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Paradox
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» W. V. Quine

* A paradox is a “conclusion
that at first sounds absurd but

that has an argument to
sustain it.” — Quine




PARADOX
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reconstructions ol the foundations of ]n;_r;

1 The Pirates of

reached the age of 21 alter passing

Penzance, has

l Arederie, the voung  protagonist of

only  five birthdavs. Several circum-
stances conspire to make this I'!I:IHHIIFII'.
Age is reckoned in elapsed time, whereas
i Birthday has to mateh the date ol birth;
anil |"r]:li'llu|':r 20 vomes less bre lm'uﬂjr
than once a year.

Cranted that Frederic's situation is
|ur-,'-.|'|||r', wherein  is il ||.n.|1|::|\r:-.1|""
Mervely v its initial air of abswrdity, The
likelihood that a man will be more than
HveERrs old on his wth birthdav is as little

as one to 1,460, m .'i|lL{]||‘]_‘|. better if we

by W. A

Uilil:l'

m 1918, In o certain village there i o
man, so the paradox runs, who is a bar-
byer: this barber shaves all and nu]} thiose
men i the village w ho do not shave
themselves uery: Does the barbe
shave himself?

Any man in this village is shaved by
the barber if and mlh' if he is not shaved
by himself. Therefore in particular the
barber shaves himsell iF and only il he
does nol, We are in tronble il we say
the barber shaves himsell amd we are
in trouble if we say he does

NOW  compre the
Frederies situation  seemed

LW/ ()

o, A lew liill'illlll\l'h have called for |||:|jn|'

I* III'IlI ATHL IIE'IIHIl ('S

rjuiesce in the sweeping dendal just as we
|IL'I!'IIIII'\L'I"II iy the |1||\\“H1ih,, absurd on
first exposure, of Frederic's being so
mnch more than five vears old on his lifth
birthday,

loth |ml.u|nM"-; are alike, after all,
in sustaining prima Lacie absurdities In
conclusive argument. What is strange
but true in the one paradox is that one
can b dn VEurs old on one’s nth birth-
day; what is strange but true in the other
paradox is that ne village can contain o

Homework: read this!




Grelling’'s Paradox

* Autological adjectives are self-descriptive:
* "short” is short
* "English” is English
* “polysyllabic” is polysyllabic

* “adjectival” is adjectival

* Heterological adjectives are not self-descriptive:

* "long” Iis not long
* "German” is not German
* “monosyllabic” is not monosyllabic

* |s "heterological” heterological?




Expect to get dizzy

When you go to a horror film,
you expect be frightened.

When you go on the roller-
coaster, you expect to be
light-headed.

When you workout at the gym,
you expect physical pain.

When you go to a talk on
paradox, you expect to get
dizzy.




AN exam paradox

* An exam has 40 multiple choice questions A,B,C,D.

 “A” is the correct answer on exactly10 of the first 39 questions.

* Question 40. How many questions on this exam have correct
answer "A"?

« A. At most 10.
e B.11to 20.
e (. 2110:30.

« D. 3110 40.




The Golden
Age of
Paradox

1901-1936

AN EPIC SEARGH FOR TRUTH

APOSTOLOS DOXIADIS, CHRISTOS H. PAPAGIMITRIOU

HOmeWOT'k: read thiS! ALECOS PAPACATOS awuo ANMIE D) DONNA




The Barber Paradox

* In a certain village, a male ;’ ’
barber shaves exactly those -' 8
men that do not shave ‘ k =
themselves. Does the barber g f’.
shave himself?




Russell’s paradox

*» X is the set of all sets that do
not have themselves as

members. Does X have itself
as a member?

Alvight., Let's ao over
l'hEhafagw aFg:hw
Jourvey so far: 1"
the need that

{ MAIREMATICS MUST
FE BASED oN LoGic!
2 .FREGE CREATES THE
RIGHT LoGIc .
(BASED oN SETS )
3.1 FIND PARADOX
LE &l_u.ﬂ-_h:_ 15 FAULT Ty‘l

Ly, WHITEHEAD &1 |
MUST FIX T PoNCIPIA)

= | warks wy own enfry, is
the wajor crisis..

Logicomix




Two responses to Russell’s paradox

Set Theory (Zermelo) Type Theory (Russell)

Sets mix. Types never mix.




Barber paradox in type theory

In a certain village, a male
barber shaves exactly those
men that do not shave
themselves. Does the barber
shave himself?

Barbers are one type of person.

Customers are another type of
person.

Types never mix.

It is not grammatical to ask if a
barber is also a customer.

Type Theory (Russell)




Two responses to Russell’s paradox

X is the set of all sets that do not have themselves as members.

Too big for Zermelo T —

Set Theory (Zermelo)




The Golden Age of Paradox
Goedel Incompleteness

* Every sufficiently powerful
deductive system contains a
sentence that is true if and
only if it is unprovable in that
system.

'On Formally Undecidable
Propositions of Principia
Mathematica and Related
Systems 1" (1931)




The Golden Age of Paradox

* Church and Turing (1936)
gave a negative answer to

Hilbert’s
Entscheidungsproblem
(decision problem).

Turing reduced Hilbert's
problem to the halting
problem.

The halting problem can be
solved by a paradoxical
construction: an algorithm that
takes input a data-encoding of
itself.




Grothendieck
Universes
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A Cartoon of Universes

Mathematical Universe Universe in a Nutshell
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| could be bounded in a nutshell, and count myself a
king of infinite space - Hamlet
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Hypergame Paradox

(Zwicker 1987)

Some games necessarily end after a
finite number of moves: (chess, tic-tac-
toe, go).

Other games might continue forever
(rock-paper-scissors played until
somebody is up by five).

Hypergame:

* first move: pick any game that
necessarily ends after finitely many
moves

* remaining moves: play the game that
was picked.

Hypergame necessarily ends after
finitely many moves.




Hypergame Paradox

(Zwicker 1987)

* Hypergame:

* first move: pick any game that
necessarily ends after finitely
many moves

* remaining moves: play the game
that was picked.

* Hypergame necessarily ends after
D I H I D finitely many moves.

* But hypergame does not
necessarily end after finitely many e "
moves. What if the first move picks . e ®8 b_;' .
hypergame, and the second, etc.? S 1.
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Leanis a programming [TI=(OIREM] PROV

language.

Microsoft Research

Lean is proof assistant - it
checks the correctness of
mathematical proofs.

Lean can be used to specify
and verify computer software.

Lean contains powerful
mathematical foundations,

including Grothendieck
universes.




universe u

structure game : Type u := Ver8i0n 1

(states : Type u)
(legal : states - states - Prop)
10 (terminal : states = Prop)
11 (terminal_stable : V x y, terminal x - legal x y - terminal y)
12
13 #check game
14

PROBLEMS OUTPUT  DEBUG CONSOLE  TERMINAL gtext, 1, . K B A |

hypergame.lean s
@ [Lean] universe level of type_of(arg #1) of 'game.mk’ is too big for the corresponding inductive datatype (7, 1)

i
universe u

structure game : Type [Eiu+1}| 1= VerSIOn 2
(states : Type u)
(legal : states - states - Prop)

10 (terminal : states - Prop)

11 (terminal_stable : V x y, terminal x - legal x y - terminal y)

12

13 #check game

14
PROBLEMS OUTPUT DEBUG CONSOLE  TERMINAL - ext. **fis ! £ @Ml A [

et D Credit: Earlier formal analysis of hypergame was made by Krebbers.




universe u

class finite_game : Type (u+l) :=

(states : Type u)

(legal : states - states - Prop)

(terminal : states - Prop)

(terminal_absorbent : V x y, terminal x - legal x y - terminal y)

(finite: V (f : N - states), (V¥ n, legal (f n) (f (n+1)) - 3 m, terminal (f m)))

instance hypergame : finite_game :=
34
states := option (X (G : finite_game), G.states),
legal := sorry,
terminal := sorry,
terminal_absorbent := sorry,
finite := sorry




Hypergame in Lean

L
| O]
* The hypergame has universe

level one greater than the
games it plays from.

Each choice of hypergame as

the first move of hypergame
drops the universe level by
one.

At the lowest universe level,
only ordinary games are
available, and the hypergame
necessarily ends after finitely
many moves.
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Interlude Sphere Packings

The face-centered cubic packing is “the tghtest possible, 5o
that in no other arrangement could more pellets be stulfed into
the zame container.” (KRepler, 1611)
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Interlude

Sphere Packlngs
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Interlude Sphere Packings

The face-centered cubic packing is “the tightest possible, so
that in no other arrangement could more pellets be stuffed into
the same container.” (Kepler, 1611)
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Interlude Sphere Packings

“Many mathematicians believe and all physicists know” [that
the pyramid arrangement is best|. (Rogers, 1958)

The “problem in 3-dimensions remains unsolved. This is a
scandalous situation since the (presumably) correct answer
has been known since the time of Gauss ... All this is missing
1s a proof.” (Milnor, 1976)




Interlude Sphere Packings




Interlude Sphere Packings

Sutelligencei

We're Not Afraid

Of
Controversy...

We Welcome It!




Interlude Sphere Packings

THE KEPLER CONJECTURE CONTROVERSY

Perhaps tha most controversial toplc to be covered In The Mathematical Intelligencer (s the Kepler
Conjecture. In The Mathematical Intelligoncer (|6:3), Thomas €, Hales takes on Wu.Yi Hslang's
1990 announcement that he had proved the Kepler Conjecture, the conjecture that no arrangement of
spheres of equal radius in 3-space has density greater than that of the face-centerad cublc packing.

Following are excerpts from the article

“The Status of the Kepler Conje
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June 2002 referee report (4 years in)

ili, Checking (and re-running) the program, which is working in Phase 3,
might detect a “case” in which the mentioned function is negative. Then
the theory would collapse (in its present form), and would require amend-
ment, since the suggested decomposition of the space would not have the

claimed property.

With all this in mind one would prefer to have Phase 2 and Phase 3 checked prior to
star! working on Phase 1 (and minimize the chance that the essential work of careful
reading of the manuscript might prove useless). Since | am not planning to read any
part of Phase 2 and /or 3, — and some other referees might share my views — [ would
like to ask you to inform me whether the Editorial Board has organized any separate
proceedings regarding the checking of Phase 2 and 3 or no support of this kind can be
expected.
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B

Computers were once human

Referees were once human
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“It is very unusual to have such a large set of reviewers. The
main portion of the reviewing took place in a seminar at
Eotvos University, Budapest, over a three year period. Some
reviewers made computer experiments, in a detailed check of
specific parts of the proof.. .. In this process detailed checking
of many specific assertions found them to be essentially
correct in every case. This result of the reviewing process
produced 1n these reviewers a strong degree of conviction of
the essential correctness of this proof approach,...” (J.
Laganas, editor)




Interlude Sphere Packings

Robert MacPherson, editor of the Annals, wrote a report that

tates ANNALS OF

. : }'\llu"lj i " o | A 1 e | L'!
“The news from the referees is bad, from my perspective. MATHEMATICS
They have not been able to certify the correctness of the s o r e
proof, and will not be able to certify it in the [uture, because Dol Glabe Yibo Sinsl
ol AL et T T

they have run out of energy to devote to the problem. This 1s
not what I had hoped for.”

“Fejes Toth thinks that this situation will occur more and
more often in mathematics. He says it is similar to the
situation in experimental science - other scientists acting as
referees can’t certify the correctness of an experiment, they
can only subject the paper to consistency checks. He thinks
that the mathematical community will have to get used to this
state of affairs.”
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A FORMAL PROOF OF THE KEPLER CONJECTURE
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Abstract This article describes a formal proof of the Kepler conjecture on dense sphere packings in a
combination of the HOL Light and [sabelle proof assistants. This paper constitutes the official
published account of the now completed Flyspeck project.
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Towards self-verification of HOL Light

John Haumson.

Proceedings of HCAR 2006, the third International Joint Conference on Automated Reasoning. Springer LNCS 4130, pp. 177-191.

Abstract:

The HOL Light prover is based on a logical kernel consisting of about 400 lines of mostly functional OCaml, whose complete formal verification seems to be quite
feasible, We would like to formally verify (i) that the abstract HOL logic is indeed correct, and (ii) that the OCaml code does correctly implement this logic, We have
performed a full verification of an imperfect but quite detailed model of the basic HOL Light core, without definitional mechanisms, and this verification is entirely
conducted with respect to a set-theoretic semantics within HOL Light itself. We will duly explain why the obvious logical and pragmatic difficulties do not vitiate this
approach, even though it looks impossible or useless at first sight, Extension to include definitional mechanisms seems straightforward enough, and the results so far
allay most of our practical worries.
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Abstract. This short paper describes our plans and progress towards
construction of verified ML implementations of HOL Light: the first for-
mally proved soundness result for an LCF-style prover. Building on Har-
rison’s formalisation of the HOL Light logic and our previous work on
proof-producing synthesis of ML, we have produced verified implementa-
tions of each of HOL Light's kernel functions. What remains is extending
Harrison's soundness prool and proving that ML’s module system pro-
vides the required abstraction for soundness of the kernel to relate to
the entire theorem prover. The proofs described in this paper involve the
HOL Light and HOL4 theorem provers and the OpenTheory toolchain,

1 Introduction

We are developing a new verification friendly dialect of ML, called CakeML. This
ML dialect is approximately a subset of Standard ML carefully carved out to be
convenient to program in and to reason about formally. We plan to build verified
implementations of CakeML (a compiler, an implementation of a read-eval-print
loop and possibly custom hardware) and also produce tools for generating and
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CakeML is a functional programming language and an
ecosystem of proofs and tools built around the language.
The ecosystem includes a proven-correct compiler that can
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The CakeML project consists of the following components, all of which are free
software,

Language definition. The CakeML language is based on a substantial subset of
Standard ML. Its formal semantics is specified in higher-order logic (HOL) in a
functional big-step style. The core of the language (its syntax and semantics) s quite
stable, but the standard basis library is still undergoing development. Contributions
are welcome!

Compiler bootstrapping. The CakeML compiler has been bootstrapped inside HOL.
By bootstrapped we mean that the compller has compilled itself. This was achieved by
noticing that frontend 2 combined with the backend is a HOL function which we can
feed into the tool-chain consisting of frontend 1 and the backend. The result is a
verified binary that provably implements the compiler itsell (with frontend 2). The latest
bootstrapped binary is on our downloads page. The bootstrapping is described here.
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