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Coupled zonal temperature – ice line model 

y = 0 y = 1

u2 = u2eq, w2 = w2eq, z = zeq, d = deq �1 = 0,�2 = �B
R
,�3 = � (B+C)

R

h(⌘) s(y) ⇡ s0p0(y) + s2p2(y), p0, p2 Legendre polynomials

✏ = 0 Globally attracting curve of rest points

⇤ = {(⌘, a(⌘), v2(⌘))}.

Theorem. For small ✏, ⇤ perturbs to a globally attracting invariant
manifold, on which the system can be approximated by

⌘̇ = ✏f(⌘, a(⌘), v2(⌘)) = ✏h(⌘).

⌘̇ = ✏(Tb � Tc) = ✏f(⌘, a, v2)

ȧ =
1

R
(Q(1 � 1

2
(↵i(⌘) +

1
2
(↵w + ↵s))) � A � (B + C)a + CT ) = g1(⌘, a, v2)

v̇2 =
1

R
(Qs2(1 � ↵i(⌘)) � (B + C)v2) = g2(⌘, v2)
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Theorem. For small ✏, ⇤ perturbs to a globally attracting invariant
manifold, on which the system can be approximated by
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1
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v̇2 =
1

R
(Qs2(1 � ↵i(⌘)) � (B + C)v2) = g2(⌘, v2)

y = ⌘

R
@T

@t
= Qs(y)(1 � ↵

⌘

(y)) � (A + BT ) � C(T � T ) (1a)

d⌘

dt
= ✏(T (⌘, t) � T

c

)

Equilibrium temperature profiles T ⇤
⌘

(y)

Dashed: current values

Solid: quadratic approximation
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An infinite-dimensional dynamical system 

Consider an approximating system of ODEs 

Symmetry assumption          functions are even in y 

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (A + BT ) � C(T � T )

d⌘

dt
= ✏(T (⌘, t) � Tc), ✏ > 0

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (A + BT ) � C(T � T )

d⌘

dt
= ✏(T (⌘, t) � Tc), ✏ > 0

⌘ ⇠ w ⇠̇ = ✏(b(⌘ � ⇠) � a(1 � ⌘)) ✏ ⌧ 1

⌧ = ⇢ = 1, ✏ = 0.3

⌘ ⇠ w ⇠̇ = ✏(b(⌘ � ⇠) � a(1 � ⌘)) ✏ ⌧ 1

⌧ = ⇢ = 1, ✏ = 0.3

⌘̇ = ✏(T (⌘)� Tc)

Rẇ = Q(1� ↵0)� A� (B + C)w + CT (⌘)

Rż = Q(↵s � ↵w)� (B + C)z

Ru̇2 = Qs2(1� ↵w)� (B + C)u2

Rv̇2 = Qs2(1� ↵s)� (B + C)v2,

↵0 =
1
2(↵w + ↵s), T (⌘) = w +

�
⌘ � 1

2

�
z + P2(⌘)(u2 � v2), T (⌘) = w +

u2 + v2
2

p2(⌘).

w =
u0 + v0

2
, z = u0 � v0, ...

R
@

@t
U(t, y) = Qs(y)(1 � ↵

w

) � (A + BU) � C(U � T ), 0  y < ⌘

R
@

@t
V (t, y) = Qs(y)(1 � ↵

s

) � (A + BV ) � C(V � T ), ⌘ < y  1

T (t, y) =

8
>>><

>>>:

U(t, y), y < ⌘

V (t, y), y > ⌘,

(U + V )/2, y = ⌘

(10)

where

U(t, y) = u0(t)p0(y) + u2(t)p2(y) (11)

V (t, y) = v0(t)p0(y) + v2(t)p2(y) .

Quadratic approx.:

s(y) = 1.241 � 0.723y2 = 1 · 1 + (�0.482)(1
2
(3y2 � 1)) = s0p0(y) + s2p2(y)

• T =
R 1

0 T (t, y)dy

•↵
w

= 0.32 ↵
s

= 0.62 T (⌘, t) = T (y, t)
��
y=⌘

Theorem. (EW) P⇤ is invariant, locally attracting, and the dynamics on P⇤

is described by the single ODE

d⌘

dt
= ✏(T ⇤

⌘

(⌘) � T
c

)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (A + BT ) � C(T � T )

d⌘

dt
= ✏(T (⌘, t) � T

c

), ✏ > 0
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heat capacity of

Earth’s surface solar constant ↵
⌘

(y) ↵2 ↵1 (all functions even in y)

• symmetry across equator

• latitude = ✓, y = sin ✓

• T (y, t) = mean surf. temp at latitude y (�C)

• ice line at y = ⌘

J.W., E. Widiasih, J. Hahn, R. McGehee Positive ice albedo feedback

Outline

• Budyko’s model: ice albedo feedback

• Coupling with a dynamic ice line

• Quadratic approximation of the temp–ice line model

• Independent ice- and albedo-lines

• Periodic orbits in the discontinuous vector field

• Future directions
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Figure 1. Insolation distribution s(y). Dashed. Current values
(3) (obliquity 23.4�). Solid. The quadratic approximation s(y) =
1 + s2p2(y) (12), uniformly within 2% of values given by (3).
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Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)
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• Independent ice- and albedo-lines
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• Future directions
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⇤0
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(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘ (F (⌘) cubic in ⌘; ⌧ = B/R)
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= 0.62 T (⌘, t) = T (y, t)
��
y=⌘

Theorem. (EW) P⇤ is invariant, locally attracting, and the dynamics on P⇤

is described by the single ODE

d⌘

dt
= ✏(T ⇤

⌘

(⌘) � T
c

)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (A + BT ) � C(T � T )

d⌘

dt
= ✏(T (⌘, t) � T

c

), ✏ > 0

y = ⌘

R
@T

@t
= Qs(y)(1 � ↵

⌘

(y)) � (A + BT ) � C(T � T ) (1a)

d⌘

dt
= ✏(T (⌘, t) � T

c

)

Equilibrium temperature profiles T ⇤
⌘

(y)

Dashed: current values

Solid: quadratic approximation

New Budyko-type models of a slushball Earth

Jim Walsh, Oberlin College

Christopher Rackauckas, UC–Irvine

March 7, 2015

AMS Special Session on Conceptual Mathematical Models

in Climate Science

s(y) = s0p0(y) + s2p2(y), p0(y), p2(y) the first two even Legendre polys,

s0 = 1, s2 = �0.482

heat capacity of

Earth’s surface solar constant ↵
⌘

(y) ↵2 ↵ � 1

• symmetry across equator

• latitude = ✓, y = sin ✓

• T (y, t) = mean surf. temp at latitude y (�C)

• ice line at y = ⌘

J.W., E. Widiasih, J. Hahn, R. McGehee Positive ice albedo feedback

Outline

• Budyko’s model: ice albedo feedback

• Coupling with a dynamic ice line

• Quadratic approximation of the temp–ice line model

• Independent ice- and albedo-lines

• Periodic orbits in the discontinuous vector field

• Future directions

h�(⌘) = F�(⌘,H�(⌘)) � G�(⌘,H�(⌘))

✏ = 0 ) 9 exponentially attracting curve of

rest points

⇤0
� = { (⌘, w, v2) : (w, v2) = (F�(⌘,H�(⌘)),H�(⌘)) }

s(y) = s0p0(y) + s2p2(y), p0(y), p2(y) the first two even Legendre polys,

s0 = 1, s2 = �0.482

heat capacity of

Earth’s surface solar constant ↵
⌘

(y) ↵2 ↵ � 1

• symmetry across equator

• latitude = ✓, y = sin ✓

• T (y, t) = mean surf. temp at latitude y (�C)

• ice line at y = ⌘

J.W., E. Widiasih, J. Hahn, R. McGehee Positive ice albedo feedback

Outline

• Budyko’s model: ice albedo feedback

• Coupling with a dynamic ice line

• Quadratic approximation of the temp–ice line model

• Independent ice- and albedo-lines

• Periodic orbits in the discontinuous vector field

• Future directions

h�(⌘) = F�(⌘,H�(⌘)) � G�(⌘,H�(⌘))

✏ = 0 ) 9 exponentially attracting curve of

rest points

⇤0
� = { (⌘, w, v2) : (w, v2) = (F�(⌘,H�(⌘)),H�(⌘)) }

s(y) = s0p0(y) + s2p2(y), p0(y), p2(y) the first two even Legendre polys,

s0 = 1, s2 = �0.482

heat capacity of

Earth’s surface solar constant ↵
⌘

(y) ↵2 ↵1

• symmetry across equator

• latitude = ✓, y = sin ✓

• T (y, t) = mean surf. temp at latitude y (�C)

• ice line at y = ⌘

J.W., E. Widiasih, J. Hahn, R. McGehee Positive ice albedo feedback

Outline

• Budyko’s model: ice albedo feedback

• Coupling with a dynamic ice line

• Quadratic approximation of the temp–ice line model

• Independent ice- and albedo-lines

• Periodic orbits in the discontinuous vector field

• Future directions

h�(⌘) = F�(⌘,H�(⌘)) � G�(⌘,H�(⌘))

✏ = 0 ) 9 exponentially attracting curve of

rest points

⇤0
� = { (⌘, w, v2) : (w, v2) = (F�(⌘,H�(⌘)),H�(⌘)) }

equator north pole 

(assume quadratic form) (albedo)

s(y) = s0p0(y) + s2p2(y), p0(y), p2(y) the first two even Legendre polys,

s0 = 1, s2 = �0.482

heat capacity of

Earth’s surface solar constant ↵
⌘

(y) ↵2 ↵1 (all functions even in y)

• symmetry across equator

• latitude = ✓, y = sin ✓

• T (y, t) = mean surf. temp at latitude y (�C)

• ice line at y = ⌘

J.W., E. Widiasih, J. Hahn, R. McGehee Positive ice albedo feedback

Outline

• Budyko’s model: ice albedo feedback

• Coupling with a dynamic ice line

• Quadratic approximation of the temp–ice line model

• Independent ice- and albedo-lines

• Periodic orbits in the discontinuous vector field

• Future directions

h�(⌘) = F�(⌘,H�(⌘)) � G�(⌘,H�(⌘))

✏ = 0 ) 9 exponentially attracting curve of

rest points

⇤0
� = { (⌘, w, v2) : (w, v2) = (F�(⌘,H�(⌘)),H�(⌘)) }

⌘̇ = ✏(T (⌘)� Tc)
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an existing ice sheet, thereby increasing the albedo and reducing the temperature,
leading to further ice sheet growth. The ice sheet would retreat were the planet to
warm, reducing the albedo and increasing the temperature, so that the ice sheet
would melt further. Might there exist a tipping point, the existence of an ice sheet
su�ciently large, for example, so as to trigger a runaway Snowball Earth event?
(Sellers was also interested in the potential consequences of a vanishing Arctic ice
cap, as well as anthropogenic e↵ects on climate, in [33].)

Following Budyko [5] we assume the planet has an ice cap, with ice existing
everywhere above a certain latitude y = ⌘, and with no ice south of y = ⌘. The
edge of the ice sheet ⌘ is called the ice line. The albedo function, now parametrized
by ⌘, is defined by

↵(y, ⌘) =

8
><

>:

↵
w

, if y < ⌘

↵
s

, if y > ⌘

↵0 = 1
2 (↵w

+ ↵
s

) if y = ⌘,

↵
w

< ↵
s

. (9)

EBM with an inherent discontinuity at ⌘ (as in (9)) have been labeled “Budyko-
type” [7]. Sellers, on the other hand, assumed a continuous transition in the albedo
function across the ice line, and EBM with this property are of “Sellers-type.” We
use this terminology in all that follows.

Equilibrium solutions (7) with albedo function (9) are plotted in Figure 3 for a
variety of ⌘-values. Note that

↵ = ↵(⌘) = ↵1

Z
⌘

0
s(y)dy + ↵2

Z 1

⌘

s(y)dy

is parametrized by ⌘, so that an equilibrium solution exists with ice sheet edge at
⌘ for all ⌘ 2 [0, 1], that is, equilibrium solutions (7) are parametrized by ⌘ as well.
We write T ⇤

⌘

(y) in place of T ⇤(y) when we wish to emphasize the dependence of (7)
on ⌘.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-50

-40

-30

-20

-10

0

10

20

30

y

T ⇤
⌘
i

(y)

Tc = �10⌘1 ⌘2 ⌘3 ⌘4 ⌘5

Figure 3. Equilibrium solutions (7) with albedo function (9) for
five ⌘-values. Note T ⇤
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) = T
c

only for i = 2, 5. Parameters:
Q = 343, A = 202, B = 1.9, C = 3.04, ↵
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s

= 0.62,
T
c

= �10.
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h�(⌘) = F�(⌘,H�(⌘)) � G�(⌘,H�(⌘))

✏ = 0 ) 9 exponentially attracting curve of

rest points

⇤0
� = { (⌘, w, v2) : (w, v2) = (F�(⌘,H�(⌘)),H�(⌘)) }

⌘̇ = ✏(T
b

� T
c

)

u̇0 =
1

R
(Q(1 � ↵

w

) � A � (B + C)u0 + CT )

v̇0 =
1

R
(Q(1 � ↵

i

(⌘)) � A � (B + C)v0 + CT )

ẇ0 =
1

R
(Q(1 � ↵

s

) � A � (B + C)w0 + CT )

u̇2 =
1

R
(Qs2(1 � ↵

w

) � (B + C)u2)

v̇2 =
1

R
(Qs2(1 � ↵

i

(⌘)) � (B + C)v2)

ẇ2 =
1

R
(Qs2(1 � ↵

s

) � (B + C)w2),

with T
b

= 1
2
(u0 + v0) +

1
2
(u2 + v2)p2(⌘) and

T = ⌘(u0 � v0) + ⇢(v0 � w0) + P2(⌘)(u2 � v2) + P2(⇢)(v2 � w2) + w0

⌘̇ = ✏(T
b

� T
c

)

ȧ =
1

R
(Q(1 � 1

2
(↵

i

(⌘) + 1
2
(↵

w

+ ↵
s

))) � A � (B + C)a + CT )

v̇2 =
1

R
(Qs2(1 � ↵

i

(⌘)) � (B + C)v2)

u̇2 =
1

R
(Qs2(1 � ↵

w

) � (B + C)u2)

ẇ2 =
1

R
(Qs2(1 � ↵

s

) � (B + C)w2)

ż =
1

R
(Q(↵

s

� ↵
w

) � (B + C)z)

ḋ =
1

R
(Qs2(1 � 1

2
(↵

w

+ ↵
s

)) � (B + C)d)

d⌘

dt
= ✏(T (⌘, t) � T

c

) (1)

R
@

@t
U(t, y) = Qs(y)(1 � ↵

w

) � (A + BU) � C(U � T ), y < ⌘

R
@

@t
V (t, y) = Qs(y)(1 � ↵

i

(⌘)) � (A + BV ) � C(V � T ), ⌘ < y < ⇢

R
@

@t
W (t, y) = Qs(y)(1 � ↵

s

) � (A + BW ) � C(W � T ), ⇢ < y
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R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (A + BT ) � C(T � T )

d⌘

dt
= ✏(T (⌘, t) � Tc), ✏ > 0

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (A + BT ) � C(T � T )

d⌘

dt
= ✏(T (⌘, t) � Tc), ✏ > 0

⌘ ⇠ w ⇠̇ = ✏(b(⌘ � ⇠) � a(1 � ⌘)) ✏ ⌧ 1

⌧ = ⇢ = 1, ✏ = 0.3

⌘ ⇠ w ⇠̇ = ✏(b(⌘ � ⇠) � a(1 � ⌘)) ✏ ⌧ 1

⌧ = ⇢ = 1, ✏ = 0.3

⌘̇ = ✏(T (⌘)� Tc)

Rẇ = Q(1� ↵0)� A� (B + C)w + CT (⌘)

Rż = Q(↵s � ↵w)� (B + C)z

Ru̇2 = Qs2(1� ↵w)� (B + C)u2

Rv̇2 = Qs2(1� ↵s)� (B + C)v2,

↵0 =
1
2(↵w + ↵s), T (⌘) = w +

�
⌘ � 1

2

�
z + P2(⌘)(u2 � v2), T (⌘) = w +

u2 + v2
2

p2(⌘).

w =
u0 + v0

2
, z = u0 � v0, ...

R
@

@t
U(t, y) = Qs(y)(1 � ↵

w

) � (A + BU) � C(U � T ), 0  y < ⌘

R
@

@t
V (t, y) = Qs(y)(1 � ↵

s

) � (A + BV ) � C(V � T ), ⌘ < y  1

T (t, y) =

8
>>><

>>>:

U(t, y), y < ⌘

V (t, y), y > ⌘,

(U + V )/2, y = ⌘

(10)

where

U(t, y) = u0(t)p0(y) + u2(t)p2(y) (11)

V (t, y) = v0(t)p0(y) + v2(t)p2(y) .

Quadratic approx.:

s(y) = 1.241 � 0.723y2 = 1 · 1 + (�0.482)(1
2
(3y2 � 1)) = s0p0(y) + s2p2(y)

• T =
R 1

0 T (t, y)dy

•↵
w

= 0.32 ↵
s

= 0.62 T (⌘, t) = T (y, t)
��
y=⌘

Theorem. (EW) P⇤ is invariant, locally attracting, and the dynamics on P⇤

is described by the single ODE

d⌘

dt
= ✏(T ⇤

⌘

(⌘) � T
c
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R
@T

@t
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dt
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) Tc s(y) = s0p0(y) + s2p2(y)
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• Hadamaard graph transform method
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T (⌘, t) = 1
2
(lim

y"⌘ T (y, t) + lim
y#⌘ T (y, t)) T
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= �10�C critical temperature
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s(y) = s0p0(y) + s2p2(y), p0(y), p2(y) the first two even Legendre polys,

s0 = 1, s2 = �0.482

heat capacity of

Earth’s surface solar constant ↵
⌘

(y) ↵2 ↵1 (all functions even in y)
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Rv̇2 = Qs2(1� ↵s)� (B + C)v2,

↵0 =
1
2(↵w + ↵s), T (⌘) = w +

�
⌘ � 1

2

�
z + P2(⌘)(u2 � v2), T (⌘) = w +

u2 + v2
2

p2(⌘).

w =
u0 + v0

2
, z = u0 � v0, ...

R
@

@t
U(t, y) = Qs(y)(1 � ↵

w

) � (A + BU) � C(U � T ), 0  y < ⌘
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V (t, y) = Qs(y)(1 � ↵
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T (t, y) =
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>>><

>>>:

U(t, y), y < ⌘
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(10)

where

U(t, y) = u0(t)p0(y) + u2(t)p2(y) (11)

V (t, y) = v0(t)p0(y) + v2(t)p2(y) .

Quadratic approx.:

s(y) = 1.241 � 0.723y2 = 1 · 1 + (�0.482)(1
2
(3y2 � 1)) = s0p0(y) + s2p2(y)

• T =
R 1

0 T (t, y)dy

•↵
w

= 0.32 ↵
s

= 0.62 T (⌘, t) = T (y, t)
��
y=⌘

Theorem. (EW) P⇤ is invariant, locally attracting, and the dynamics on P⇤

is described by the single ODE

d⌘

dt
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⌘

(⌘) � T
c

)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (A + BT ) � C(T � T )

d⌘

dt
= ✏(T (⌘, t) � T

c

), ✏ > 0
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<

:
U(t, y), y < ⌘

V (t, y), y > ⌘
(5)

s(y) = s0p0(y) + s2p2(y), s0 = 1, s2 = �0.482 p0, p2 Legendre polynomials

must specify the albedo function ↵⌘(y) ⇢
albedos
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albedo function for ⌘ < ⇢

↵⌘(y) =

8
>>><

>>>:

↵w, y < ⌘

↵i(⌘), ⌘ < y < ⇢

↵s, y > ⇢
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↵i(⌘) = ↵i +
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⇢
(↵s � ↵i)
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R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

T (⌘, t) = 1
2
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(6)
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⌘

⇢
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T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t))
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8
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>>>:
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T (y, t) =

8
<

:
U(y, t), y < ⌘

V (y, t), y > ⌘
(5)

s(y) = s0p0(y) + s2p2(y), s0 = 1, s2 = �0.482 p0, p2 Legendre polynomials

must specify the albedo function ↵⌘(y) ⇢
albedos
↵s snow covered ice
↵i bare ice
↵w open water

albedo function for ⌘ < ⇢

↵⌘(y) =

8
>>><

>>>:

↵w, y < ⌘

↵i(⌘), ⌘ < y < ⇢

↵s, y > ⇢

(6)

↵i(⌘) = ↵i +
⌘

⇢
(↵s � ↵i)

Repeat for y > ⌘ :

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Repeat for y > ⌘ :

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Repeat for y > ⌘ :

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Repeat for y > ⌘ :

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Repeat for y > ⌘ :

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘ (F (⌘) cubic in ⌘; ⌧ = B/R)

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y), respectively...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘ (F (⌘) cubic in ⌘; ⌧ = B/R)

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y), respectively...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2
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Repeat for y > ⌘ :

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵2) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Repeat for y > ⌘ :

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Repeat for y > ⌘ :

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Repeat for y > ⌘ :

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t))

T (y, t) =

8
>>><

>>>:

U(y, t), y < ⌘

V (y, t), ⌘ < y < ⇢

W (y, t), ⇢ < y

(2)

U(y, t) = u0(t)p0(y) + u2(t)p2(y) (3)

V (y, t) = v0(t)p0(y) + v2(t)p2(y)

W (y, t) = w0(t)p0(y) + w2(t)p2(y)

U(y, t) = u0(t)p0(y) + u2(t)p2(y) (4)

V (y, t) = v0(t)p0(y) + v2(t)p2(y)

T (y, t) =

8
<

:
U(y, t), y < ⌘

V (y, t), y > ⌘
(5)

s(y) = s0p0(y) + s2p2(y), s0 = 1, s2 = �0.482 p0, p2 Legendre polynomials

must specify the albedo function ↵⌘(y) ⇢
albedos
↵s snow covered ice
↵i bare ice
↵w open water

albedo function for ⌘ < ⇢

↵⌘(y) =

8
>>><

>>>:

↵w, y < ⌘

↵i(⌘), ⌘ < y < ⇢

↵s, y > ⇢

(6)

↵i(⌘) = ↵i +
⌘

⇢
(↵s � ↵i)

T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t))

T (y, t) =

8
>>><

>>>:

U(y, t), y < ⌘

V (y, t), ⌘ < y < ⇢

W (y, t), ⇢ < y

(2)

U(y, t) = u0(t)p0(y) + u2(t)p2(y) (3)

V (y, t) = v0(t)p0(y) + v2(t)p2(y)

W (y, t) = w0(t)p0(y) + w2(t)p2(y)

U(y, t) = u0(t)p0(y) + u2(t)p2(y) (4)

V (y, t) = v0(t)p0(y) + v2(t)p2(y)

T (y, t) =

8
<

:
U(y, t), y < ⌘

V (y, t), y > ⌘
(5)

s(y) = s0p0(y) + s2p2(y), s0 = 1, s2 = �0.482 p0, p2 Legendre polynomials

must specify the albedo function ↵⌘(y) ⇢
albedos
↵s snow covered ice
↵i bare ice
↵w open water

albedo function for ⌘ < ⇢

↵⌘(y) =

8
>>><

>>>:

↵w, y < ⌘

↵i(⌘), ⌘ < y < ⇢

↵s, y > ⇢

(6)

↵i(⌘) = ↵i +
⌘

⇢
(↵s � ↵i)

Repeat for y > ⌘ : Include the ice line equation...

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2



SIAM MPE16 

Approximating system of ODEs 
Repeat for y > ⌘ :

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵2) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Repeat for y > ⌘ :

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Repeat for y > ⌘ :

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

T (⌘) = 1
2
(u0 + v0) +

1
2
(u2 + v2)p2(⌘) change variables w = 1

2
(u0 + v0), z = u0 � v0

Ru̇0 = Q(1 � ↵w) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵s) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵w) � (B + C)u2

Rv̇2 = Qs2(1 � ↵s) � (B + C)v2

T = ⌘u0 + (1 � ⌘)v0 + P2(⌘)(u2 � v2), P2(⌘) =
R ⌘

0 p2(y)dy.

E.W.: the behavior of solutions to is well approximated by the dynamics of ⌘0 = ✏h(⌘)
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Approximating system of ODEs 

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2
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F (⌘) =
1

B

�
Q(1 � ↵0) � A + CL(↵2 � ↵1)(⌘ � 1

2
+ s2P2(⌘))

�
(cubic in ⌘)

G(⌘) = �Ls2(1 � ↵0)p2(⌘) + Tc (quadratic in ⌘)
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Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

equator north pole 

F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘ (F (⌘) cubic in ⌘; ⌧ = B/R)

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

A = 202 W/m2

A = 202 W/m2 ⌘-nullcline

A = 202 W/m2 ⌘-nullcline w-nullcline

small ice cap 
stable equilibrium 

F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘ (F (⌘) cubic in ⌘; ⌧ = B/R)

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y), respectively...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

F (⌘) = �(⌘) � A/B

Budyko equilibrium temperature

profiles T ⇤
⌘

(y)

Now decrease � ) decrease the resistance in the capillary

Increase k ) increase � : Increase the resistance in the capillary

Solutions of �f = �(f,R, �) yield equilibria (x⇤, y⇤) � = 0.2
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Approximating system of ODEs 
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⌘̇ = ⇢(h(⌘) � T
c

) Tc s(y) = s0p0(y) + s2p2(y)

• Discrete approach; continuous albedo function

• Hadamaard graph transform method

• For su�ciently small ⇢, 9 a locally attracting, invariant 1-D

manifold on which the dynamics are described by the ODE

T (⌘, t) = 1
2
(lim

y"⌘ T (y, t) + lim
y#⌘ T (y, t)) T

c

= �10�C critical temperature

(assume quadratic form) (albedo) 2 (piecewise quadratic)

s(y) = s0p0(y) + s2p2(y), p0(y), p2(y) the first two even Legendre polys,

s0 = 1, s2 = �0.482

heat capacity of

Earth’s surface solar constant ↵
⌘

(y) ↵2 ↵1 (all functions even in y)

• symmetry across equator

• latitude = ✓, y = sin ✓

• T (y, t) = mean annual surf. temp at latitude y (�C)

• ice line at y = ⌘

J.W., E. Widiasih, J. Hahn, R. McGehee Positive ice albedo feedback

Outline

• Budyko’s model: ice albedo feedback

• Coupling with a dynamic ice line

• Quadratic approximation of the temp–ice line model

• Independent ice- and albedo-lines

• Periodic orbits in the discontinuous vector field

• Future directions

h�(⌘) = F�(⌘,H�(⌘)) � G�(⌘,H�(⌘))

✏ = 0 ) 9 exponentially attracting curve of

rest points

⇤0
� = { (⌘, w, v2) : (w, v2) = (F�(⌘,H�(⌘)),H�(⌘)) }

⌘̇ = ⇢(h(⌘) � T
c

) Tc s(y) = s0p0(y) + s2p2(y)

• Discrete approach; continuous albedo function

• Hadamaard graph transform method

• For su�ciently small ⇢, 9 a locally attracting, invariant 1-D

manifold on which the dynamics are described by the ODE

T (⌘, t) = 1
2
(lim

y"⌘ T (y, t) + lim
y#⌘ T (y, t)) T

c

= �10�C critical temperature

(assume quadratic form) (albedo) 2 (piecewise quadratic)

s(y) = s0p0(y) + s2p2(y), p0(y), p2(y) the first two even Legendre polys,

s0 = 1, s2 = �0.482

heat capacity of

Earth’s surface solar constant ↵
⌘

(y) ↵2 ↵1 (all functions even in y)

• symmetry across equator

• latitude = ✓, y = sin ✓

• T (y, t) = mean annual surf. temp at latitude y (�C)

• ice line at y = ⌘

J.W., E. Widiasih, J. Hahn, R. McGehee Positive ice albedo feedback

Outline

• Budyko’s model: ice albedo feedback

• Coupling with a dynamic ice line

• Quadratic approximation of the temp–ice line model

• Independent ice- and albedo-lines

• Periodic orbits in the discontinuous vector field

• Future directions

h�(⌘) = F�(⌘,H�(⌘)) � G�(⌘,H�(⌘))

✏ = 0 ) 9 exponentially attracting curve of

rest points

⇤0
� = { (⌘, w, v2) : (w, v2) = (F�(⌘,H�(⌘)),H�(⌘)) }

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations

A = 202 W/m2 ⌘-nullcline w-nullcline

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations

A = 202 W/m2 ⌘-nullcline w-nullcline

T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t))

T (y, t) =

8
>>><

>>>:

U(y, t), y < ⌘

V (y, t), ⌘ < y < ⇢

W (y, t), ⇢ < y

(2)

U(y, t) = u0(t)p0(y) + u2(t)p2(y) (3)

V (y, t) = v0(t)p0(y) + v2(t)p2(y)

W (y, t) = w0(t)p0(y) + w2(t)p2(y)

U(y, t) = u0(t)p0(y) + u2(t)p2(y) (4)

V (y, t) = v0(t)p0(y) + v2(t)p2(y)

T (y, t) =

8
<

:
U(y, t), y < ⌘

V (y, t), y > ⌘
(5)

s(y) = s0p0(y) + s2p2(y), s0 = 1, s2 = �0.482 p0, p2 Legendre polynomials

must specify the albedo function ↵⌘(y) ⇢
albedos
↵s snow covered ice
↵i bare ice
↵w open water

albedo function for ⌘ < ⇢

↵⌘(y) =

8
>>><

>>>:

↵w, y < ⌘

↵i(⌘), ⌘ < y < ⇢

↵s, y > ⇢

(6)

↵i(⌘) = ↵i +
⌘

⇢
(↵s � ↵i)

T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t))

T (y, t) =

8
>>><

>>>:

U(y, t), y < ⌘

V (y, t), ⌘ < y < ⇢

W (y, t), ⇢ < y

(2)

U(y, t) = u0(t)p0(y) + u2(t)p2(y) (3)

V (y, t) = v0(t)p0(y) + v2(t)p2(y)

W (y, t) = w0(t)p0(y) + w2(t)p2(y)

U(y, t) = u0(t)p0(y) + u2(t)p2(y) (4)

V (y, t) = v0(t)p0(y) + v2(t)p2(y)

T (y, t) =

8
<

:
U(y, t), y < ⌘

V (y, t), y > ⌘
(5)

s(y) = s0p0(y) + s2p2(y), s0 = 1, s2 = �0.482 p0, p2 Legendre polynomials

must specify the albedo function ↵⌘(y) ⇢
albedos
↵s snow covered ice
↵i bare ice
↵w open water

albedo function for ⌘ < ⇢

↵⌘(y) =

8
>>><

>>>:

↵w, y < ⌘

↵i(⌘), ⌘ < y < ⇢

↵s, y > ⇢

(6)

↵i(⌘) = ↵i +
⌘

⇢
(↵s � ↵i)
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F (⌘) =
1

B

�
Q(1 � ↵0) � A + CL(↵2 � ↵1)(⌘ � 1

2
+ s2P2(⌘))

�
(cubic in ⌘)

G(⌘) = �Ls2(1 � ↵0)p2(⌘) + Tc (quadratic in ⌘)

ẇ = �⌧ (w � F (⌘))

⌘̇ = ⇢(w � G(⌘)),

Assume z, u2, v2 are at equilibrium....

T = w +
�
⌘ � 1

2

�
z + P2(⌘)(u2 � v2) T (⌘) = w + 1

2
(u2 + v2)p2(⌘)

T (⌘) = 1
2
(u0 + v0) +

1
2
(u2 + v2)p2(⌘) change variables w = 1

2
(u0 + v0), z = u0 � v0

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵s � ↵w) � (B + C)z

Ru̇2 = Qs2(1 � ↵w) � (B + C)u2

Rv̇2 = Qs2(1 � ↵s) � (B + C)v2

Ru̇0 = Q(1 � ↵w) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵s) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵w) � (B + C)u2

Rv̇2 = Qs2(1 � ↵s) � (B + C)v2

T = ⌘u0 + (1 � ⌘)v0 + P2(⌘)(u2 � v2), P2(⌘) =
R ⌘

0 p2(y)dy.

E.W.: the behavior of solutions to is well approximated by the dynamics of ⌘0 = ✏h(⌘)

⌘̇ = ⇢(h(⌘) � T
c

) Tc s(y) = s0p0(y) + s2p2(y)

• Discrete approach; continuous albedo function

• Hadamaard graph transform method

• For su�ciently small ⇢, 9 a locally attracting, invariant 1-D

manifold on which the dynamics are described by the ODE

T (⌘, t) = 1
2
(lim

y"⌘ T (y, t) + lim
y#⌘ T (y, t)) T

c

= �10�C critical temperature

(assume quadratic form) (albedo) 2 (piecewise quadratic)

s(y) = s0p0(y) + s2p2(y), p0(y), p2(y) the first two even Legendre polys,

s0 = 1, s2 = �0.482

heat capacity of

Earth’s surface solar constant ↵
⌘

(y) ↵2 ↵1 (all functions even in y)

• symmetry across equator

• latitude = ✓, y = sin ✓

• T (y, t) = mean annual surf. temp at latitude y (�C)

• ice line at y = ⌘

J.W., E. Widiasih, J. Hahn, R. McGehee Positive ice albedo feedback

Outline

• Budyko’s model: ice albedo feedback

• Coupling with a dynamic ice line

• Quadratic approximation of the temp–ice line model

• Independent ice- and albedo-lines

• Periodic orbits in the discontinuous vector field

• Future directions

h�(⌘) = F�(⌘,H�(⌘)) � G�(⌘,H�(⌘))

✏ = 0 ) 9 exponentially attracting curve of

rest points

⇤0
� = { (⌘, w, v2) : (w, v2) = (F�(⌘,H�(⌘)),H�(⌘)) }

y

x´ = 1*(18.9-26.6*x²+y)

y´ = 5*(1501-10*a+786*x-19y-153*x³)
a=202

-25.

-20.

-15.

-10.

-5.

0.

5.

x

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘ (F (⌘) cubic in ⌘; ⌧ = B/R)

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

equator north pole 

F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘ (F (⌘) cubic in ⌘; ⌧ = B/R)

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

A = 202 W/m2

A = 202 W/m2 ⌘-nullcline

A = 202 W/m2 ⌘-nullcline w-nullcline

Energy
out

= A + BT (y, t) What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations

A = 202 W/m2 ⌘-nullcline w-nullcline

Energy
out

= A + BT (y, t) What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations

A = 202 W/m2 ⌘-nullcline w-nullcline

F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)
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sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

F (⌘) =
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Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘ (F (⌘) cubic in ⌘; ⌧ = B/R)

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y), respectively...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

F (⌘) = �(⌘) � A/B

Budyko equilibrium temperature

profiles T ⇤
⌘

(y)

Now decrease � ) decrease the resistance in the capillary

Increase k ) increase � : Increase the resistance in the capillary

Solutions of �f = �(f,R, �) yield equilibria (x⇤, y⇤) � = 0.2
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F (⌘) =
1

B

�
Q(1 � ↵0) � A + CL(↵2 � ↵1)(⌘ � 1

2
+ s2P2(⌘))

�
(cubic in ⌘)

G(⌘) = �Ls2(1 � ↵0)p2(⌘) + Tc (quadratic in ⌘)

ẇ = �⌧ (w � F (⌘))

⌘̇ = ⇢(w � G(⌘)),

Assume z, u2, v2 are at equilibrium....

T = w +
�
⌘ � 1

2

�
z + P2(⌘)(u2 � v2) T (⌘) = w + 1

2
(u2 + v2)p2(⌘)

T (⌘) = 1
2
(u0 + v0) +

1
2
(u2 + v2)p2(⌘) change variables w = 1

2
(u0 + v0), z = u0 � v0

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵s � ↵w) � (B + C)z

Ru̇2 = Qs2(1 � ↵w) � (B + C)u2

Rv̇2 = Qs2(1 � ↵s) � (B + C)v2

Ru̇0 = Q(1 � ↵w) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵s) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵w) � (B + C)u2

Rv̇2 = Qs2(1 � ↵s) � (B + C)v2

T = ⌘u0 + (1 � ⌘)v0 + P2(⌘)(u2 � v2), P2(⌘) =
R ⌘

0 p2(y)dy.

E.W.: the behavior of solutions to is well approximated by the dynamics of ⌘0 = ✏h(⌘)

⌘̇ = ⇢(h(⌘) � T
c

) Tc s(y) = s0p0(y) + s2p2(y)

• Discrete approach; continuous albedo function

• Hadamaard graph transform method

• For su�ciently small ⇢, 9 a locally attracting, invariant 1-D

manifold on which the dynamics are described by the ODE

T (⌘, t) = 1
2
(lim

y"⌘ T (y, t) + lim
y#⌘ T (y, t)) T

c

= �10�C critical temperature

(assume quadratic form) (albedo) 2 (piecewise quadratic)

s(y) = s0p0(y) + s2p2(y), p0(y), p2(y) the first two even Legendre polys,

s0 = 1, s2 = �0.482

heat capacity of

Earth’s surface solar constant ↵
⌘

(y) ↵2 ↵1 (all functions even in y)

• symmetry across equator

• latitude = ✓, y = sin ✓

• T (y, t) = mean annual surf. temp at latitude y (�C)

• ice line at y = ⌘

J.W., E. Widiasih, J. Hahn, R. McGehee Positive ice albedo feedback

Outline

• Budyko’s model: ice albedo feedback

• Coupling with a dynamic ice line

• Quadratic approximation of the temp–ice line model

• Independent ice- and albedo-lines

• Periodic orbits in the discontinuous vector field

• Future directions

h�(⌘) = F�(⌘,H�(⌘)) � G�(⌘,H�(⌘))

✏ = 0 ) 9 exponentially attracting curve of

rest points

⇤0
� = { (⌘, w, v2) : (w, v2) = (F�(⌘,H�(⌘)),H�(⌘)) }

F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘ (F (⌘) cubic in ⌘; ⌧ = B/R)

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

equator north pole 

F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘ (F (⌘) cubic in ⌘; ⌧ = B/R)

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

A = 202 W/m2 ⌘-nullcline

A = 202 W/m2 ⌘-nullcline w-nullcline

Energy
out

= A + BT (y, t) What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations

A = 210 W/m2 ⌘-nullcline w-nullcline

F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘ (F (⌘) cubic in ⌘; ⌧ = B/R)

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y), respectively...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

F (⌘) = �(⌘) � A/B

Budyko equilibrium temperature

profiles T ⇤
⌘

(y)

Now decrease � ) decrease the resistance in the capillary

Increase k ) increase � : Increase the resistance in the capillary

Solutions of �f = �(f,R, �) yield equilibria (x⇤, y⇤) � = 0.2



SIAM MPE16 

F (⌘) =
1

B

�
Q(1 � ↵0) � A + CL(↵2 � ↵1)(⌘ � 1

2
+ s2P2(⌘))

�
(cubic in ⌘)

G(⌘) = �Ls2(1 � ↵0)p2(⌘) + Tc (quadratic in ⌘)

ẇ = �⌧ (w � F (⌘))

⌘̇ = ⇢(w � G(⌘)),

Assume z, u2, v2 are at equilibrium....

T = w +
�
⌘ � 1

2

�
z + P2(⌘)(u2 � v2) T (⌘) = w + 1

2
(u2 + v2)p2(⌘)

T (⌘) = 1
2
(u0 + v0) +

1
2
(u2 + v2)p2(⌘) change variables w = 1

2
(u0 + v0), z = u0 � v0

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵s � ↵w) � (B + C)z

Ru̇2 = Qs2(1 � ↵w) � (B + C)u2

Rv̇2 = Qs2(1 � ↵s) � (B + C)v2

Ru̇0 = Q(1 � ↵w) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵s) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵w) � (B + C)u2

Rv̇2 = Qs2(1 � ↵s) � (B + C)v2

T = ⌘u0 + (1 � ⌘)v0 + P2(⌘)(u2 � v2), P2(⌘) =
R ⌘

0 p2(y)dy.

E.W.: the behavior of solutions to is well approximated by the dynamics of ⌘0 = ✏h(⌘)

⌘̇ = ⇢(h(⌘) � T
c

) Tc s(y) = s0p0(y) + s2p2(y)

• Discrete approach; continuous albedo function

• Hadamaard graph transform method

• For su�ciently small ⇢, 9 a locally attracting, invariant 1-D

manifold on which the dynamics are described by the ODE

T (⌘, t) = 1
2
(lim

y"⌘ T (y, t) + lim
y#⌘ T (y, t)) T

c

= �10�C critical temperature

(assume quadratic form) (albedo) 2 (piecewise quadratic)

s(y) = s0p0(y) + s2p2(y), p0(y), p2(y) the first two even Legendre polys,

s0 = 1, s2 = �0.482

heat capacity of

Earth’s surface solar constant ↵
⌘

(y) ↵2 ↵1 (all functions even in y)

• symmetry across equator

• latitude = ✓, y = sin ✓

• T (y, t) = mean annual surf. temp at latitude y (�C)

• ice line at y = ⌘

J.W., E. Widiasih, J. Hahn, R. McGehee Positive ice albedo feedback

Outline

• Budyko’s model: ice albedo feedback

• Coupling with a dynamic ice line

• Quadratic approximation of the temp–ice line model

• Independent ice- and albedo-lines

• Periodic orbits in the discontinuous vector field

• Future directions

h�(⌘) = F�(⌘,H�(⌘)) � G�(⌘,H�(⌘))

✏ = 0 ) 9 exponentially attracting curve of

rest points

⇤0
� = { (⌘, w, v2) : (w, v2) = (F�(⌘,H�(⌘)),H�(⌘)) }

F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

y

x´ = 18.8687-26.6*x²+y

y´ = 5*(1501-10*a+786*x-152.6*x³-19*y)

a=213

-25.

-20.

-15.

-10.

-5.

0.

5.

x

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Energy
out

= A + BT (y, t) What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations

A = 213 W/m2 ⌘-nullcline w-nullcline

F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘ (F (⌘) cubic in ⌘; ⌧ = B/R)

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

equator north pole 

F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘ (F (⌘) cubic in ⌘; ⌧ = B/R)

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Snowball Earth! 

F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘ (F (⌘) cubic in ⌘; ⌧ = B/R)

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y), respectively...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

F (⌘) = �(⌘) � A/B

Budyko equilibrium temperature

profiles T ⇤
⌘

(y)

Now decrease � ) decrease the resistance in the capillary

Increase k ) increase � : Increase the resistance in the capillary

Solutions of �f = �(f,R, �) yield equilibria (x⇤, y⇤) � = 0.2
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F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘ (F (⌘) cubic in ⌘; ⌧ = B/R)

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Approximating system of ODEs 

Bifurcation Diagram 

High CO2 Low CO2 

Energy
out

= A + BT (y, t) y = ⌘ = 0 What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations A (W/m2)

A = 213 W/m2 ⌘-nullcline w-nullcline

Snowball Earth 

Ice-free Earth 

Red: Stable 

Blue: Unstable 
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⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘ (F (⌘) cubic in ⌘; ⌧ = B/R)

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Approximating system of ODEs 

High CO2 Low CO2 

Energy
out

= A + BT (y, t) y = ⌘ = 0 What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations A (W/m2)

A = 213 W/m2 ⌘-nullcline w-nullcline

Snowball Earth 

Ice-free Earth 

Red: Stable 

Blue: Unstable 

Hysteresis 
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F (⌘) =
1

B

�
Q(1 � ↵0) � A + CL(↵2 � ↵1)(⌘ � 1

2
+ s2P2(⌘))

�
(cubic in ⌘)

G(⌘) = �Ls2(1 � ↵0)p2(⌘) + Tc (quadratic in ⌘)

ẇ = �⌧ (w � F (⌘))

⌘̇ = ⇢(w � G(⌘)),

Assume z, u2, v2 are at equilibrium....

T = w +
�
⌘ � 1

2

�
z + P2(⌘)(u2 � v2) T (⌘) = w + 1

2
(u2 + v2)p2(⌘)

T (⌘) = 1
2
(u0 + v0) +

1
2
(u2 + v2)p2(⌘) change variables w = 1

2
(u0 + v0), z = u0 � v0

Rẇ = Q(1 � ↵0) � A � (B + C)w + CT (1a)

Rż = Q(↵s � ↵w) � (B + C)z

Ru̇2 = Qs2(1 � ↵w) � (B + C)u2

Rv̇2 = Qs2(1 � ↵s) � (B + C)v2

Ru̇0 = Q(1 � ↵w) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵s) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵w) � (B + C)u2

Rv̇2 = Qs2(1 � ↵s) � (B + C)v2

T = ⌘u0 + (1 � ⌘)v0 + P2(⌘)(u2 � v2), P2(⌘) =
R ⌘

0 p2(y)dy.

E.W.: the behavior of solutions to is well approximated by the dynamics of ⌘0 = ✏h(⌘)

⌘̇ = ⇢(h(⌘) � T
c

) Tc s(y) = s0p0(y) + s2p2(y)

• Discrete approach; continuous albedo function

• Hadamaard graph transform method

• For su�ciently small ⇢, 9 a locally attracting, invariant 1-D

manifold on which the dynamics are described by the ODE

T (⌘, t) = 1
2
(lim

y"⌘ T (y, t) + lim
y#⌘ T (y, t)) T

c

= �10�C critical temperature

(assume quadratic form) (albedo) 2 (piecewise quadratic)

s(y) = s0p0(y) + s2p2(y), p0(y), p2(y) the first two even Legendre polys,

s0 = 1, s2 = �0.482

heat capacity of

Earth’s surface solar constant ↵
⌘

(y) ↵2 ↵1 (all functions even in y)

• symmetry across equator

• latitude = ✓, y = sin ✓

• T (y, t) = mean annual surf. temp at latitude y (�C)

• ice line at y = ⌘

J.W., E. Widiasih, J. Hahn, R. McGehee Positive ice albedo feedback

Outline

• Budyko’s model: ice albedo feedback

• Coupling with a dynamic ice line

• Quadratic approximation of the temp–ice line model

• Independent ice- and albedo-lines

• Periodic orbits in the discontinuous vector field

• Future directions

h�(⌘) = F�(⌘,H�(⌘)) � G�(⌘,H�(⌘))

✏ = 0 ) 9 exponentially attracting curve of

rest points

⇤0
� = { (⌘, w, v2) : (w, v2) = (F�(⌘,H�(⌘)),H�(⌘)) }

y

x´ = 1*(18.9-26.6*x²+y)

y´ = 5*(1501-10*a+786*x-19y-153*x³)
a=202
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F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q

B+C

(↵2 � ↵1)(⌘ � 1
2
+ s2P2(⌘))

⌘

G(⌘) quadratic in ⌘ (F (⌘) cubic in ⌘; ⌧ = B/R)

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

equator 
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2
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⌘

G(⌘) quadratic in ⌘ (F (⌘) cubic in ⌘; ⌧ = B/R)

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =
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⌘
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U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c
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Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
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@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)
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s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��
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Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

F (⌘) =
1

B

⇣
Q(1 � ↵0) � A + C Q
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G(⌘) quadratic in ⌘ (F (⌘) cubic in ⌘; ⌧ = B/R)

Assume z, u2, v2 are at equilibrium • T = T (w, ⌘) • T (⌘, t) = T (w, ⌘)

• T = T (w, z, u2, v2, ⌘) • T (⌘, t) = T (w, z, u2, v2, ⌘) ↵0 = 1
2
(↵1 + ↵2)

• T =

Z
⌘

0

U(y, t)dy +

Z 1

⌘

V (y, t)dy = T (u0, u2, v0, v2, ⌘)

• T (⌘, t) = 1
2
(U(⌘, t) + V (⌘, t)) = T (u0, u2, v0, v2, ⌘)

Repeat for y > ⌘ : Include the ice line equation... ⌘̇ = ✏(T (⌘, t) � T
c

)

Rv̇0 = Q(1 � ↵2) � (B + C)v0 � A + CT Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � (B + C)u0 � A + CT Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

plug in, equate coe�cients of p0(y) and p2(y)...

(B + C)T = (B + C)(u0p0(y) + u2p2(y)) � A + CT = (�A + CT )p0(y)

y < ⌘ R
@T

@t
= R(u̇0p0(y) + u̇2p2(y))Qs(y)(1 � ↵(y, ⌘)) = Q(s0p0(y) + s2p2(y))(1 � ↵1)

R
@T

@t
= Qs(y)(1 � ↵(y, ⌘)) � (B + C)T � A + CT

s(y) = s0p0(y) + s2p2(y), p0(y) = 1, p2(y) = 1
2
(3y2 � 1) actual (current) values

V� ⇤ ⇤ ⇤ p0(y) = 1, p2(y) = 1
2
(3y2 � 1) V+ (b0 < b < b1) Q = Q(e) s(y) = s(y,�)

RETREAT ADVANCE b0 < b1
“retreating”

sink for �+

“advancing”

sink for ��

2-D stable

manifold for ��

Rẇ = Q(1 � ↵0) � (B + C)w � A + CT (1a)

Rż = Q(↵2 � ↵1) � (B + C)z

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2

Ru̇0 = Q(1 � ↵1) � A � (B + C)u0 + CT

Rv̇0 = Q(1 � ↵2) � A � (B + C)v0 + CT

Ru̇2 = Qs2(1 � ↵1) � (B + C)u2

Rv̇2 = Qs2(1 � ↵2) � (B + C)v2
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Models: Heat flux resulting from horizontal redistribution by the

circulations of the oceans and atmosphere

• Etransport = C(T � T ) (relaxation to the mean)

• Etransport = Dr2T = D
@

@y
(1 � y2)

@T

@y
(di↵usion process)

Energy
out

= A + BT (y, t) y = ⌘ = 0 What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations A (W/m2)

A = 213 W/m2 ⌘-nullcline w-nullcline

SIAM MPE16 

Meridional heat transport 

T ⇤ = T ⇤
⌘ (y) =

Q

B + C

✓
s(y)(1 � ↵(y, ⌘)) +

C

B
(1 � ↵(⌘))

◆
�

A

B
,

↵(⌘) =
R 1

0 s(y)↵(y, ⌘)dy

R
@T

@t
= Ein � Eout � Etransport

= Qs(y)(1 � ↵⌘(y)) � (A + BT (y, t)) � C
⇣
T (y, t) �

R 1

0 T (y, t)dy
⌘

= Qs(y)(1 � ↵⌘(y))

= Qs(y)(1 � ↵⌘(y)) � (A + BT (y, t))

= Qs(y)(1 � ↵⌘(y)) � (A + BT (y, t)) � C
⇣
T (y, t) �

R 1

0 T (y, t)dy
⌘
T

• symmetry across the equator; no land

• y = sin(latitude)

• T (y, t) – ave. temp. at latitude y at time t (temp. profile, distribution)

• ice cover above ice line ⌘; no ice below ⌘

y = sin(0) = 0 y = sin(⇡/2) = 1 HAPPY DAY!!

R
dT

dt
= Ein � Eout (W/m2)

T = T (t) – global average surface temperature (�C)

R – heat capacity of the Earth’s surface (J/(�C m2))

R
dT

dt
= Q(1 � ↵) � (A + BT )

Q – insolation (incoming solar radiation) (Q =342 W/m2)

↵ – planetary albedo (↵ = 0.3) A = 199 W/m2 = 21.2�C

A + BT – outgoing radiation (A = 202 W/m2, B = 1.9 W/(m2 �C) )

Ein = Q(1 � ↵)

Eout = (A + BT )

R
dT

dt
= Q(1 � ↵) � (A + BT ) = f(T ) T ⇤ T ⇤ =

1

B
(Q(1 � ↵) � A) = 19.7 �C

�10 �C

incoming solar radiation (insolation)

Models: Heat flux resulting from horizontal redistribution by the

circulations of the oceans and atmosphere

• Etransport = C(T � T ) (relaxation to the mean)

• Etransport = Dr2T = D
@

@y
(1 � y2)

@T

@y
(di↵usive process)

Energy
out

= A + BT (y, t) y = ⌘ = 0 What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations A (W/m2)

A = 213 W/m2 ⌘-nullcline w-nullcline
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Thermohaline Circulation 

Image Credit: NASA 

thermo: heat 
haline: salt 

The rate of circulation is a function of the 
temperature and salinity and can change  
over time. 
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Atlantic Meridional Overturning Circulation 

illustration by jg. Source for Earth's topology: NASA/JPL-Caltech 

Part of the  
thermohaline circulation 
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An ocean box model 

Resources: 

H. Stommel, Thermohaline convection with two stable regimes of flow,  
Tellus XIII (2) (1961) 

https://mcrn.hubzero.org/resources/81#series. Videos of lectures and lecture slides 
from Introduction to the Mathematics of Climate, taught by Richard McGehee,  
School of Mathematics, University of Minnesota. 
  
H. Kaper and H. Engler, Mathematics and Climate, SIAM (2013) 
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Stommel’s ocean box model 

* 

* 

* 

* 

* 

* 

* 

* 

Low latitudes High latitudes 

Capillary flow:  assumed to  
be proportional to density 
differences 

Density:  
Decreases as temperature (T) increases  

Inreases as salinity (S) increases  

x⇤ =
�

� + |f |
, y⇤ =

1

1 + |f |
�f = �y⇤ + Rx⇤ = �

1

1 + |f |
+ R

�

� + |f |
= �(f,R, �)

Flow rate: kq = 2⇢0↵T ⇤(�y + Rx) = k
cf

2
, R =

�S⇤

↵T ⇤ f =
1

�
(�y + Rx), � =

ck

4⇢0↵T ⇤

dx

d⌧
= �(1 � x) � |f |x

dy

d⌧
= 1 � y � |f |y

y =
T

T ⇤ , x =
S

S⇤ , ⌧ = ct, � =
d

c
, f = 2

q

c

Flow rate: kq = ⇢1 � ⇢2 = 2⇢0(�↵T + �S) kq = 2⇢0(�↵T + �S)

Density ⇢ = ⇢(T, S) = ⇢0(1 � ↵T + �S), ↵,� > 0⇢0 reference density

Flow rate q: proportional to

density di↵erences
kq = ⇢1 � ⇢2

Ṫ = c(T ⇤ � T ) � 2|q|T
Ṡ = d(S⇤ � S) � 2|q|S

Similarly, set S1 = S2 = S

d

dt
(T1 + T2) = �c(T1 + T2) ) T1 + T2 ! 0. Set T1 = �T2 = T

Ṫ1 = c(T ⇤ � T1) � |q|(T1 � T2)

Ṫ2 = c(�T ⇤ � T2) + |q|(T1 � T2)

Ṡ1 = d(S⇤ � S1) � |q|(S1 � S2)

Ṡ2 = d(�S⇤ � S2) + |q|(S1 � S2)

Models: Heat flux resulting from horizontal redistribution by the

circulations of the oceans and atmosphere

• Etransport = C(T � T ) (relaxation to the mean)

• Etransport = Dr2T = D
@

@y
(1 � y2)

@T

@y
(di↵usion process)

Energy
out

= A + BT (y, t) y = ⌘ = 0 What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations A (W/m2)

A = 213 W/m2 ⌘-nullcline w-nullcline

x⇤ =
�

� + |f |
, y⇤ =

1

1 + |f |
�f = �y⇤ + Rx⇤ = �

1

1 + |f |
+ R

�

� + |f |
= �(f,R, �)

Flow rate: kq = 2⇢0↵T ⇤(�y + Rx) = k
cf

2
, R =

�S⇤

↵T ⇤ f =
1

�
(�y + Rx), � =

ck

4⇢0↵T ⇤

dx

d⌧
= �(1 � x) � |f |x

dy

d⌧
= 1 � y � |f |y

y =
T

T ⇤ , x =
S

S⇤ , ⌧ = ct, � =
d

c
, f = 2

q

c

Flow rate: kq = ⇢1 � ⇢2 = 2⇢0(�↵T + �S) kq = 2⇢0(�↵T + �S)

Density ⇢ = ⇢(T, S) = ⇢0(1 � ↵T + �S), ↵,� > 0⇢0 reference density

Flow rate q: proportional to

density di↵erences
kq = ⇢1 � ⇢2

Ṫ = c(T ⇤ � T ) � 2|q|T
Ṡ = d(S⇤ � S) � 2|q|S

Similarly, set S1 = S2 = S

d

dt
(T1 + T2) = �c(T1 + T2) ) T1 + T2 ! 0. Set T1 = �T2 = T

Ṫ1 = c(T ⇤ � T1) � |q|(T1 � T2)

Ṫ2 = c(�T ⇤ � T2) + |q|(T1 � T2)

Ṡ1 = d(S⇤ � S1) � |q|(S1 � S2)

Ṡ2 = d(�S⇤ � S2) + |q|(S1 � S2)

Models: Heat flux resulting from horizontal redistribution by the

circulations of the oceans and atmosphere

• Etransport = C(T � T ) (relaxation to the mean)

• Etransport = Dr2T = D
@

@y
(1 � y2)

@T

@y
(di↵usion process)

Energy
out

= A + BT (y, t) y = ⌘ = 0 What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations A (W/m2)

A = 213 W/m2 ⌘-nullcline w-nullcline

x⇤ =
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� + |f |
, y⇤ =

1

1 + |f |
�f = �y⇤ + Rx⇤ = �

1

1 + |f |
+ R

�

� + |f |
= �(f,R, �)

Flow rate: kq = 2⇢0↵T ⇤(�y + Rx) = k
cf

2
, R =

�S⇤

↵T ⇤ f =
1

�
(�y + Rx), � =

ck

4⇢0↵T ⇤

dx

d⌧
= �(1 � x) � |f |x

dy

d⌧
= 1 � y � |f |y

y =
T

T ⇤ , x =
S

S⇤ , ⌧ = ct, � =
d

c
, f = 2

q

c

Flow rate: kq = ⇢1 � ⇢2 = 2⇢0(�↵T + �S) kq = 2⇢0(�↵T + �S)

Density ⇢ = ⇢(T, S) = ⇢0(1 � ↵T + �S), ↵,� > 0⇢0 reference density

Flow rate q: proportional to

density di↵erences
kq = ⇢1 � ⇢2

Ṫ = c(T ⇤ � T ) � 2|q|T
Ṡ = d(S⇤ � S) � 2|q|S

Similarly, set S1 = S2 = S

d

dt
(T1 + T2) = �c(T1 + T2) ) T1 + T2 ! 0. Set T1 = �T2 = T

Ṫ1 = c(T ⇤ � T1) � |q|(T1 � T2)

Ṫ2 = c(�T ⇤ � T2) + |q|(T1 � T2)

Ṡ1 = d(S⇤ � S1) � |q|(S1 � S2)

Ṡ2 = d(�S⇤ � S2) + |q|(S1 � S2)

Models: Heat flux resulting from horizontal redistribution by the

circulations of the oceans and atmosphere

• Etransport = C(T � T ) (relaxation to the mean)

• Etransport = Dr2T = D
@

@y
(1 � y2)

@T

@y
(di↵usion process)

Energy
out

= A + BT (y, t) y = ⌘ = 0 What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations A (W/m2)

A = 213 W/m2 ⌘-nullcline w-nullcline

x⇤ =
�

� + |f |
, y⇤ =

1

1 + |f |
�f = �y⇤ + Rx⇤ = �

1

1 + |f |
+ R

�

� + |f |
= �(f,R, �)

Flow rate: kq = 2⇢0↵T ⇤(�y + Rx) = k
cf

2
, R =

�S⇤

↵T ⇤ f =
1

�
(�y + Rx), � =

ck

4⇢0↵T ⇤

dx

d⌧
= �(1 � x) � |f |x

dy

d⌧
= 1 � y � |f |y

y =
T

T ⇤ , x =
S

S⇤ , ⌧ = ct, � =
d

c
, f = 2

q

c

Flow rate: kq = ⇢1 � ⇢2 = 2⇢0(�↵T + �S) kq = 2⇢0(�↵T + �S)

Density ⇢ = ⇢(T, S) = ⇢0(1 � ↵T + �S), ↵,� > 0⇢0 reference density

Flow rate q: proportional to

density di↵erences
kq = ⇢1 � ⇢2

Ṫ = c(T ⇤ � T ) � 2|q|T
Ṡ = d(S⇤ � S) � 2|q|S

Similarly, set S1 = S2 = S

d

dt
(T1 + T2) = �c(T1 + T2) ) T1 + T2 ! 0. Set T1 = �T2 = T

Ṫ1 = c(T ⇤ � T1) � |q|(T1 � T2)

Ṫ2 = c(�T ⇤ � T2) + |q|(T1 � T2)

Ṡ1 = d(S⇤ � S1) � |q|(S1 � S2)

Ṡ2 = d(�S⇤ � S2) + |q|(S1 � S2)

Models: Heat flux resulting from horizontal redistribution by the

circulations of the oceans and atmosphere

• Etransport = C(T � T ) (relaxation to the mean)

• Etransport = Dr2T = D
@

@y
(1 � y2)

@T

@y
(di↵usion process)

Energy
out

= A + BT (y, t) y = ⌘ = 0 What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations A (W/m2)

A = 213 W/m2 ⌘-nullcline w-nullcline



SIAM MPE16 

Stommel’s ocean box model 

* 
* 

* 
* 

* 
* 

* 
* 

Low latitudes High latitudes d

dt
(T1 + T2) = �c(T1 + T2) ) T1 + T2 ! 0. Set T1 = �T2 = T

Ṫ1 = c(T ⇤ � T1) � |q|(T1 � T2)

Ṫ2 = c(�T ⇤ � T2) + |q|(T1 � T2)

Ṡ1 = d(S⇤ � S1) � |q|(S1 � S2)

Ṡ2 = d(�S⇤ � S2) + |q|(S1 � S2)

Models: Heat flux resulting from horizontal redistribution by the

circulations of the oceans and atmosphere

• Etransport = C(T � T ) (relaxation to the mean)

• Etransport = Dr2T = D
@

@y
(1 � y2)

@T

@y
(di↵usion process)

Energy
out

= A + BT (y, t) y = ⌘ = 0 What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations A (W/m2)

A = 213 W/m2 ⌘-nullcline w-nullcline

Temperature 

d

dt
(T1 + T2) = �c(T1 + T2) ) T1 + T2 ! 0. Set T1 = �T2 = T

Ṫ1 = c(T ⇤ � T1) � |q|(T1 � T2)

Ṫ2 = c(�T ⇤ � T2) + |q|(T1 � T2)

Ṡ1 = d(S⇤ � S1) � |q|(S1 � S2)

Ṡ2 = d(�S⇤ � S2) + |q|(S1 � S2)

Models: Heat flux resulting from horizontal redistribution by the

circulations of the oceans and atmosphere

• Etransport = C(T � T ) (relaxation to the mean)

• Etransport = Dr2T = D
@

@y
(1 � y2)

@T

@y
(di↵usion process)

Energy
out

= A + BT (y, t) y = ⌘ = 0 What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations A (W/m2)

A = 213 W/m2 ⌘-nullcline w-nullcline



x⇤ =
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, y⇤ =

1

1 + |f |
�f = �y⇤ + Rx⇤ = �

1

1 + |f |
+ R
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� + |f |
= �(f,R, �)

Flow rate: kq = 2⇢0↵T ⇤(�y + Rx) = k
cf

2
, R =

�S⇤

↵T ⇤ f =
1

�
(�y + Rx), � =

ck

4⇢0↵T ⇤

dx

d⌧
= �(1 � x) � |f |x

dy

d⌧
= 1 � y � |f |y

y =
T

T ⇤ , x =
S

S⇤ , ⌧ = ct, � =
d

c
, f = 2

q

c

Flow rate: kq = ⇢1 � ⇢2 = 2⇢0(�↵T + �S) kq = 2⇢0(�↵T + �S)

Density ⇢ = ⇢(T, S) = ⇢0(1 � ↵T + �S), ↵,� > 0⇢0 reference density

Flow rate q: proportional to

density di↵erences
kq = ⇢1 � ⇢2

Ṫ = c(T ⇤ � T ) � 2|q|T
Ṡ = d(S⇤ � S) � 2|q|S

Similarly, set S1 = �S2 = S

d

dt
(T1 + T2) = �c(T1 + T2) ) T1 + T2 ! 0. Set T1 = �T2 = T

Ṫ1 = c(T ⇤ � T1) � |q|(T1 � T2)

Ṫ2 = c(�T ⇤ � T2) + |q|(T1 � T2)

Ṡ1 = d(S⇤ � S1) � |q|(S1 � S2)

Ṡ2 = d(�S⇤ � S2) + |q|(S1 � S2)

Models: Heat flux resulting from horizontal redistribution by the

circulations of the oceans and atmosphere

• Etransport = C(T � T ) (relaxation to the mean)

• Etransport = Dr2T = D
@

@y
(1 � y2)

@T

@y
(di↵usion process)

Energy
out

= A + BT (y, t) y = ⌘ = 0 What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations A (W/m2)

A = 213 W/m2 ⌘-nullcline w-nullcline

SIAM MPE16 

Stommel’s ocean box model 

* 
* 

* 
* 

* 
* 

* 
* 

Low latitudes High latitudes d

dt
(T1 + T2) = �c(T1 + T2) ) T1 + T2 ! 0. Set T1 = �T2 = T

Ṫ1 = c(T ⇤ � T1) � |q|(T1 � T2)

Ṫ2 = c(�T ⇤ � T2) + |q|(T1 � T2)

Ṡ1 = d(S⇤ � S1) � |q|(S1 � S2)

Ṡ2 = d(�S⇤ � S2) + |q|(S1 � S2)

Models: Heat flux resulting from horizontal redistribution by the

circulations of the oceans and atmosphere

• Etransport = C(T � T ) (relaxation to the mean)

• Etransport = Dr2T = D
@

@y
(1 � y2)

@T

@y
(di↵usion process)

Energy
out

= A + BT (y, t) y = ⌘ = 0 What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations A (W/m2)

A = 213 W/m2 ⌘-nullcline w-nullcline

Temperature 

d

dt
(T1 + T2) = �c(T1 + T2) ) T1 + T2 ! 0. Set T1 = �T2 = T

Ṫ1 = c(T ⇤ � T1) � |q|(T1 � T2)

Ṫ2 = c(�T ⇤ � T2) + |q|(T1 � T2)

Ṡ1 = d(S⇤ � S1) � |q|(S1 � S2)

Ṡ2 = d(�S⇤ � S2) + |q|(S1 � S2)

Models: Heat flux resulting from horizontal redistribution by the

circulations of the oceans and atmosphere

• Etransport = C(T � T ) (relaxation to the mean)

• Etransport = Dr2T = D
@

@y
(1 � y2)

@T

@y
(di↵usion process)

Energy
out

= A + BT (y, t) y = ⌘ = 0 What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations A (W/m2)

A = 213 W/m2 ⌘-nullcline w-nullcline

Salinity 

d

dt
(T1 + T2) = �c(T1 + T2) ) T1 + T2 ! 0. Set T1 = �T2 = T

Ṫ1 = c(T ⇤ � T1) � |q|(T1 � T2)

Ṫ2 = c(�T ⇤ � T2) + |q|(T1 � T2)

Ṡ1 = d(S⇤ � S1) � |q|(S1 � S2)

Ṡ2 = d(�S⇤ � S2) + |q|(S1 � S2)

Models: Heat flux resulting from horizontal redistribution by the

circulations of the oceans and atmosphere

• Etransport = C(T � T ) (relaxation to the mean)

• Etransport = Dr2T = D
@

@y
(1 � y2)

@T

@y
(di↵usion process)

Energy
out

= A + BT (y, t) y = ⌘ = 0 What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations A (W/m2)

A = 213 W/m2 ⌘-nullcline w-nullcline



SIAM MPE16 

Stommel’s ocean box model 

* 
* 

* 
* 

* 
* 

* 
* 

Low latitudes High latitudes 

- 
- 

Flow rate q: proportional to

density di↵erences
kq = ⇢1 � ⇢2

Ṫ = c(T ⇤ � T ) � 2|q|T
Ṡ = d(S⇤ � S) � 2|q|S

Similarly, set S1 = S2 = S

d

dt
(T1 + T2) = �c(T1 + T2) ) T1 + T2 ! 0. Set T1 = �T2 = T

Ṫ1 = c(T ⇤ � T1) � |q|(T1 � T2)

Ṫ2 = c(�T ⇤ � T2) + |q|(T1 � T2)

Ṡ1 = d(S⇤ � S1) � |q|(S1 � S2)

Ṡ2 = d(�S⇤ � S2) + |q|(S1 � S2)

Models: Heat flux resulting from horizontal redistribution by the

circulations of the oceans and atmosphere

• Etransport = C(T � T ) (relaxation to the mean)

• Etransport = Dr2T = D
@

@y
(1 � y2)

@T

@y
(di↵usion process)

Energy
out

= A + BT (y, t) y = ⌘ = 0 What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations A (W/m2)

A = 213 W/m2 ⌘-nullcline w-nullcline

Flow rate q: proportional to

density di↵erences
kq = ⇢1 � ⇢2

Ṫ = c(T ⇤ � T ) � 2|q|T
Ṡ = d(S⇤ � S) � 2|q|S

Similarly, set S1 = S2 = S

d

dt
(T1 + T2) = �c(T1 + T2) ) T1 + T2 ! 0. Set T1 = �T2 = T

Ṫ1 = c(T ⇤ � T1) � |q|(T1 � T2)

Ṫ2 = c(�T ⇤ � T2) + |q|(T1 � T2)

Ṡ1 = d(S⇤ � S1) � |q|(S1 � S2)

Ṡ2 = d(�S⇤ � S2) + |q|(S1 � S2)

Models: Heat flux resulting from horizontal redistribution by the

circulations of the oceans and atmosphere

• Etransport = C(T � T ) (relaxation to the mean)

• Etransport = Dr2T = D
@

@y
(1 � y2)

@T

@y
(di↵usion process)

Energy
out

= A + BT (y, t) y = ⌘ = 0 What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations A (W/m2)

A = 213 W/m2 ⌘-nullcline w-nullcline

Flow rate q: proportional to

density di↵erences
kq = ⇢1 � ⇢2

Ṫ = c(T ⇤ � T ) � 2|q|T
Ṡ = d(S⇤ � S) � 2|q|S

Similarly, set S1 = S2 = S

d

dt
(T1 + T2) = �c(T1 + T2) ) T1 + T2 ! 0. Set T1 = �T2 = T

Ṫ1 = c(T ⇤ � T1) � |q|(T1 � T2)

Ṫ2 = c(�T ⇤ � T2) + |q|(T1 � T2)

Ṡ1 = d(S⇤ � S1) � |q|(S1 � S2)

Ṡ2 = d(�S⇤ � S2) + |q|(S1 � S2)

Models: Heat flux resulting from horizontal redistribution by the

circulations of the oceans and atmosphere

• Etransport = C(T � T ) (relaxation to the mean)

• Etransport = Dr2T = D
@

@y
(1 � y2)

@T

@y
(di↵usion process)

Energy
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Ṫ1 = c(T ⇤ � T1) � |q|(T1 � T2)
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Ṡ2 = d(�S⇤ � S2) + |q|(S1 � S2)

Models: Heat flux resulting from horizontal redistribution by the

circulations of the oceans and atmosphere

• Etransport = C(T � T ) (relaxation to the mean)

• Etransport = Dr2T = D
@

@y
(1 � y2)

@T

@y
(di↵usion process)

Energy
out

= A + BT (y, t) y = ⌘ = 0 What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations A (W/m2)

A = 213 W/m2 ⌘-nullcline w-nullcline

Density ⇢ = ⇢(T, S) = ⇢0(1 � ↵T + �S), ↵,� > 0⇢0 reference density

Flow rate q: proportional to

density di↵erences
kq = ⇢1 � ⇢2
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Ṡ = d(S⇤ � S) � 2|q|S

Similarly, set S1 = S2 = S

d

dt
(T1 + T2) = �c(T1 + T2) ) T1 + T2 ! 0. Set T1 = �T2 = T
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Ṡ = d(S⇤ � S) � 2|q|S

Similarly, set S1 = S2 = S

d

dt
(T1 + T2) = �c(T1 + T2) ) T1 + T2 ! 0. Set T1 = �T2 = T
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Ṫ2 = c(�T ⇤ � T2) + |q|(T1 � T2)
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Ṡ2 = d(�S⇤ � S2) + |q|(S1 � S2)

Models: Heat flux resulting from horizontal redistribution by the

circulations of the oceans and atmosphere

• Etransport = C(T � T ) (relaxation to the mean)

• Etransport = Dr2T = D
@

@y
(1 � y2)

@T

@y
(di↵usion process)

Energy
out

= A + BT (y, t) y = ⌘ = 0 What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations A (W/m2)

A = 213 W/m2 ⌘-nullcline w-nullcline



SIAM MPE16 

Stommel’s ocean box model 

dx

d⌧
= �(1 � x) � |f |x

dy

d⌧
= 1 � y � |f |y

y =
T

T ⇤ , x =
S

S⇤ , ⌧ = ct, � =
d

c
, f = 2

q

c

Flow rate: kq = ⇢1 � ⇢2 = 2⇢0(�↵T + �S) kq = 2⇢0(�↵T + �S)

Density ⇢ = ⇢(T, S) = ⇢0(1 � ↵T + �S), ↵,� > 0⇢0 reference density

Flow rate q: proportional to

density di↵erences
kq = ⇢1 � ⇢2
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Density ⇢ = ⇢(T, S) = ⇢0(1 � ↵T + �S), ↵,� > 0⇢0 reference density

Flow rate q: proportional to

density di↵erences
kq = ⇢1 � ⇢2
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Ṫ2 = c(�T ⇤ � T2) + |q|(T1 � T2)
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Ṡ1 = d(S⇤ � S1) � |q|(S1 � S2)
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Ṡ1 = d(S⇤ � S1) � |q|(S1 � S2)
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Ṫ1 = c(T ⇤ � T1) � |q|(T1 � T2)
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Ṡ2 = d(�S⇤ � S2) + |q|(S1 � S2)

Models: Heat flux resulting from horizontal redistribution by the

circulations of the oceans and atmosphere

• Etransport = C(T � T ) (relaxation to the mean)

• Etransport = Dr2T = D
@

@y
(1 � y2)

@T

@y
(di↵usion process)

Energy
out

= A + BT (y, t) y = ⌘ = 0 What happens if A increases?

Black: Equlibrium profile

T ⇤
⌘

(y)

Red: Observations A (W/m2)

A = 213 W/m2 ⌘-nullcline w-nullcline

x⇤ =
�

� + |f |
, y⇤ =

1

1 + |f |
�f = �y⇤ + Rx⇤ = �

1

1 + |f |
+ R

�

� + |f |
= �(f,R, �)

Flow rate: kq = 2⇢0↵T ⇤(�y + Rx) = k
cf

2
, R =

�S⇤

↵T ⇤ f =
1

�
(�y + Rx), � =

ck

4⇢0↵T ⇤

dx

d⌧
= �(1 � x) � |f |x

dy

d⌧
= 1 � y � |f |y

y =
T

T ⇤ , x =
S

S⇤ , ⌧ = ct, � =
d

c
, f = 2

q

c

Flow rate: kq = ⇢1 � ⇢2 = 2⇢0(�↵T + �S) kq = 2⇢0(�↵T + �S)

Density ⇢ = ⇢(T, S) = ⇢0(1 � ↵T + �S), ↵,� > 0⇢0 reference density

Flow rate q: proportional to

density di↵erences
kq = ⇢1 � ⇢2
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Stommel’s model: Bifurcations 
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Stommel’s model: Bifurcations 

Increase the flow resistance 
sufficiently and the stable node 
and saddle disappear. The Gulf 
Stream will eventually reverse. 

�

1

= �2.84863,�
2

= 0.760883 R =
�S

⇤

↵T

⇤ � =
c

4⇢
0

↵T

⇤k f =
2q

c

v
1

= (0.286036, 0.958219)
v
2

= (0.610234, 0.792222)

f

1

= �1.06791
f

2

= �0.307027
f

3

= 0.21909

J(x
1

, y

1

) = (x
1

, y

1

) is a stable node ⌧

2 � 4D = 2.47951 > 0

(x
1

, y

1

) = (0.134999, 0.48358) trace ⌧ = �4.3704 < 0 determinant D = 2.74642 > 0

(x
2

, y

2

) = (0.351845, 0.765095) J(x
2

, y

2

) = trace ⌧ = �2.08775 < 0
determinant D = �2.16747 < 0 (x

2

, y

2

) is a saddle

⌧

2 � 4D = �13.2941 < 0 (x
3

, y

3

) is a stable spiral (x
3

, y

3

) = (0.432051, 0.820284)

a = (x
1

, y

1

) b = (x
2

, y

2

) c = (x
3

, y

3

) J(x
3

, y

3

) = trace ⌧ = �1.82394 < 0
determinant D = 4.15521 > 0

J(x, y) =

"
�� + 1

�(y � 2Rx) 1

�x

�R
� y �1 + 1

�(2y � Rx)

#

J(x, y) =

"
�� + 1

�(�y + 2Rx) � 1

�x

R
� y �1 + 1

�(�2y + Rx)

#

(x
1

, y

1

) (x
2

, y

2

) (x
3

, y

3

) f = 0 f > 0 f < 0

dx

d⌧

= �(1 � x) � |f |x

dy

d⌧

= 1 � y � |f |y

� = 1/6 �f = �y + Rx

R = 2

� = 0.4 �f �(f) �f = �(f ;R, �) = �
1

1 + |f |
+

R�

� + |f |
= �y

⇤ + Rx

⇤

Equilibrium x

⇤ =
�

� + f

0 , y

⇤ =
1

1 + f

0

� =
1

↵T

⇤

✓
⇢

⇢

0

� 1

◆
= �y + Rx ⇢ = ⇢

0

(1 + ↵T

⇤(�y + Rx)) � =
d

c

f

0 =
q

c

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

x salinity

y
te
m
pe
ra
tu
re

Now decrease � ) decrease the resistance in the capillary

Increase k ) increase � : Increase the resistance in the capillary

Solutions of �f = �(f,R, �) yield equilibria (x⇤, y⇤)



SIAM MPE16 

The stable node a and the saddle b 
have remerged, but it is difficult to get 
to a. The Gulf Stream is still reversed. 

Now decrease � ) decrease the resistance in the capillary

Increase k ) increase � : Increase the resistance in the capillary

Solutions of �f = �(f,R, �) yield equilibria (x⇤, y⇤) � = 0.33
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Now decrease � ) decrease the resistance in the capillary

Increase k ) increase � : Increase the resistance in the capillary

Solutions of �f = �(f,R, �) yield equilibria (x⇤, y⇤) � = 0.2

We are back to our original parameters, 
but the Gulf Stream is still reversed. 
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Stommel’s model: Hysteresis 
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The flow resistance 
is below the original 
value. Point a is the 
dominant attractor. 

Perhaps the Gulf Stream 
will find a way to 
return to normal. 

Stommel’s model: Hysteresis 
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Stommel’s model: Hysteresis 
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Now decrease � ) decrease the resistance in the capillary

Increase k ) increase � : Increase the resistance in the capillary

Solutions of �f = �(f,R, �) yield equilibria (x⇤, y⇤) � = 0.2
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Density ⇢ = ⇢(T, S) = ⇢0(1 � ↵T + �S), ↵,� > 0⇢0 reference density

Flow rate q: proportional to

density di↵erences
kq = ⇢1 � ⇢2

Ṫ = c(T ⇤ � T ) � 2|q|T
Ṡ = d(S⇤ � S) � 2|q|S
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Models: Heat flux resulting from horizontal redistribution by the

circulations of the oceans and atmosphere
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Atlantic Meridional Overturning Circulation 

L. G. Henry, J. F. McManus, W. B. Curry, N. L. Roberts, A. M. Piotrowski, L. D. Keigwin, 
North Atlantic ocean circulation and abrupt climate change during the last glaciation, 
Science, June 30, 2016. 

“The last ice age wasn’t one long big chill. Dozens of times temperatures abruptly 
rose or fell, causing all manner of ecological change. 
 

Now, scientists have implicated the culprit behind those seesaws—changes to a 
conveyor belt of ocean currents known as the Atlantic Meridional Overturning 
Circulation (AMOC). 
 

Eric Hand, http://www.sciencemag.org/news/2016/06/crippled-atlantic-
conveyor-triggered-ice-age-climate-change 

These currents, which today drive the Gulf Stream, bring warm surface waters 
north and send cold, deeper waters south. But they weakened suddenly and 
drastically, nearly to the point of stopping, just before several periods of 
abrupt climate change, researchers report today in Science.” 
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Advertisement 

Saturday, October 1 
 

MS13 
Mathematics and Conceptual Climate Modeling 
 

9:30 AM - 11:30 AM       Room: Concerto B - 3rd Floor 

9:30-9:55 Conceptual Models: Understanding Past Climate Through Mathematics  
Esther Widiasih  
 

10:00-10:25 Peatlands, Agriculture, and the Carbon Budget: A Conceptual Model for 
15kyr Bp to the Present,  Alice Nadeau 
 

10:30-10:55 Palaeoclimate Dynamics Modelled with Delay Equations, Courtney Quinn  
 

11:00-11:25 Improved Validation of Conceptual Climate Models Using Data Analysis 
Techniques, Charles D. Camp 
 

Thank you for your attention! 


