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motivation: data analysis

@ objects: butterfly wings, movies, websites
o features:

» butterfly wings: color, texture, shape, enviroment, etc.
» movies: ratings, box office, cast, profit, etc.

» websites: content relavence, updating frequency, metadata, click rates,

etc.
object: described by n features ~~ column vector a € R”
data set: k objects
al,...,ak ER"~ A= [al,...,ak] e Rxk

naive idea: analyze data sets on R"*K

bad news: A depends on choice of coordinates :(
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motivation: data analysis

@ good news: can use geometry !
o A: span of a,...,ax € R™k s A € Gr(k, n)

Gr(1,3) ~ P2

@ new idea: optimization on Gr(k, n) (Absil-Mahony-Sepulchre)
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optimization algorithms on manifolds

(M, g): Riemannian manifold

F: M — R smooth

goal: a critical point x € M of F, i.e,, VF(x) =0
Newton's method on manifolds

input: initial value xg

step 1: for k =0,1,... solve for Y, € T, M

H(F)x (Yi: Yi) = =V F(x«)

@ step 2: minimize F along the geodesic v(xk, Yx)(t)
o step 3: set X1 = Y(xk, Yi)(t)
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optimization on manifolds

(M, g): Riemannian manifold

@ ingredients: tangent spaces, geodesics, parallel transport, gradient
and Hessian

@ general M: no explicit formulal!

@ special M: homogeneous spaces G/H

@ examples:

Stiefel: Vi (R") = O(n)/ O(k)

Grassmannian: Gr(k, n) = O(n)/(O(k) x O(n — k))

flags: Flag,, ., =O(n)/(O(ny) x ---xO(ng)), m~+---+ng=n

fixed rank psd: Si(n, k) = GL(n)/Stabg

shape: (R¥*"\ {0})/O(n)

o this talk: flag manifolds Flag, ..

v

v vy VvYyy
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real world applications

@ Stiefel: computer vision, principal component analysis and
independent component analysis

@ Grassmannian: data comparison, dimension reduction

o flags: quantum information, nested data analysis

@ fixed rank psd: low rank approximation

@ shape: shape analysis
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@ nested data analysis

10 x 10 20 x 20 100 x 100

@ quantum information

» simulate quantum systems

» density matrix: state of a quantum system

» orbit of a density matrix: all states of a quantum system
> orbital optimization: complex flag manifold
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review: flag manifolds

@ V: n-dimensional real vector space

ed<n

o flag of type (n1,...,nq): {0} C V1 C--- CVy=V

e dmV; = 215'21 ns

o Flag, ., = setof all flags of type (n1,...,nq)

@ Flagp,,... n, is a smooth manifold

® Flagy, . .n, is a homogeneous space: O(n)/(O(n1) X --- x O(ng))
e d=2: Gr(ny,n)

e over C: complex flag manifolds U(n)/(U(n1) x --- x U(ng))
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ingredients for optimization: tangent spaces

Flagy, ny,n = O(n)/(O(m) x O(n2) x O(n3))

Vl _'C,_ Vg g V3 =V<+— [Q] = Q . (O(nl) X O(ng) X O(n3))
Q=[Q1, @, Q3] € O(n): Qe R™™ QTQ; = ln,i =1,2,3
T1, Flag,, n.ns = 50(n)/(s0(n1) x s0(n2) x s0(n3))

s0(n) = n x n skew-symmetric matrices
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ingredients for optimization: tangent spaces

0 Bi»  Bis
(] T[I,,] F|:’:Ig”1’,.,2’n3 = —Bir2 0 823 : BU c Rnixnj, 1< I7é_j <3

-BL, -B, 0
0 B Bis
© Tio)FlBnmm = Q| ~BL 0 Bn| :BjeRN1<i#j<3
—Bj3 =By 0
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ingredients for optimization: Riemannian metric and
geodesics

e metric & on O(n): g(Q1, Q) = tr(Q] Q)

@ geodesics in O(n) through Q € O(n): Qexp(tX), X € so(n)
@ g induces a metric g on Flag, , ..

e why g7

e Gr(n1,n): symmetric space

o Flag,, n, n,: nOt symmetric

o (Flag,, n,.ns> &) is @ GO-space: every geodesic is obtained by a

geodesic in O(n)
e geodesics in Flag, . ... Qexp(tX)-(O(n) x O(n2) x O(n3))
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another formula for geodesics

need more computable formula

~(t) = [Q exp(tX)]: geodesic

7(0) = [Q],7/(t) = @X

X = VDV'T: spectral decomposition

D = diag { [_&1 Aol} [-OA, Ao] 0p2r . V € O(n)
(t) = [Ux(t)VT]

L CostA1 —sintA\ costA, —sint\,
(1) = dlag{ [sin tA1  costAp ] L [sin tA, CcOStA, } ,/n—2r}
U,V € O(n)
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distance on flag manifolds

° [Q1]7 [Q2] € Flagnhnz,ns
@ Hopf-Rinow Thm = 3 geodesic v(t), 7(0) = [Q1],7(1) = [Q2]
o QT Q= VEVT

s _ diag{ [cos)\l —sin )\1] L [cos)\, —sin )\,] ,/n—2r}

sin\1  cosAp sin\,  cos A\,

d([Q] [Qa]) = \/ i1 A
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ingredients for optimization: parellel transport

B, X € so(n)
—BiaXJs + X12B);  BriXos — X11Ba3
(,OB(X) = %[87 X]Eo(n) = X23B ZI_ BZ3X1 0 —BnX;rz +X1151r2
0

—X%Bl + BLX{,  X12Bf} — BiX{;
k
e~ ¥B = ( 1)
=2 k20

parallel transport of QX along [Q exp(tB)]: [Qexp(tB)e~¥#(X)]
Gr(n1, n): [Qexp(tB)X] (Absil-Mahony-Sepulchre)
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another description of Flag,,l,,,27,,3

@ as projections:

Flagnl,nz,n3 ~ {(Pl, Pz, P3) P; € Rnxn, 'D12 = P,', PlT = P,',
tr(P) = ns, PiPi=P;,1<i<j<3}
s=1

@ as quotient space: Flag, , . =~ St(n,n3)/(O(n1) x O(n2))

@ equivalence class:

Q@ 0 O
Al=<A|0 Q@ O0|:AcR™mim) ATo—y . -
1 2

0 0 @

Qi S O(ni)vi = 1a273}
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ingredients for optimization: gradient

F : Flag,, n, n, — R smooth

gradient: g(VF,X) = X(F)

[A] € Flagnl,ng,n3v Ae Rnx(n1+n2)7ATA = /n1+n2
A = [A1, A7)

D= (ngj) = [D1, D], D; e R™Mi [ =1,2
gradient: VF([A]) = [A1, A2]

Aj=D; = (AATD; + AiD A}), 1 < i #j <2
Gr(n1, n) : D — AAT D(Absil-Mahony-Sepulchre)
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ingredients for optimization: Hessian

F : Flag,, n,n, — R smooth
Hessian H(F)4):
» symmetric bilinear form on Tia Flagp, n,on

> H(F)pa(7'(0),7/(0) = &= le=o F(1(£)), 7(t) geodesic

_ &*F
FA A= (8x, 8Xk/ )

Hessian of F:

HF) (X, Y) =Faa(X., Y) + 2 (tr(F1QBTQTX)
+tr(FAQCTQTY) —tr(FAQ(B+ C)TQRT(X + Y)))

A= Qlpnitny X = Blonitn, Y = Clppygn,
Q € O(n), B, C € so(n)
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summary

assemble ingredients: Newton's method on Flag, ..
numerical experiments: available soon
numerical properties: convergence, stability?

other metrics?

other manifolds?
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Thank you for your attention!
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