en(p) = Pred( ) on oT

o extend local reduced basis forall T € Tp:

Qrzd = gram_schmidt({Qer U op(m)l+ )
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adaptive online enrichment

LRBMS: online for some p € Pint

> compute reduced solution preq (/)

> estimate error 1, req (14)

> ifny,

o

o

o

red(12) > A, start intermediate local enrichment phase:

compute local error indicators
mark subdomains for enrichment: 7~’H = mark(Ty) (e.g., Dorfler and age)
solve corrector problem on overlapping subdomain TS 5 Tforall T € f’H:
. 8
b(en(r4); qni 1) = In(an) inT
5
Pn(1) = Pred(1) on oT

extend local reduced basis forall T € Tp:

T : T
Qpeq = gram_schmidt ({ Qg U wp(12)| 7}
update reduced quantities

compute updated reduced solution peq(s+) and Wh,red( )
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adaptive online enrichment

LRBMS: online for some p € Pint

> compute reduced solution preq (/)
> estimate error ny red (1)

> if gy ea(1r) > A, start intermediate local enrichment phase:

o

o

o

O(dlm Qh(T(s)l) o

o

o

compute local error indicators

mark subdomains for enrichment: 7~’H = mark(Ty) (e.g., Dorfler and age)

solve corrector problem on overlapping subdomain TS 5 Tforall T € 7’H:
"
b(en(r4); qni 1) = In(an) inT
5
en(p) = Pred( ) on oT

extend local reduced basis forall T € Tp:

T : T
Qpeq = gram_schmidt ({ Qg U wp(12)| 7}
update reduced quantities

compute updated reduced solution peq(s+) and Wh,red( )

> iterate until 7y, req(Prea(12)) < A, continue with next parameter
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elliptic parametric (multi-scale) problems

numerical experiments
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experiment: spe1o model1 [OHLBERGER, S., 2015]
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experiment: spe1o model1 [OnLseRGER, S., 2015]

T
uniform, no greedy

L R)

7(Pred (1)

I I I I | I I | I I
1,000 2,000 3,000 4,000 5,000 6,000 7,000 8,000 9,000 10,000
T T T T

[ uniform_doerfler_age(10,0.85,4) dim Qreq (71)
L 2 greedy 1

0 =0.43708...

i)

S

7(Pred (1)

o+l k%o ok

9 =0.73726...

| I | I
800 1,000 1,200 1,400
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experiment: spe1o model1 [OnLseRGER, S., 2015]

T T
uniform, no greedy

L R)

7(Pred (1)

/

I I I I | I I | I I
1,000 2,000 3,000 4,000 5,000 6,000 7,000 8,000 9,000 10,000
T T T T

[ uniform_doerfler_age(10,0.85,4) dim Qreq (71)
L 2 greedy 1

i)

S

7(Pred (1)

o+l k%o ok

9 =0.73726...

| I | I
800 1,000 1,200 1,400
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experiment: spe1o model1 [OnLseRGER, S., 2015]

T
uniform, no greedy

L R)
Ll vl

7(Pred (1)

iaans
W %
e
100 I I I I I I I I I I -
1,000 2,000 3,000 4,000 5,000 6,000 7,000 8,000 9,000 10,000
£ T T T =
[ uniform_doerfler_age(10,0.85,4) | dim Qreq(TH)
L 2 greedy ]

i)

S

7(Pred (1)

L \\\.Om

| I |
800 1,000 1,200

o+l k%o ok

9 =0.73726...
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experiment: spe1o model1 [OnLseRGER, S., 2015]

final local basis sizes

uniform, no greedy

[24,148]

uniform_doerfler_age(10,0.85,4), 2 greedy

LeaEEy
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outline

parabolic parametric problems
error control based on elliptic reconstruction
numerical experiments

felix.schindler@uwu.de http://felixschindler.net


felix.schindler@wwu.de
http://felixschindler.net

-
— — \\/ESTFALISCHE

WILHELMS-UNIVERSITAT . .
MUNSTER frameworks for error control in (localized) RB methods

parabolic parametric problems
For a Gelfand triple Q C H C Q’,anendtime T > 0and i« € 7, find
p(11,-) € L2(0, T; Q) with d¢p(s1,-) € L2(0, T; Q"), p(11,0) = po(11) € Q, s.t.
<0ep(1,t),q> + b(p(1,t), q; 1) = 1(q) Vg€ Q,te[0,T].

Consider Q C H, find an approximation p(s1,-) € L2(0, T; Q), d:p(11,-) € L2(0, T; Q),
s.t.

(0eB(11 1), @)y + (B2, 1), & 1) = 1(8) va € Q.

20

felix.schindler@uwu.de http://felixschindler.net


felix.schindler@wwu.de
http://felixschindler.net

-
— — \\/ESTFALISCHE

WILHELMS-UNIVERSITAT . .
MUNSTER frameworks for error control in (localized) RB methods 20

parabolic parametric problems

For a Gelfand triple Q C H C Q’,anendtime T > 0and i« € 7, find
p(11,-) € L2(0, T; Q) with 9rp(11,-) € L?(0, T; Q), p(1,0) = po(11) € @, s.t.

<0ep(1,t), 9> + b(p(11,t), q; 1) = 1(q) Vge Q,te[0,T].

Consider Q C H, find an approximation p(s1,-) € L2(0, T; Q), d:p(11,-) € L2(0, T; Q),
s.t.

(0eB(11 1), @)y + (B2, 1), & 1) = 1(8) va € Q.

Q=Hy(Q CL*(Q=H Q=H=Qym) Q=H(QcCL¥(Q)=H
Q = Qu(m) C L3(Q) Q@ = Qed C Qul(mh) Q = Qred C Qn(Th)
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outline

parabolic parametric problems
error control based on elliptic reconstruction
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[GEORGOULIS, LAKKIS, VIRTANEN, 2011]

e“iptic I‘ECOI’IS’[I‘UCtiOI"I [MAKRIDAKIS, NOCHETTO, 2003]

Given p € Q, define the elliptic reconstruction £(p) € Q, as the solution of
Riesz-representative: (&(p), )w = b(p,q) Vg € @
b(E(B), q) = (@(B) + f — 1(f), q) forall g € Q. @

L2-orthogonal projection onto @

22
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[GEORGOULIS, LAKKIS, VIRTANEN, 2011]

e“iptic I‘ECOI’IS’[I‘UCtiOI"I [MAKRIDAKIS, NOCHETTO, 2003]

Given p € Q, define the elliptic reconstruction £(p) € Q, as the solution of
Riesz-representative: (&(p), )w = b(p,q) Vg € @
b(E(B), q) = (@(B) + f — 1(f), q) forall g € Q. @

L2-orthogonal projection onto @

B € Qis the Q-Galerkin approximation of the solution £(p) € Q of (2).

= We can estimate |E(p) — p| by any a-posteriori estimate on the elliptic problem (2)!

22
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[OHLBERGER, RAVE, S., 2016]

abstract estimate
Let p € @ be arbitrary, let C := (3]|b]| +2)*/2 and Cq, s.t. ||[i(q)|, < Collall Va e @

andlet R7(p) € Q denote the Riesz-representative of the time-stepping residual. Then
[[p(0) = B°(0)]|

Ip = Blizo, 711y <
1B Nz, oy + 2106 iz, gy

+
reali p=pHPY  (cH 1)) - B
m m L2(0, T[1-1I)
Q Q @ +  2Cq HRT(IB)HB(O,T;H)

http://felixschindler.net
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abS’[raCt eStImate [OHLBERGER, RAVE, S., 2016]

Let p € Q be arbitrary, let C := (3|b|| +2)!/2 and Cq, s.t. ()|, < Collall Vg€ Q
andlet R7(p) € Q denote the Riesz-representative of the time-stepping residual. Then

Hp - f)”Lz(OyrﬁmAm) < HP(O) - f’c(o)“H

o ClE e ey + 21020,y
recall: p = p¢ + p? p) — P
g p I:D +H(C+1) EB) = Bl iz 0,71
Q Q@ O + 2Cq HRT(I3)||L2(0,T;H)

= bound [|E(p(t)) — P(t)l < 7euip.(B) by an elliptic estimate on (2)
= bound norms and constants, depending on spaces and time stepping

= localizable, if neyip, is
= offline/online decomposable, if rqyp. is

23
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[OHLBERGER, RAVE, S., 2016]

estimate on the discretization error DG

Hp( ) — Ph( )H <... » [MAKRIDAKIS, NOCHETTO, 2003]

» [GEORGOULIS, LAKKIS, VIRTANEN, 2011]

estimate on the model reduction error RB

1on(14) — Prea( )”LZ(O,T;Hl(n)) < ... > use s.tandard re5|d.ual-based estimate on the
elliptic reconstruction error

estimate on the full approximation error LRBMS, implicit euler
1P(:) = PreaG)lizgo, gy S @70 { 1P(0) = Peg (0] 20
d
- V5 lpta()lli20,701,)

+2a(u, 1) () Hafpred( )dHLZ(o,T;LZ(Q))
+ (VB+1) (4308 TTon(pes(12, L), 7)) ?

+20a(5,7) 7 Co(2) IR 7(Prea ()| 20, r2(e |

24
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[OHLBERGER, RAVE, S., 2016]
estimate on the discretization error DG
Hp( ) — Ph( )H <... » [MAKRIDAKIS, NOCHETTO, 2003]

» [GEORGOULIS, LAKKIS, VIRTANEN, 2011]

estimate on the model reduction error RB

1on(14) — Prea( )”LZ(O,T;Hl(n)) < ... > use s.tandard re5|d.ual-based estimate on the
elliptic reconstruction error

estimate on the full approximation error LRBMS, implicit euler
1P(:) = PreaG)lizgo, gy S @70 { 1P(0) = Peg (0] 20
- V5 l1prea ()l i2o, -,
o Co(/x) = Poincaré constant/smalles EV +2a(, 1) Co(7) ||Oepreal )dHLz(UYT:LZ(Q))
o time-residual can be exactly computed + (VB+1)(4/30t ST n(prea(12; nAL), N))l/z
localizable, offline/online decomposable - N
° / P 200 0) 7 Co(7) R (Paa D 20 a2y
PR . (0, T5L2(9))
o v, 7z, i € 7 arbitrary
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outline

parabolic parametric problems

numerical experiments

frameworks for error control in (localized) RB methods

25

felix.schindler@wwu.de

http://felixschindler.net


felix.schindler@wwu.de
http://felixschindler.net

-
— — \\/ESTFALISCHE
WILHELMS-UNIVERSITAT
MOUNSTER

experiment: spe1o model1

» LRBMS: |7| = 8 - 103,
SWIPDG in each subdomain
» implicit Euler: T = 0.05, n = 10, pp = 0
» N=Ti=7=0.1
» initial local basis:
ol =gram_schmidt ({1, f|}) VT € Ty

» POD-greedy [HAASDONK, OHLBERGER, 2008]
with localized trajectories

v

| Pitrain| = 10 (uniformly),
| Ptest| = 10 (randomly)

frameworks for error control in (localized) RB methods 26
[OHLBERGER, RAVE, S., 2016]
-
- L]
error evolution during POD-greedy
T T T T
—+—|Thl = 5x1 ||
104 |- o |Th|=10x2 4
‘i E [Th| =15 x 3 |
o r —A—|Tn| =20 x4
By
= w0 E
) F ]
= = 4
v
5100k 4
13 = |
= —aA 4, |
| | | | |

#of solutions required (/greedy extension steps)
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summary

LRBMS for the model reduction of parametric multi-scale problems

flexible formulation (links to DG, RB, DD)

potential for increased overall efficiency (compared to standard RB)
efficient local error control of the full approximation error

online adaptation of Q4 to cope with limited offline computing power

v V.Y VvV VY

p-adaptive RB

software http://pymor.org/

PYMOR [RAVE, MILK, S.] (BSD-2-Clause)
» 21k LOC (since 2012), contributions: A. Buhr, M. Laier, F. Meyer, P. Mlinaric, M. Schafer
> generic algorithms, based on abstract VectorArray, Operator, Discretization interfaces
> bindings to ®3@BEST, deal.II , dune-gd+t S, fenics 6&, ngsolve

28
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