Hybrid Large Deformation
Diffeomorphic Metric
Mapping

LAURENT YOUNES
SIAM AM2017




LDDMM

The “large deformation diffeomorphic metric mapping” method is a family of
algorithms designed for shape registration.

They provide a (local) representation of shape space in the diffeomorphism
group.

They are routinely used in Computational Anatomy to study organ shape
variation in relation to disease using medical images.

Notation and assumptions follow recent papers from S. Arguillere et al., and S.
Arguillere’s dissertation.



Basic Principles of LDDMM

Denote by Diffl0 Tp the space of diffeomorphisms @ in 274 who

o are CTp
o Are such that ¢—id and its derivatives of order p or less tend to 0 at infinity

o Diffl0Tp —idis an open subset of (C{0Tp (RTd, RTd), [[[[{p, )

Let V be a Hilbert space continuously included in (C407p (R7d, RT7d), [[[[{p,
oo ) for some p=1.

Consider on Diffl0 Tp the distribution
P Vig =Vog={rop, vEV]

with sub-Riemannian metric [[ze@[[Ld =[[v|[LV .




Associated diffeomorphism subgroup

Denote by DifflV the group of attainable diffeomorphisms through finite




Basic example

Let - RT7Td XRTd -MId (RTd) be a positive kernel: A(x,y)=AK(y,x)T7 and

forall *d1,..,.xdn, all,..., aln ERTd (with equality only if all =...=aln =0.)
Take V as the associated RKHS

Let Vi@ =Vogp.




Choosing V' and its norm

Equivalent to choosing the positive kernel.

Gaussian kernel
Kxy)=el—[x—y[T2 /2aT2 Id

Laplacian, or Abel kernels:

K(xvy)=Plc ([x—=yl/a)el=[x—=y[T /2a 1d

where Plc is a reverse Bessel polynomial of degree c.
Equivalent to Sobolev ZTd+1/2 +c in odd dimension.






LDDMM Optimal Control Problem (version 1)

Minimize

subject to @(0)=idand ¢ =vo .




LDDMM Optimal Control Problem (version 2)

Assume that Diff{0 Tp acts on a “shape space” M.

Minimize

subject to q(0)=¢J0 and g =v¢ (infinitesimal action).




Interpretation

LDDMM deforms the whole space in order to move the template to a position
close to the target (up to invariance).

The deformation cost treats R74 as a homogeneous material or fluid.

In particular, this cost does not depend on the deformed objects.




This is good because...

The shape space geometry derives form a right-invariance Riemannian metric
on Diff through a Riemannian submersion.

Geodesic equations are well known (EPDiff) and have important conservation
laws.

Numerical procedures are well explored.

Dependency on shape can be brought in through the data attachment term.




However...

Including object information to drive the deformation process can be beneficial
in some important cases such as
o Shape complexes (multi-shapes)

o Articulated shapes

o Near topological changes
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Notation and Setting

Goal: “project” a sub-Riemannian structure on diffeomorphisms onto a shape
space

Let V'be a Hilbert space continuously embedded in £407Tp (R7d,R7d) for
p=1.

Associate to each @€ Diffl0Tp a Hilbert norm on V' denoted [//[{V, @ such that
VIV, ¢ 2clg [[v[[iV

for some cl@.

Denote Vi@ ={vo @, veV}, [[tedl[ip =][v[[LV, & .



Notation and Setting (cont.)

IN: shape space with Diffl0 acting on IN.

($q)= @ q=mlg (P)
(vq)-vg=$lq v=drlq (id)v
(action and infinitesimal action).

Assume that 9t is open in @, a Banach space.



Isometry Hypothesis

Fix g40 €t the template.
Let MI0 ={7lgl0 (P), p€DIiftl0 }.

For @€ DIfH0 , define Ad@ = Null({lg )TLIV, @ cV, with g=mlgl0 (P).

vEHIP & (Elg w=0=>(v,w)lV,¢ =0)




Isometry Hypothesis (cont.)

If 7lgl0 (P)=mlgl0 (1¥)=g, the condition

g (((v)=¢lqv
uniquely defines an isomorphism /2 Al@p - HIly .
(/(v) is the orthogonal projection of 0 on the space {w:{lg w=¢Elg v} for the

(, WV, dot product).
Assumption: /is an isometry between Alg@ and Ay .




Shape space distribution and metric

Define Hlg=&lg Hlp ={{lg v, ve Hi@p } for mlqgl0 (@)=q.

On this set, let
I$iq vl[dq =|[v|[iV,¢: veHig

Independent of gerlgl0 T—1 (g) by assumption.

This provides a sub-Riemannian metric on .

























Special case: LDDMM

Take [[v[[dV,@¢ =[[v[[LV so that Alg =HIlyY and /=id.
[IELg vl[dV =[|v|[dV for vEHIP , P-g0 =q.




Slightly less trivial...

Assume that [I- [[¥V,@ =[[- [[{V, 10 when @-gl0 =i/-4¢l0 .
Then again Al@ =Hly and /=id.

All examples today fall in this category.




Running Construction

Let (g,/2)—Glg (A,/2) be a pseudo-Riemannian metric on .

Let
IvlfiqT2 = [[v][iv,@T2 =A[[v[[LVT2 +Glg (g véig v)

with g=mlgl0 ().




Hybrid LDDMM problem

Minimize

subject to q(0)=¢J0 and g=¢&Ig v.




Two Interpretations

1. Enrich the LDDMM norm with shape-dependent (geometric) information.

2. Modify the shape space pseudo norm for force geodesics to evolve
diffeomorphically.




Important note

It is easy to apply the construction to products of shape spaces.

Replace It by M 772 with the product pseudo-Riemannian metric.
Use action @ (¢d1,...qin )=(d-qll,...d-gin ).




Application to spaces of curves

A lot of pseudo-Riemannian metrics have been described and studied in the
literature, notably by Peter Michor’s group in Vienna, or by Srivastava, Klassen,
Mumford, Shah, etc.

One works with parametrized curves, or embeddings.

The shape spaces of interest are curves modulo parametrization. Invariance is
achieved by selecting a parametrization-invariant cost function.
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Maximum Principle: Assumptions

WM={CTr embeddings from ST1 (or [0,1]) toRT2 }, Q=CTr (ST1,RT2 ).
VecdloTp (RT2,R72), p=r.

Glg (h)<clq [[h]|dr,c0 .

g-G g(Ah)is CT1.

g—-D(q,qll )is CT1 .




Maximum Principle

These assumptions ensure that Pontryagin’s maximum principle is true: let
Hiv (p,g)=preq —1/2 [[v]igT2.
Then, along optimal solutions, there exists p:/0,1 /-0 T* such that

{lg=0lp Hlvp=—0dlqg Hlv v=argmaxiw Hiw (p,q)




Reduction

The PMP implies that v=A&lgT+ a for some a€Q T* .

Use a to reparametrize the problem.

Minimize

with g =Alg a, where
Klg=&lg K&lgT+ and [lal[igT2 =Aaklga+Glg (Klg a, Klg ).




HT1 norms in experiments

Let /4 be a vector field along 4.
ATl norm:

where /(g)=Ilength(q).
Rescaled AT1 :




HT1 norms in experiments

Rotation corrected AZ7T1 :

where 7'/g is the unit tangent to g and /g the unit normal.




Cost function

We used a version of the varifold norm introduced by Trouvé and Charon:
D(cﬁqll =gl x T2 =2(q,q41 )by +[lqd1 [[Ly T2
wit

wdl )12 )X [gT ()] |¢1T (wdl )]dudl du
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