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Wright’s	Equa6on	
𝑦↑′ (𝑡)=−𝛼 𝑦(𝑡−1)[1+𝑦(𝑡)]	
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Slowly	Oscilla6ng	Periodic	Solu6ons	
A	func6on	is	a	Slowly	Oscilla6ng	Periodic	Solu6on	(SOPS)	if	it
•  It	is	a	solu6on	to	Wright’s	equa6on	
•  It	is	posi&ve	for	at	least	one	second,	and	then	…	
•  It	is	nega&ve	for	at	least	one	second,	and	then	…	
•  It	repeats!	



SOPS	Exist	

𝑦↑′ (𝑡)=−𝛼 𝑦(𝑡−1)[1+𝑦(𝑡)]; 	𝛼=2.0	
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Theorem	(Jones,	1962):	For	every	𝛼>𝜋/2	there	exists	at	
least	one	slowly	oscilla6ng	periodic	solu6on	(SOPS)	to	
Wright’s	equa6on	
	
	



Conjectures	

•  Wright’s	Conjecture:	
For	𝛼∈(0,𝜋/2]	zero	is	the	global	aCractor	
	
	

•  Jones’	Conjecture:		
For	𝛼>𝜋/2	there	is	a	unique	slowly	oscilla6ng	
periodic	orbit	(SOPS)	



The	conjectured	bifurca6on	diagram	for	Wright’s	equa6on	



What	could	go	wrong?	 	 	 	Fold	bifurca6ons!	



What	could	go	wrong?	 	 	 	Isolas	of	SOPS!	



(1991)	Xie	



(2010)	Lessard		



(2014)	Banhelyi,	Csendes,	Krisz6n,	Neumaier	



(2017)*	JaqueCe,	Lessard,	Mischaikow	



(2017)*	van	den	Berg,	JaqueCe	



Our	Results	

•  For	𝛼∈(0,𝜋/2]	zero	is	the	global	aCractor	
•  For	𝛼∈[1.9,6.0]	there	is	a	unique	SOPS	to	
Wright’s	equa6on	

•  There	are	no	subsequent	bifurca6ons	in	the	
branch	of	SOPS	origina6ng	at	𝛼=𝜋/2	



Proof	of	Wright’s	Conjecture	

•  Wright’s	Conjecture:	For	𝛼∈(0,𝜋/2]	zero	is	
the	global	aCractor	
– Zero	is	the	global	aCractor	⇔ no	SOPS	
–  It	suffices	to	show	that	there	are	no	SOPS	for	
𝛼∈[1.5706, 𝜋/2  ]	



Outline	of	the	Rest	of	Talk	

•  Interpret	Wright’s	Equa6on	as	a	Func6onal	Equa6on	
– 𝑦(𝑡)	is	periodic	 	⇔ 	𝐹(𝑥)=0	

•  Fixed	Point	Problem	
– 𝐹(𝑥)=0 	 	⇔ 	𝑇:𝐵→𝐵	has	a	fixed	point		has	a	fixed	point	

•  Radii	Polynomials		
–  Technique	for	proving	Banach	fixed	point	theorem	

•  Tie	together	local	and	global	results	



Fourier	Series	

•  For	frequency	𝜔>0	we	can	write	a	periodic	solu6on	as		

                               𝑦(𝑡)=∑𝑘∈ℤ↑▒𝑎↓𝑘 𝑒↑𝑖𝜔𝑘𝑡                         
𝑎↓𝑘 ∈ℂ 	

•  Since	𝑦(𝑡)∈ℝ	then	𝑎↓−𝑘 = 𝑎↓𝑘↑∗ 	
•  Solu6ons	to	Wright’s	equa6on	sa6sfy	 𝑎↓0 =0	
•  Define	the	space	
ℓ↑1 ≔ {{𝑎↓𝑘 }↓𝑘≥1 :∑𝑘≥1↑▒| 𝑎↓𝑘 | <∞}	



Wright’s	Equa6on	in	Fourier	Space	

•  For	frequency	𝜔	we	can	write	a	periodic	solu6on	as		
                               𝑦(𝑡)=∑𝑘∈ℤ↑▒𝑎↓𝑘 𝑒↑𝑖𝜔𝑘𝑡                         

𝑎↓𝑘 ∈ℂ 	
•  We	can	rewrite	Wright’s	equa6on	…	

𝑦↑′ (𝑡)=−𝛼 𝑦(𝑡−1)[1+𝑦(𝑡)]	
•  …	in	each	mode	using	the	func6on	𝐺(𝛼,𝜔,𝑎)	
[𝐺(𝛼,𝜔,𝑎)]↓𝑘 ≔ 𝑖𝜔𝑘 𝑎↓𝑘 +𝛼𝑒↑−𝑖𝜔𝑘 𝑎↓𝑘 +𝛼∑𝑘↓1 + 𝑘↓2 

=𝑘↑▒𝑒↑−𝑖𝜔𝑘↓1  𝑎↓𝑘↓1  𝑎↓𝑘↓2   	



Equivalence	Theorem	(1)	

•  Let	𝑎∈ ℓ↓↑1 , 𝛼>0,𝜔>0	
•  Define	𝑦:ℝ→ℝ	as		

𝑦(𝑡)=∑𝑘=1↑∞▒𝑎↓𝑘 𝑒↑𝑖𝜔𝑘𝑡 + 𝑎↓𝑘↑∗ 𝑒↑−𝑖𝜔𝑘𝑡  	
	

•  Then	𝑦(𝑡)	is	a	periodic	solu6on	to	Wright’s	
equa6on		if	and	only	if	G(𝛼,𝜔,𝑎 )=0	



Banach	Algebra	
•  Define	basis	vectors	𝑒↓𝑘 ∈ ℓ↑1 	as	

[𝑒↓𝑘 ]↓𝑗 ={█1    if k=j0    if k≠𝑗  	
•  We	define	the	norm	on	ℓ↑1 	as	follows	

‖𝑎‖= ‖𝑎‖↓ℓ↑1  ≔2 ∑𝑘=1↑∞▒| 𝑎↓𝑘 | 		
•  For	𝑎, 𝑎 ∈ ℓ↑1 	we	define	the	discrete	convolu6on	
[𝑎∗𝑎 ]↓𝑘 =∑█𝑘↓1 , 𝑘↓2 ∈ℤ𝑘↓1 + 𝑘↓2 =𝑘 ↑▒𝑎↓𝑘↓1  𝑎 ↓𝑘↓2   	

	 	 𝑎↓−𝑘 = 𝑎↓𝑘↑∗ 	
•  Then	we	have	{𝑎∗𝑎 }↓𝑘≥1 ∈ ℓ↑1 	and		

‖𝑎∗𝑎 ‖≤‖𝑎‖⋅‖𝑎 ‖	



Defining	Some	Operators	
•  We	define	a	compact	operator	𝐾	
–  [𝐾𝑎]↓𝑘 ≔ 𝑎↓𝑘 /𝑘 
– 𝐾𝑎={𝑎↓1 /1  , 𝑎↓2 /2  , 𝑎↓3 /3  , 𝑎↓4 /4  , 𝑎↓5 /5  ,…}	

•  …	and	a	unitary	operator	 𝑈↓𝜔 	
–  [𝑈↓𝜔 𝑎]↓𝑘 ≔ 𝑒↑−𝑖𝑘𝜔 𝑎↓𝑘 
–  𝑈↓𝜔 𝑎={ 𝑒↑−𝑖𝜔 𝑎↓1 , 𝑒↑−2𝑖𝜔 𝑎↓2 ,…}	

•  …	so	that	we	can	write	our	func6on		
[𝐺(𝛼,𝜔,𝑎)]↓𝑘 = 𝑖𝜔𝑘 𝑎↓𝑘 +𝛼𝑒↑−𝑖𝜔𝑘 𝑎↓𝑘 +𝛼∑𝑘↓1 

+ 𝑘↓2 =𝑘↑▒𝑒↑−𝑖𝜔𝑘↓1  𝑎↓𝑘↓1  𝑎↓𝑘↓2   	
•  all	in	one	condensed	equa6on		
𝐺(𝛼,𝜔,𝑎)=(𝑖𝜔𝐾↑−1 +𝛼𝑈↓𝜔 )𝑎+𝛼(𝑈↓𝜔 𝑎)∗𝑎	

	



Hopf	Bifurca6on	
•  The	Hopf	normal	form	is	
𝒛↑′ (𝑡)= �
   𝒛(𝜆+𝑖)+𝒛|𝒛↑𝟐 |(𝛽+𝑖𝛾) 	

•  If	𝛽<0	then	the	bifurca6on	is	
supercri&cal	

•  There	is	a	stable	limit	cycle	for	
𝜆>0	given	by…	

𝑧(𝑡)=𝜖𝑒↑𝑖𝜔𝑡 	
				where		
𝜖=√−𝜆/𝛽  	
𝜔=1+𝛾𝜖↑2 	
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Phase	Condi6on	

•  If	𝑦(𝑡)	is	a	periodic	solu6on,	then	so	is	𝑦(𝑡+𝜏)	
•  Write	 a↓1 =𝝐 𝑒↑𝑖𝜃 	with	𝝐≥𝟎 	
and	choose	𝜏≔−𝜃/𝜔,	

𝑎↓1 𝑒↑𝑖𝜔(𝑡+𝜏) =𝝐 𝑒↑𝑖𝜔𝑡 	
•  	Without	loss	of	generality,	write	𝑎∈ ℓ↑1 	as		

𝑎=𝝐𝑒↓1 + 𝑐 ,	 	with	 𝑐 ∈ ℓ↓0↑1 
�

ℓ↓0↑1 ≔ {𝑐 ∈ ℓ↑1 :𝑐 ↓1 =0}	
	



Turning	𝜖	into	a	Parameter	
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Turning	𝜖	into	a	Parameter	
•  Rewrite	the	func6on	𝐺(𝛼,𝜔,𝑎)	

𝐺(𝛼,𝜔,𝑎)≔(𝑖𝜔𝐾↑−1 +𝛼𝑈↓𝜔 )𝑎+𝛼(𝑈↓𝜔 𝑎)∗𝑎	
						using	the	change	of	variables,	𝑎=𝜖𝑒↓1 + 𝑐 		
	
𝐺(𝛼,𝜔,𝜖𝑒↓1 + 𝑐 )= 𝐹 ↓𝜖 (𝛼,𝜔, 𝑐 )	

•  𝐹 ↓𝜖 (𝛼,𝜔, 𝑐 )≔ �
(𝑖 𝜔+𝛼𝑒↑−𝑖 𝜔 )𝜖𝑒↓1 +(𝑖 𝜔𝐾↑−1 +𝛼𝑈↓𝜔 )𝑐 �
+ 𝜖↑2 𝛼𝑒↑−𝑖 𝜔 𝑒↓2 +𝛼𝜖𝐿↓𝜔 𝑐 +𝛼(𝑈↓𝜔 𝑐 )∗𝑐 	

					where	we	define	
–  	 𝐿↓𝜔 ≔ 𝜎↑+ (𝑒↑−𝑖𝜔 𝐼+ 𝑈↓𝜔 )+ 𝜎↑− ( 𝑒↑𝑖𝜔 𝐼+ 𝑈↓𝜔 )	
–  𝜎↑+ 	is	the	right	shij	operator	
–  𝜎↑− 	is	the	lej	shij	operator	



Equivalence	Theorem	(2)	

•  Let	𝜖≥0, 𝑐 ∈ ℓ↓0↑1 ,𝛼>0,𝜔>0	

•  Define	𝑦:ℝ→ℝ	as		

𝑦(𝑡)=𝜖(𝑒↑𝑖𝜔𝑡 + 𝑒↑−𝑖𝜔𝑡 )+∑𝑘=2↑∞▒𝑐 ↓𝑘 𝑒↑𝑖𝜔𝑘𝑡 
+ 𝑐 ↓𝑘↑∗ 𝑒↑−𝑖𝜔𝑘𝑡  	

	

•  Then	𝑦(𝑡)	is	a	periodic	solu6on	to	Wright’s	equa6on		

	 	 	 	if	and	only	if	𝐹 ↓𝜖 (𝛼,𝜔, 𝑐  )=0	



Epsilon	Rescaling	
•  We	want	to	use	a	Newton-like	method	to	solve		𝐹 
↓𝜖 (𝛼,𝜔, 𝑐 )=0	for	small	values	of	𝜖	

•  At	the	bifurca6on	point	𝐷𝐹 ↓0 (𝜋/2 , 𝜋/2 ,0)	is	
not	inver6ble	

•  Make	the	change	of	variables	𝑐 =𝜖𝑐	and	define	
𝐹 ↓𝜖 (𝛼,𝜔,𝜖𝑐)=𝜖𝐹↓𝜖 (𝛼,𝜔,𝑐)	

𝐹↓𝜖 (𝛼,𝜔,𝑐 )≔ (𝑖 𝜔+𝛼𝑒↑−𝑖 𝜔 )𝑒↓1 +(𝑖 𝜔𝐾↑−1 +𝛼
𝑈↓𝜔 )𝑐+𝜖𝛼(𝑒↑−𝑖 𝜔 𝑒↓2 + 𝐿↓𝜔 𝑐+(𝑈↓𝜔 𝑐)∗𝑐)	



Equivalence	Theorem	(3)	

•  Let	𝜖>0, 𝑐∈ ℓ↓0↑1 , 𝛼>0,𝜔>0	

•  Define	𝑦:ℝ→ℝ	as		

𝑦(𝑡)=𝜖(𝑒↑𝑖𝜔𝑡 + 𝑒↑−𝑖𝜔𝑡 )+𝜖∑𝑘=2↑∞▒𝑐↓𝑘 
𝑒↑𝑖𝜔𝑘𝑡 + 𝑐↓𝑘↑∗ 𝑒↑−𝑖𝜔𝑘𝑡  	

	

•  Then	𝑦(𝑡)	is	a	periodic	solu6on	to	Wright’s	equa6on		

	 	 	 	if	and	only	if	𝐹↓𝜖 (𝛼,𝜔,𝑐)=0	



Newton’s	Method		

•  Newton’s	Method	produces	a	sequence	by	
𝑥↓𝑛+1 ≔ 𝑥↓𝑛 − 𝑓(𝑥↓𝑛 )/𝑓↑′ (𝑥↓𝑛 )  	

•  The	same	principal	works	in	infinite	
dimensions	
– Need	approximate	solu6on	
– Need	approximate	inverse-deriva6ve	



Newton-Like	Operator	
•  Apply	contrac6on	mapping	principle	to	a	Newton-like	

operator  𝑇(𝑥)≔𝑥− 𝐴↑† 𝐹(𝑥)	
•  While	𝐴↑† ,𝐹,𝑇	all	depend	on	𝜖≥0,	we	suppress	this	in	

the	nota6on	



Approximate	Solu6on	

•  Using	normal	forms	
theory,	we	define	the	
approximate	solu6on	 𝑥 
↓𝜖 :ℝ↓+ →ℝ↑2 × ℓ↓0↑1 	

•  𝑥 ↓𝜖 ={𝛼 ↓𝜖 , 𝜔 ↓𝜖 , 𝑐 ↓𝜖 }
–  𝛼 ↓𝜖 ≔ 𝜋/2 + 𝜖↑2 /5 (

3𝜋/2 −1)	
–  𝜔 ↓𝜖 ≔ 𝜋/2 − 𝜖↑2 /5 	
–  𝑐 ↓𝜖 ≔(2−𝑖/5 )𝜖 𝑒↓2 	

𝛼	

𝜖	

𝑡	

𝑦	



Approximate	Deriva6ve	

•  Next	we	define	𝐴↑† 	for	our	Newton-like	operator	
𝑇(𝑥)≔𝑥− 𝐴↑† 𝐹(𝑥)	



Approximate	Deriva6ve	
•  Define	the	map	𝐴↑† =𝐷𝐹(𝑥 ↓𝜖 )↑−1 +𝒪( 𝜖↑2 )	by	
𝑨↑† ≔ 𝑨↓𝟎↑−𝟏 −𝝐𝑨↓𝟎↑−𝟏 𝑨↓𝟏 𝑨↓𝟎↑−𝟏 	
•  Define	the	maps		

–  	 𝑖↓ℂ (𝑠,𝑡)≔𝑠+𝑖 𝑡	
–  	 𝐴↓0 𝑥= 𝐴↓0 (𝛼,𝜔,𝑐)≔ 𝑖↓ℂ 𝐴↓0,1 [█𝛼@𝜔 ]𝑒↓1 + 𝐴↓0,∗ 𝑐	
–  	 𝐴↓1 𝑥= 𝐴↓1 (𝛼,𝜔,𝑐)≔ 𝑖↓ℂ 𝐴↓1,2 [█𝛼@𝜔 ]𝑒↓2 + 𝐴↓1,∗ 𝑐	

•  Define	 𝜔↓0 =𝜋/2,	and	the	maps…			
𝐴↓0,1 ≔ [█0&− 𝜋/2 @−1&1 ] 	 	 	 𝐴↓1,2 ≔ 1/5  
[█−2&2− 3𝜋/2 @−4&2(2+𝜋) ]�

𝐴↓0,∗ ≔ 𝜋/2 (𝑖𝐾↑−1 + 𝑈↓𝜔↓0  ) 	 	 	 𝐴↓1,∗ ≔ 𝜋/2 
𝐿↓𝜔↓0   		



Equivalence	Theorem	(4)	

•  Define	the	Newton-like	operator	
𝑇(𝑥)≔𝑥− 𝐴↑† 𝐹(𝑥)	

•  For	0≤𝜖<0.79 the	operator	 𝐴↑† 	is	injec6ve	
and	the	following	are	equivalent:	
– Fixed	points	of	𝑇(𝑥)		
– Zeros	of	𝐹(𝑥)		
– SOPS	to	Wright’s	equa6on	



Newton-Like	Operator	

•  To	have	a	contrac6on	mapping,	we	need	
𝑇(𝐵)⊆𝐵	



A	Ball	about	our	Approxima6on		

•  Let	𝜖≥0, 𝑟 ={𝑟↓𝛼 , 𝑟↓𝜔 , 𝑟↓𝑐 }∈ ℝ↑3 ,𝜌>0	
•  Define	 𝑩↓𝝐 (𝒓 ,𝝆)	to	be	the	collec6on	of	
points	{𝛼,𝜔,𝑐}∈ ℝ↑2 × ℓ↓0↑1 	sa6sfying	…	

•  |𝛼− 𝛼 ↓𝜖 |≤ 𝑟↓𝛼 	
•  |𝜔− 𝜔 ↓𝜖 |≤ 𝑟↓𝜔 	
•  ||𝑐− 𝑐 ↓𝜖 ||≤ 𝑟↓𝑐 	
•  || 𝐾↑−1 𝑐||≤𝜌		

•  𝜌	makes	the	ball	compact!		makes	the	ball	compact!	

			  {𝛼 ↓𝜖 , 𝜔 ↓𝜖 , 𝑐 ↓𝜖 }	is	the	approximate	solu6on		



Radii	Polynomials	

•  For		𝑇(𝑥 ↓𝜖 )− 𝑥 ↓𝜖 ∈ ℝ↑1 × ℝ↑1 × ℓ↓0↑1 			
we	define	𝑌(𝜖)∈ ℝ↑3 		
which	provides	a	component-wise	bound	

•  For	𝐷𝑇(𝑥)∈ℒ(ℝ↑1 × ℝ↑1 × ℓ↓0↑1 , ℝ↑1 × ℝ↑1 
× ℓ↓0↑1 )		
we	define	𝑍(𝜖, 𝑟 ,𝜌)∈Mat(ℝ↑3 , ℝ↑3 )		
which	provides	a	component-wise	bound	for	all	𝑥∈ 𝐵↓𝜖 ( 
𝑟 ,𝜌)	

•  Define	the	radii	polynomials:	

𝑃(𝜖, 𝑟 ,𝜌)≔𝑌(𝜖)−[𝐼−𝑍(𝜖, 𝑟 ,𝜌)]⋅ 𝑟 	
	

If	each	component	of	𝑃(𝜖, 𝑟 ,𝜌)	is	nega6ve,		
then	there	is	a	unique	 𝑥 ↓𝜖 ∈ 𝐵↓𝜖 ( 𝑟 ,𝜌)		

such	that	𝑇(𝑥 ↓𝜖 )= 𝑥 ↓𝜖 	



Radii	Polynomials:	Uniform	in	ϵ	

•  𝑃(𝜖, 𝑟 ,𝜌)	is	increasing	in	𝜖	
•  If	0≤𝜖≤ 𝜖↓0 	then	
𝑃(𝜖↓0 , 𝑟 ,𝜌)<0⇒𝑃(𝜖, 𝑟 ,𝜌)<0	
•  If	each	component	of	𝑃( 𝜖↓0 , 𝑟 ,𝜌)	is	nega6ve,		
then	for	all	𝟎≤𝝐≤ 𝝐↓𝟎  there	is	a	unique	𝑥 ↓𝜖 ∈ 
𝐵↓𝜖 ( 𝑟 ,𝜌)	such	that	𝑇(𝑥 ↓𝜖 )= 𝑥 ↓𝜖 	



Radii	Polynomials:	Uniform	in	ϵ	

•  For		𝑇(𝑥 ↓𝜖 )− 𝑥 ↓𝜖 ∈ ℝ↑1 × ℝ↑1 × ℓ↓0↑1 			
we	define	𝑌(𝜖)∈ ℝ↑3 		
which	provides	a	component-wise	bound	

•  For	𝐷𝑇(𝑥)∈ℒ(ℝ↑1 × ℝ↑1 × ℓ↓0↑1 , ℝ↑1 × ℝ↑1 
× ℓ↓0↑1 )		
we	define	𝑍(𝜖, 𝑟 ,𝜌)∈Mat(ℝ↑3 , ℝ↑3 )		
which	provides	a	component-wise	bound	for	all	𝑥∈ 𝐵↓𝜖 ( 
𝑟 ,𝜌)	

•  Define	the	radii	polynomials:	

𝑃(𝜖, 𝑟 ,𝜌)≔𝑌(𝜖)−[𝐼−𝑍(𝜖, 𝑟 ,𝜌)]⋅ 𝑟 	
	

If	each	component	of	𝑃( 𝜖↓0 , 𝑟 ,𝜌)	is	nega6ve,		
then	for	all	𝟎≤𝝐≤ 𝝐↓𝟎  there	is	a	unique	 𝑥 ↓𝜖 ∈ 𝐵↓𝜖 ( 

𝑟 ,𝜌)		
such	that	𝑇(𝑥 ↓𝜖 )= 𝑥 ↓𝜖 	



Radii	Polynomials:	Uniform	in	 ϵ↑2 	

•  𝑃(𝜖, 𝜖↑2 𝑟 ,𝜌)	is	increasing	in	𝜖	
•  If	0≤𝜖≤ 𝜖↓0 	then	
𝑃(𝜖↓0 , 𝝐↓𝟎↑𝟐 𝑟 ,𝜌)<0⇒𝑃(𝜖, 𝝐↑𝟐 𝑟 ,𝜌)<0	
•  If	each	component	of	𝑃( 𝜖↓0 , 𝜖↓0↑2 𝑟 ,𝜌)	is	
nega6ve,		
then	for	all	0≤𝜖≤ 𝜖↓0  there	is	a	unique	𝑥 ↓𝜖 ∈ 
𝐵↓𝜖 ( 𝜖↑2 𝑟 ,𝜌)	such	that	𝑇(𝑥 ↓𝜖 )= 𝑥 ↓𝜖 	



Radii	Polynomials:	Uniform	in	 𝜖↑2 	

•  For		𝑇(𝑥 ↓𝜖 )− 𝑥 ↓𝜖 ∈ ℝ↑1 × ℝ↑1 × ℓ↓0↑1 			
we	define	𝑌(𝜖)∈ ℝ↑3 		
which	provides	a	component-wise	bound	

•  For	𝐷𝑇(𝑥)∈ℒ(ℝ↑1 × ℝ↑1 × ℓ↓0↑1 , ℝ↑1 × ℝ↑1 
× ℓ↓0↑1 )		
we	define	𝑍(𝜖, 𝑟 ,𝜌)∈Mat(ℝ↑3 , ℝ↑3 )		
which	provides	a	component-wise	bound	for	all	𝑥∈ 𝐵↓𝜖 ( 
𝑟 ,𝜌)	

•  Define	the	radii	polynomials:	

𝑃(𝜖, 𝑟 ,𝜌)≔𝑌(𝜖)−[𝐼−𝑍(𝜖, 𝑟 ,𝜌)]⋅ 𝑟 	
	

If	each	component	of	𝑃( 𝜖↓0 , 𝝐↓𝟎↑𝟐 𝒓 ,𝜌)	is	nega6ve,		
then	for	all	0≤𝜖≤ 𝜖↓0  there	is	a	unique	 𝑥 ↓𝜖 ∈ 𝐵↓𝜖 ( 𝝐↑𝟐 

𝒓 ,𝜌)		
such	that	𝑇(𝑥 ↓𝜖 )= 𝑥 ↓𝜖 	



Applica6ons	(1)	
•  Fix	the	constants:	

–  𝜖↓0 =0.10	
–  𝑟↓𝛼 =0.0594	
–  𝑟↓𝜔 =0.0260	
–  𝑟↓𝑐  =0.4929	
–  𝜌  =0.3191	

•  The	black	line	is	𝒙 ↓𝝐  	
The	blue	region	is	𝐵↓𝜖 ( 𝜖↑2 
𝑟,𝜌)	

•  For	all	0≤𝜖≤ 𝜖↓0 		
there	is	a	unique		
𝑥 ↓𝜖 ∈ 𝐵↓𝜖 ( 𝜖↑2 𝑟,𝜌)		
such	that	𝑇(𝑥 ↓𝜖 )= 𝑥 ↓𝜖 	

•  For	𝜖>0 these	solu6ons	𝐹(𝛼 
↓𝜖 , 𝜔 ↓𝜖 , 𝑐 ↓𝜖 )=0		
sa6sfy	 𝛼 ↓𝜖 >𝜋/2	



Applica6ons	(2)	
•  Fix	the	constants:	

–  𝜖↓0 =0.029	
–  𝑟↓𝛼 =0.13	
–  𝑟↓𝜔 =0.17	
–  𝑟↓𝑐  =0.17	
–  𝜌  =1.78	

•  The	black	line	is	𝒙 ↓𝝐  		
The	red	region	is	𝐵↓𝜖 
(𝑟,𝜌)	

•  For	all	0≤𝜖≤ 𝜖↓0 		
there	is	a	unique		
𝑥 ↓𝜖 ∈ 𝐵↓𝜖 (𝑟,𝜌)		
such	that	𝑇(𝑥 ↓𝜖 )= 𝑥 ↓𝜖 	



Large	and	Small	Radii	

•  Fix	0<𝜖≤0.029	
•  There	is	a	unique	SOPS	
𝑥 ↓1 ∈ 𝐵↓𝜖 ( 𝑟↓1 , 𝜌↓1 ) 	
•  There	is	a	unique	SOPS	
𝑥 ↓2 ∈ 𝐵↓𝜖 ( 𝑟↓2 , 𝜌↓2 )	
•  	 𝐵↓𝜖 (𝑟↓1 , 𝜌↓1 )⊂ 𝐵↓𝜖 ( 
𝑟↓2 , 𝜌↓2 )	
–  𝑥 ↓1 = 𝑥 ↓2 	
–  No	SOPS	in	

	 𝐵↓𝜖 ( 𝑟↓2 , 𝜌↓2 )\ 𝐵↓𝜖 ( 
𝑟↓1 , 𝜌↓1 )	

No		
SOPS	

Unique	
SOPS	

Unique	
SOPS	



Sketch	of	Proof	
•  The	blue	region	

sa6sfies	𝛼> 𝜋/2 	
•  There	cannot	be	any	

SOPS	in	the	red	region	
•  The	green	region	is	the	

only	place	SOPS	could	
be	if	𝛼∈[1.5706, 𝜋/2  ]	

•  The	green	region	is	
contained	inside	the	
red	region	

•  Hence,	there	cannot	be	
any	SOPS	for	𝛼∈[1.5706, 𝜋/
2  ]	



Summary	



Summary	



Thank	You!	


