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Climate change predictions

• Prediction for a low-emission mitigation scenario is given by
Representative Concentration Pathways (RCP) 2.6

• Prediction for a high-emission scenario is given by RCP 8.5

IPCC (2014)
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Shifting range boundaries

• Warming temperatures cause shifts in temperature isoclines towards the
poles and higher altitudes

• Species respond either by adapting or by migrating towards the poles
and higher altitudes

• The climate envelope is a patch of good habitat surrounded by bad
habitat

• The climate speed is c
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Can species keep up with the climate speed?

IPCC (2014)
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Shifting range boundaries and genetic diversity

• Founder effects occur when the gene pool for a new habitat is provided
by the few individuals who settle the unexplored region first

• Range expansions are thought to lead to a loss in diversity due to
successive founder effects (Mayr, 1942)

• Are expanding species able to maintain sufficient genetic diversity at the
leading edge of the migration?
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Questions for climate-induced range shifts

• What is the intrinsic spreading speed c∗ for the species due to combined
effects of growth and dispersal?

• Is this speed greater than the climate speed c?
• What is the effect of effect the size of the climate envelope L, as well as

these speeds, on population persistence during the range shift?
• If a population does persist during range shift, how does the genetic

diversity change over time? Are there significant founder effects?
• In terms of genetic diversity, what is the difference between range shift

due to climate change and expansion in a homogeneous environment?
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Outline

1 Intrinsic spreading speed c∗

2 Population persistence during range shift

3 Tracking neutral fractions and inside dynamics

4 Measuring diversity for neutral fractions

5 Conclusions

MARK A. LEWIS SIAM ANNUAL GENERAL MEETING 2017 7 / 35



Fisher’s model (1937)

Rate of change = Growth + Dispersal
of density

∂u
∂t = ru(1− u) + D∂2u

∂x2

where
u(x, t) = Population density

r = Intrinsic growth rate (units 1/time)
D = Diffusion coefficient (units space2/time)

f (u) = ru(1− u) nonlinear growth function

f (u)

u
1
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Spread with Fisher’s model

• Step function initial data converges wave with speed c∗ = 2
√

rD.
(Kolmogorov, Petrovskii and Piskunov, 1937).

• Compact initial data u0(x) converges to a wave expanding at speed c∗

(Aronson and Weinberger 1975, 1978).

c*
1

c*

• Proof uses a comparison theorem (solutions that are initially ordered
remain ordered for all time) plus super- and sub-solutions with speeds c∗

as t→∞

1
c*

c*

• Luther (1906) argued speed of a related chemical reaction was c∗ ∝
√

rD
using dimensional arguments.
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Travelling wave

• The model is
∂u
∂t

= f (u) + D
∂2u
∂x2

where f (0) = f (1) = 0 and f > 0 for 0 < u < 1.

• A travelling wave solution takes the form u(x, t) = U(z) where z = x− ct

cU′ + DU′′ + f (u) = 0

plus boundary conditions U(−∞) = 1, U(∞) = 0.

for z -∞

∞for z

1

0

There is a family of travelling wave solutions. A solution exists for each
c ≥ c∗. Hence the spreading speed coincides with the minimal travelling
wave speed.
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Comparison with data
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Outline

1 Intrinsic spreading speed c∗

2 Population persistence during range shift

3 Tracking neutral fractions and inside dynamics
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Shifting range boundaries

• The length of the climate envelope Ω is L
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Reaction diffusion model with a climate speed c

• We incorporate the shifting climate envelope into the reaction-diffusion
model

∂u
∂t

= f (x− ct,u) + D
∂2u
∂x2

where

f (x,u) = u g(x,u) for all x ∈ R and u ∈ [0, 1]

g(x,u) =

 −d, x 6∈ (0,L)

r
(
1− u

)
, x ∈ (0,L)

c: speed of climate change
L: length of the climate envelope;
d: death rate in the unsuitable regions;
r: per capita growth rate in the good habitat;
D: diffusion coefficient;
c∗ = 2

√
rD: spreading speed.
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Critical length depends on climate and spread speeds

Theorem (extinction, travelling pulse and convergence)

• Extinction: Whenever 0 < c < c∗ = 2
√

rD there exists a critical length

L∗(c∗, c) :=
c∗
r√

1−
( c

c∗
)2

arctan


√

d
r +

( c
c∗
)2√

1−
( c

c∗
)2


such that if L ≤ L∗(c∗, c) then u(t, x)→ 0 uniformly on R as t→ +∞.
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such that if L ≤ L∗(c∗, c) then u(t, x)→ 0 uniformly on R as t→ +∞.

• Travelling pulse: For L > L∗(c∗, c) there is exists a travelling pulse
u(x, t) = U(x− ct) satisfying

U′′c + cU′c + f (z,Uc) = 0

in R,U > 0 in R and U is bounded in R.

• Convergence: If u0 is nontrivial and compactly supported, the solution
converges to a traveling pulse for large time.

Potapov and Lewis (2004); Berestycki and Rossi (2007); Berestycki et al. (2009)
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Traveling pulse

−−> c

x
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Tracking neutral fractions inside the pulse dynamics

• To understand the effect of the traveling wave front dynamics on genetic
diversity, we consider the dynamics of neutral fractions in the wave front.

• The traveling pulse Uc(x− ct) is decomposed into neutral fractions υi.
• The fractions υi only differ by their position and their allele (or their label)

−−> c

• At time t = 0, u0(x) := u(0, x) =
∑I

i=1 υ
i
0(x) with υi

0 ≥ 0, where I is the
number of fractions.

• We then ask how the neutral fractions change over time as the front
moves forward.

• Changes are governed by the “inside dynamics” of the wave (Roques et
al. 2012)
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Inside dynamics of the traveling pulse

−−> c

• The inside dynamics of each neutral fraction υi satisfy{
∂tυ

i = D∂xxυ
i + g(x− ct,u)υi, t > 0, x ∈ (−∞,∞),

υi(0, x) = υi
0(x), x ∈ R.

where g(x,u) = f (x,u)/u is the per capita growth rate of each fraction of
the total population u.

• It follows that the sum of the fraction densities υi satisfies the equation
for the population density u.
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Numerical solutions show spatial structure
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Spatial structure of solutions

• The founder effect is most pronounced with unconstrained expansion
(see Garnier et al. (2012) and Roques et al. (2012) for analysis of this case)

• The founder effect is least pronounced with stationary range boundaries
• When there are range boundaries the densities υi asymptotically

approach the same profile as u.
• Faster moving range boundaries have a stronger founder effect.
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0) of the total population u(t, x).
• That is, υi(t, x + ct)→ p(υi

0)Uc(x) uniformly in R as t→∞.
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0) can be computed explicitly as follows:

p(υi
0) =
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−∞ υi

0(x) Uc(x) e
c
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−∞U2
c (x) e c

D x dx
.

• as c increases, greater weight is given to fractions at the leading edge
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Numerical solutions show spatial structure
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Diversity measure

• We would like a measure for analyzing diversity during range shifts.

• We denote the asymptotic proportion of fraction i by pi = p(υi
0)

• Simpson index (1949) is the probability that two individuals randomly
sampled belong to the same fraction and is given by

∑I
i=1 (pi)2. We

define its inverse as asymptotic diversity of order 2 or Div2.
• Asymptotic diversity of order q is defined by

Divq =
(∑I

i=1 (pi)q
) 1

1−q
for q 6= 1,∞,

• Parameter q controls emphasis placed on common and rare fractions.

• Extension to the case Div∞ =
(
maxi∈{1,...,I} pi

)−1 yields the Berger and
Parker index (1970). This depends only on the most abundant fraction,
rare fractions being ignored altogether.

• Extension to the case Div1 =
∏I

i=1
1

(pi)pi yields the exponential of the

Shannon index of diversity: −
∑I

i=1 pi ln(pi).
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Diversity as a function of spreading speed c∗ and size
of climate envelope L.

• Diversity decreases with increasing climate velocity c.
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Conclusions

• Using reaction-diffusion equations we have theoretically assessed the
impact of range shifts on the neutral genetic diversity of a population

• Although the idea of inside dynamics for neutral genetics was introduced
by Roques et al. (2012), our work is the first to analyze inside dynamics of
travelling pulses arising from heterogeneous space-time media.

• Another new aspect to this work is the use of diversity indicies to
summarize partial differential equation models.

• Our results show that stationary climate envelopes (c = 0) promote the
highest levels of diversity

• When climate envelopes move (c > 0) then diversity satisfies a Goldilocks
principle: for higher diversity the climate envelope size L should not be
too large or too small and the intrinsic spreading speed c∗ should not be
too large or too small compared to c.

• Similar kinds of results can be derived for models with nonlocal
dispersal.
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