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A PDE-ODE system

PDE : We consider the Lighthill-Whitham-Richards model which describes
the global traffic evolution :

9ep + Ox(p(1—p)) =0, (t,x) ERT xR,

p(0,%) = po(x), x€ER, (LWR)

Above, p = p(t,x) € [0,1] is the mean traffic density. The flux f is
defined by

f(p) = pv(p) with v(p)=1-p.
ODE : We consider the following ODE which describes the trajectory of a

e (1) = wlo(t y()4), te R’
y(t) = w(p(t,y(t)+))), teRT, ODE
y(0) = yo, x €R. ( )
The variable y denotes the bus position and w is the velocity of the
vehicle.
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A constraint on the flux f

We assume that the vehicle is a bus and the velocity of the bus is
described by :

_ Vy ifp<p*:=1-V,,
wip) = { v(p) otherwise, (1)

with V} € (0,1) denotes the maximal speed of the bus.

wip) — DBus speed

. == Cars speed

FI1GURE: Bus and cars speed

, Benedetto Piccoli

Stability of the solutions for scalar conservation laws with moving flux cons



A constraint on the flux f

Since V}, < 1, the bus can be regarded as a moving restriction of the
road where the associated reduced flow f, is defined by f.(p) = p(1 — £)

with a € (0,1). F, denotes the maximum value of f,(p) with p € (0,1)
in the bus reference frame.

Fie)

{a) Fixed reference frame {b) Bus reference frame

The constraint on the flux can be written as

Fo(t, y(£))) — y(t)p(t, y(1)) < Fo := %(1 —y(t)%, teR' (Const)
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A strong coupled PDE-ODE system

We consider the following coupled PDE-ODE system

9ep + 0x(p(1 = p)) = 0, (t,x) e R xR,
p(O,X) = po(X), x € R,
f(p(t,y(t)) = y(t)p(t, y(t)) < Fo := $(1 = y(t))?, teRT,

y(t) :w(p(t,y(t)+))), t ER+a

y(0) = yo, x € R.

(Syst-LWR)
f(p) A
F 3
ﬁ; ﬁ; a 5* 1 p
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A constraint Riemann solver R, for (Syst-LWR)

Let R the standard Riemann solver for (LWR), i.e the (right continuous)
map (t,x) — R(pL, pr)(%) given by the standard weak entropy solution
to (LWR). The constrained Riemann solver R, for the coupled

PDE-ODE system is defined by
o If f(R(pL, pr)( Vb)) = Fa + VbR(pL, pr)(Vb) then

Xy Rlpe,pa)(3) if x < y(t) = Vpt
Ra(pL,PR)(?) = { R(gi’pp,?)@) if x S})//(t) = \/[;,t

@ Otherwise, N X
Ralpe, PR)(?) = R(PLaPR)(?)
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Let BV(IR, [0, 1]) be the set of real-valued functions whose total variation
is bounded.

Theorem (M.L Del Monache and P. Goatin, 2014)

Let po € BV(R,[0,1]). The Cauchy problem (Syst-LWR) admits a
solution (p,y) € CO(R™; L' N BV(R, [0,1])) x WLL(RT,R).

Theorem (T.L and B. Piccoli)

The solution (p,y) € CO(R*; LY(R) N BV (R, [0,1])) x WHL(R*,R) of
the Cauchy prob/em (Syst-LWR) depends in a Lipschitz continuous way
on the initial datum with respect to the L'-topology.

More precisely, let T > 0 and (p°,y°) and (p!, y!) two solutions of
(Syst-LWR) with corresponding initial data (p3, yJ) and (pg, ya), then
there exists C > 0 such that

0" (t) — P°(8) |y + [y (2) = yP(0)| < C(llpg — pollrey + lyo — 1)

for every t € [0, T]
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Wave-front tracking method

Let the mesh M, = {(27"N N [0,1])}2"5 U {p*, Pa> Pa} on [0,1].

We construct a piecewise constant (p", y,) € M, x R by the wave-front
tracking method as described below

e We approximate py € BV(R, [0, 1]) by a piecewise constant function
pg € My

@ The solution (p",y,) solves (Syst-LWR) by means of R, with initial
conditions (p§, yo) up to the first time t; > 0 where two
dicontinuities collide or a discontinuity hits the bus trajectory. Each
rarefaction wave is splitted into a rarefaction fan formed by
rarefaction shocks that are discontinuities traveling with the
Rankine-Hugoniot speed

@ at t = t;” a new Riemann problem arises and we repeat the previous
strategy replacing t = 0 and (pg, yo) by t = t1 and (p"(t1,-), Y0)
respectively.
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Description of all possible interactions

FIGURE: p* SflR < pr and FIGURE: p* < pg and
= p
pL—pr <2 : pr € [0, pa] U [Pa, pr]-
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Description of all possible interactions

FIGURE: pr = po and p; € [0, Ba] FIGURE: pr € [fa, pa] and pr = fa
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Description of all possible interactions

FIGURE: pL = [0, pal, pr € [0, pa] U [pa, p*] and pr + pr < p*
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Generelized tangent vectors

The couple (p""(t,-),y""(t)) corresponds to the wave-front tracking
approximate solution of (Syst-LWR) at time t with initial data

(p5", ye™) € D2 == {(p,y) : [0,1] X R = M, x R, TV(p) < C). Let PC
denotes the set of piecewise constant functions with finitely many jumps.

@ We construct a particular path g : [0, ILH PC such that
70(0) = (po™,%™") and 70(1) = (5", %5™")-

@ For every 0 € (0,1), 7+(0) denotes the wave-front tracking
approximate solution at time t with initial data ~o(6).

We obtain
1o5"(2) = P2 (D)) + lyH"(2) = y*"(1)] < inf el )

and
. 1, 0, 1, 0,
'gof ol = oo™ = po "l + o™ — v

To prove the main theorem, it is enough to prove that

Vel ey < ol )
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Generelized tangent vectors

~: admits shifts of waves denoted by &;(t,0) and a shift of the bus
trajectory denoted by &(t,0). Thus, for a.e @ € [0,1] and t € [0, T],

el = / S A6 0)EN(E,0)] + €4t 0)] do,
keK(n,t,0)

where Ap}(t, ) are the signed strengths of the corresponding waves. To
get the inequality [|v¢/|1r) < [[70ll2(r) it is enough to have

Do BRMEMIHEMI< [ DY 18000 +1€5(0)] ]

keK(n,T) keK(n,0)
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A backwards in time method

We fix T > 0. In the sequel, K(n, t) denotes the set of classical shocks at
time t. We fix the wave shift £(T) and the bus shift £,(T) with
ke K(n,T).
@ If no interactions occurs between [t1, t;] then both shifts remain
constant over [ty to].

e For each possible interactions at time t;, we prove that &,(t;") (resp.
&(t) with j € K(n,t;")) can be expressed as &,(t; ) and &k(t;)
with k € K(n, t]).

Thus, for every k € K(n, T) and for every j € K(n,0), there exist
WZ(0), W2,(0), W;,5(0), W; x(0) € R such that

{ €6(T) = W (0)65(0) + 3= e k(o) Wj6(0)Ap;(0)¢;(0), )
Api(T)E(T) = WE 1 (0)65(0) + Xjek(n0) Wik (0)2p;(0);(0)
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A backwards in time method

From the previous equalities, we construct explicitely weight functions
(W{(0))kek(n0) and W] (0) such that

Do BRMEMIHETI < Y IWE(0)AR(0)E(0)+ WS (0)¢5(0)]

keK(n,T) keK(n,0)
By straighforward computations ,we have for every k € K(n,0),
max(W{(0), W;(0)) < C,

whence the desired conclusion.
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We can consider the generalized Aw-Rascle-Zhang (GARZ) model on
each road / defined by

Oep(t, x) + Ox(p(t, x)v(t,x)) =0, (t,x) e Rt x/
Orw(t,x) + v(t,x)0x(w(t,x)) =0, (t,x) R’ x|/ (GARZ)
V= V(p, W)

Above,

e p = p(t,x) is the mean traffic density,

o w = w(t, x) describes the related driver properties to the
flow-density curves. For instance, w can represent the fraction of
special vehicles in the total traffic stream (trucks or autonomous
vehicles), the “agressivity”, the “desired spacing” or “perturbation
from equilibirum”.

e v = V(p, w) is the velocity. Some conditions are required on V.

Replacing (LWR) by (GARZ) in (Syst-LWR), we want to find existence
and stability results for (Syst-GARZ).
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Thank you for your attention




