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Background on Price Impact Models?

e The limit order book is an important source of information for

predicting near-term price movements [Parlour, 1998],
[Bloomfield, 2005], [Anderson, 2008], [Cao, 2009], [Kearns
2013], [Cont, 2014]

e Regression and machine learning models have been developed
to capture linear order flow and price impact relationships
[Cont, 2014], [Kearns, 2013], [Kercheval, 2015] and
[Sirignano, 2016].

e |n practice, the information content of the limit order book
does not directly translate to greater economic profits through
different high frequency market taking rules [Kozhan, 2012]
and [Kearns, 2013]

e How effective are non-linear price impact models for avoiding
adverse selection?
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Fill Ratios

In the event of a sell market order arriving at time t, the
trade-to-book ratio of a level j bid limit order, Lg‘*’, placed at time

to IS:

Trade-to-Book Ratio
M:
Gﬂbd - (ZUEF‘ Mﬁ"fw E-'{:‘l E”Etﬁ" C‘l'!":" _z{':'l Z:IEtb..i 1 [a’bu,u {ﬁu;rﬂ} Lﬁr‘)

Re(Le; D2, w) =

Qé”“f = -:;:1 qg]‘f is the sum of the depths of the queue at time ty up to
the jt bid level
> uets M, are the sell market orders arriving at times tq;

Y ucteri Cf" are the level i bid orders cancelled at times t©';

lig, <o, ) is an indicator function returning unity if a subsequent limit

order placed at time u has higher queue priority than the time ty
reference limit order: and

w € [0,1] is an unknown canchLwarameter which denotes the
proportion of cancellations of ‘éraers with higher queue priority than the

reference limit order over the interval 7.
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Limit Order Book Updates

ESUE time | r,1{_;&1 f.:'l
to | (2175.75,2176.0,103,82) 0
0

(103) 219595 | 2176  [A2) (477] 40755 | BUFS.TS (23]

[177) 21735 | 2176.25 (162) (132) 21753 | 2176 (A2) 5] (2175.5,2176.0,177,82)
t, | (2175.5,2175.75,177,23) 23

.lr]mn':.n.r:f;"nftl |
IIIII Table: The limit order book of ESU6 before and
after the arrival of the sell aggressor.

Notation

Flgll F€: An exemplary sequence of limit order book

L ] o
updates in the ES futures market (ESUB) is shown before LOB state: A {s‘ ' 515 qi » ay)
and after the arrival of a sell market order. ® Limit orders:
b b.,1 b.n
L2 =0, e, LFO),

L2:= (L2, ..y 12T
Market orders: MY and M;

(‘aggressors’)

Can:elati:in?'_: .

' o I
G = (o 0
O Ly )
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Limit Order Book Updates

[SUB til‘l"ﬁf‘. .-'Ytl L:Il
to | (2175.75,2176.0,103,82) 0
0

(103) 217595 | 2176 (B2) [1rr] 41755 | 2705 (24)

[177) 21755 | 2176.25 (162) (a0 23753 | 117 (A2) 5] (2175.5,2176.0,177,82)
ta | (2175.5, 2175.75, 177, 23) 23

Iracko 104 @& I
1 LTS P [hael) 1
__ - I I Table: The limit order book of ESU6 before and
| . after the arrival of the sell aggressor.

N
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Notation

FIgU FE. An exemplary sequence of limit order book

updates in the ES futures market (ESU6) is shown before
and after the arrival of a sell market order. ® Limit orders:
b b1 b.n
LI o [;I j o+ F P [I' }g

L2 = (S LS

Market orders: MY and M;
(‘aggressors’)

® LOB state: X; := (s2,s?, q°, q?)

Can:elati:imf .

1 51
B =0 s )
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Fill Ratios

In the event of a sell market order arriving at t:me t, the

trade-to-book ratio of a level j bid limit order, L; i , placed at time
to IS:

Trade-to-Book Ratio

b, b.j M:
38 [ ltglidld DSt B . , t _
0 » T g bi b,i

& Qé”-’ = -: 4 qgj' is the sum of the depths of the queue at time ty up to
the jt bid level

> uects M, are the sell market orders arriving at times ts;

Y ucteri Cb’ are the level / bid orders cancelled at times t¢;

lig, <, o} is an indicator function returning unity if a subsequent limit

order placed at time u has higher queue priority than the time ty
reference limit order: and

w € [0,1] is an unknown cancellation parameter which denotes the
proportion of cancellations of orders with higher queue priority than the
reference limit order over the interval
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Example: FIFO market

(1. Suppose at time t; the queue depth at the best bid is \

50. The largest order has size 20.

. The reference limit order to buy 50 contracts at the best
bid level is received by the exchange at time tg.

. A market sell order of size 25 arrives in (tp, t].
4. The best bid for 20 is cancelled in (tp, t].

. The queue position of the reference order consequently
\_  2advances so that there are 5 contracts ahead of it. J

If a new sell market order of size 10 arrives at time t then its
trade-to-book ratio, with respect to the reference limit order, has
the value

10
50+ 50— (25+1-20+ 0)

R:(50; DL, 1) =

= 2/11 (partial fill)
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Definition of a Market Making Strategy

Market Making Strategy

A market making strategy is the pair £; := (L2, L?) represent-
\ing the quoting of a bid and ask at time t.

k

L

{0,L}, Yop=1, {L,0}, Yp=1,
‘CE(?U) {LEO}H ?ﬂ — 0:- ’C’b( ‘;/D) {L:-O}" ’Pﬂ — 0:'
{L,0}, Yp=-1. {0,L}, Yo=-1.
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Spread State

The state of the spread at time t based on the market making
strategy Lo is a function Z : [-1,1|NZ — [~1,1] N Z of the

form

-1, B:=U_{R& <1}nUi_{REP <1} #£0,
0, (AU B)S 0.

Zr(?ﬂ) —

{1, A= (R 2 1}nUI_{REP > 1} £ 0,
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( Realized P&L
Let ® : [-1,1]NZ — R denote the realized P&L from captur-

ing the spread or adverse selection, after including transactions
COStS C .

o(2) = £2(Y3) - 5? LE0Y ) sk =2, z=1,
T LAy, 2 — £B(Y,) 8P — L(5+2¢), z=0.

The size of the order on each side of the book is assumed to
be the same [£2?| = |£P| = L, § is the spread and c is the

\transactmn cost per contract.
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e The realized P&L from capturing the spread or adverse
selection

rf_ 5”(?0)—(’."), 1
L(8(n(Ye) —1)—¢), ©

P(z) = 4

\

e ¢’ is a round-trip transaction cost
e n:[-1,1]NZ — [1,2] N Z with n(0) =1 and
n(—1) = n(1) = 2.

e The cash flow at time t from the strategy Ly as a function of
the prediction Yj is given by

Vt(?ﬂ): Z l{zr(?u)zz}q)(z)-
zc{0,1}
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Toy Example: Strategies

MM; = ({1,0}, {1,0}) simply places a one lot bid at the inside

market and does not use a prediction.

MMy = (L3, L&) uses the prediction Yj:

{051}: ‘?021:. {10}: 1;}[]:1}

£3(Yo) = ¢ {1,0}, Yo=0, £(Yo) =< {1,0}, Yo=0,
1.0}, ¥Yo==-1. {0,1}, Yo =-1.




Introduction Trade Execution Strategy Performance Data Results Extra Slides

Toy Example with Parametric Fill Probabilities

Vi)

WelKa)® periency

Wrlogl. whible rsess

Flgu F@. The expected realized P&L of strategy MM> compared with strategy MM, for the following

Page 15 of 93

configuration a = 0.5, b = 0.5, Ay = 1. The spreat and the round-trip transaction cost is ¢ = $0.7.
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Confusion Matrix

The confusion matrix is a function C : Rt — RTHM, M =
2m + 1 of the form

Ci(t) = P(Ye=y; | Ye = yi),Vi,j € {1,...,M}x{1,..., M},

for a predicted state Y; € y :=€ [-m, m] N Z and a true state
Yt €Y.
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Trade Information Matrix

The trade information matrix is a function T : RT — RMxM
given by

T;i(t; %, Dk, w) .= P(Yo = y)E[Vi(Yo = ¥)| Yo = i, Yo = y]]

which uses the triple Qg = (ﬁf{, \7{3, Yo), consisting of predic-
tions Yp, the true state Y; and the k" level offer placed by a

strategy L at time tp, in addition to the order book events
k
s

\’D
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( Expected Cash Flow

The expected cash flow from the triple Qg := (Lo, ‘?[}, Yo) is

E[V:] = tr(C(to) T'(1))

where T’ denotes the transpose of T.
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ﬁ] =y ?D =
-1 0 1 -1 0 1
1.062 1.062 1.062 || -1 | 2.195, 1.062 1.0695
9.660 9.660 9.660 || 0 | 9.660 9.660 9.660
1.062 1.062 1.062 (| 1 | 1.0695 1.062 2.195

Table: Trade information matrices for the MM (left) and MM, (right)
strategies evaluated at elapsed time t = 0.2.
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Spatio- Temporal Model

The response is

Y = 5P§+h (1)
Ap; ., , is the forecast of discrete mid-price changes from time
t to t + h, given measurement of the predictors up to time t.
The predictors are embedded

X1,t—k --- Xt
(2)
AXnt—k +++ Xnyt
n is the number of quoted price levels, k is the number of

lagged observations, and x;; € [0, 1] is the relative depth,
representing liquidity imbalance, at quote level i:

Xi.t =

]

&
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Spatial- Temporal Representation

FIgU FE. A space-time diagram showing the limit order book. The contemporancous depths imbalances at each
price level, x; ;, are represented by the color scale: red denotes a high value of the depth imbalance and yellow the
converse, [he limit order book are observed to polarize prior to a price movement.
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Historical Data

e At any point in time, the amount of liquidity in the market
can be characterized by the cross-section of book depths.

e We build a mid-price forecasting model based on the
cross-section of book depths.

b,1 0.2

. | S )
. Timestamp 5, 5 e Al

a2 al a,s
5 St ot | il

e |
[06:00:00.015 | 2175.75 21755 ... | 103 177 ... | 2176 217625 ... | 82 162
| 06:00:00.036 | 21755 217525 ... | 177 132 ... | 217575 2176 ... | 23 82

Table: The limit order book of ESU6 before and after the arrival of the sell aggressor.

Here, the response is the mid-price movement over the subsequent interval, in units of

ticks. 5:" " and qf*; denote the level i quoted bid price and depth of the limit order

book at time L. sf*" and qf”' denote the corresponding level i quoted ask price and

depth.
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The Price Impact of Order Flow

iy

Figure: The black line represents the observed change in mid-price over a 34
milli-second period from 16:37:52.560 to 16:37:52.594. The liquidity imbalance (blue),
scaled here to the [—1, 1] interval, although useful in predicting the direction of the
next occurring price change, is generally a poor choice for predicting when the price
change will occur. The order flow is a better predictor of next-event price movement,
although is difficult to interpret when either of the buy (red) and sell order flows

(green) are small.
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The Price Impact of Order Flow
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Figure: The black line represents the observed change in mid-price over a 34
milli-second period from 16:37:52.560 to 16:37:52.594. The liquidity imbalance (blue),
scaled here to the [—1, 1] interval, although useful in predicting the direction of the
next occurring price change, is generally a poor choice for predicting when the price
change will occur. The order flow is a better predictor of next-event price movement,
although is difficult to interpret when either of the buy (red) and sell order flows

(green) are small.
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Figure: The Receiver Operator Characteristic (ROC) curves of a binary RNN
classifier over varying prediction horizons. In practice, the prediction horizon should be

chosen to adequately account for Iafenggg between the trade execution platform and

the exchange.
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Comparison of Empirical Probabilities of Flips and Fills

MM1

B |

Y
0

MM2

Y

=1 0 1

P(Yo=y)

0.134

0.732

P(RY > 1|Yo =)
P(R° 2 1Yy =y)
P(Z=1lYo=y)
P(Z=0|Yy=y)

0.074

0.563
0.042
0.554

0.67
0.615

0.412
0.461

P(Yo =)
P(R' >1|Yo=y)
PR >1|Yo =y)
P(R > 1|Yo = y)
P(R?? > 1|Yo=y)

0.134 0.732 0.134 |
0.007 0511 0 |
0 0 0.421
0 0504 0.011
0.403 0 0

Table: The estimated empirical price movement probabilities, quote fill probabilities
and spread fill probabilities conditioned on the movement of the true state over a

forecasting horizon of t = h = 1s. Each column shows the corresponding conditional
probabilities for each value of Yj.
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MM?2 Trade Information Matrices

Level 1 | Yo = y

-1 0 1
-1 0.014 0.014
0 3.324 3.324
1 0.045 0.045

Level 2 Yo=y

-1 0 1
-1 0.604 0 0

0 2.457 2225 4.059
1 0 0 0.640

Table: The trade information matrix for all quotes placed at the inside market (top)
and at the next price level away from the inside market (bottom).
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Using Predictions for Market Making

Figure: This figure compares the expected P&L of the two market market strategies
as a function of error € in the confusion matrix. It is observed that the expected

realized profit from MM2 (red) linearly decays with e, to the extent that it can

become less profitable than the baseli @ stratee MM1 (black).
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Using Predictions for Market Making

Figure: This figure compares the expected P&L of the two market market strategies
as a function of error € in the confusion matrix. It is observed that the expected

realized profit from MM2 (red) linearly decays with e, to the extent that it can
become less profitable than the baseline strategy MM1 (black).
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