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What do we want to know about mixing?

How do we know we are doing well at mixing?

How do we improve our mixing performance through
stirring?

What is the effect of diffusion on mixing?



Advection-diffusion equation:
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Setup of the problem:

Stirring 
budget:

Z

D
ddx |u|2 = U2Ld

Z

D
ddx |ru|2 = �2Ld

Incompressibility: r · u = 0

Question: What velocity field 
mixes well?

(energy)

(enstrophy)
or
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How do we measure mixing?



How do we measure mixing?

k✓kH�1 =

vuut
X

k 6=0

Ld
|✓̂k(t)|2
|k|2
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For energy constraint without diffusion, 
perfect mixing in finite time is possible.
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For enstrophy constraint without diffusion, 
perfect mixing in finite time is not possible.



Instantaneous flow intensity budget constraints:

Local-in-time (LIT) optimization:

or

(energy)

(enstrophy)

Z

D
ddx |u|2 = U2Ld

Z

D
ddx |ru|2 = �2Ld

min
u

d

dt
k✓( · , t)k2H�1
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I.  
A Shell 
Model for 
Mixing
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@t✓̂(k, t) + i
X

i

X

k02K

ûi(k� k0, t) k0i ✓̂(k
0, t) + k2✓̂(k, t) = 0.

d

dt
✓n � kn�1un�1✓n�1 + knun✓n+1 +  k2n✓n = 0, n = 1, 2, . . . ,

PDE

Shell Model
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Local-in-time optimization

min
u

d

dt

X

n

✓2n
k2n

Energy:
X

n

u2
n = U2

Enstrophy:

X

n

k2nu
2
n = �

2
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Local-in-time optimization without 
diffusion
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(A) Enstrophy constraint : state vector θ
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(C) Enstrophy constraint : mix-norm

∥θ∥h−1 Lower bound
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(B) Enstrophy constraint : control vector u
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(D) Energy constraint : state vector θ
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(F) Energy constraint : mix-norm

∥θ∥h−1 Lower bound
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Local-in-time optimization with diffusion



What is the 
Batchelor scale? �� =

r


�
�U =



U
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II. 
Local-in-time
Optimization of
Advection-Diffusion
Equation
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We are interested in the following optimization problem:

min

u

d

dt

k✓( · , t)k2H�1

subject to the constraints

@t✓ + u ·r✓ = �✓

with

r · u = 0

and the flow intensity is constrained by a fixed enstrophy

Z
d

d
xdt|ru|2 = �

2
L

d
.

or energy Z
d

d
xdt|u|2 = U

2
L

d
.

In addition, we are provided with initial data

✓(x, 0) = ✓0(x).
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For the enstrophy-bounded flow problem, we choose:

• the length scale L

• the velocity scale L�, and

• the time scale 1/�.

For the energy-bounded flow problem, we choose

• the length scale L

• the velocity scale U , and

• the time scale L/U .

Both scalings produce the following form of the advection-di↵usion equation,

@✓

@t
+ u ·r✓ =

1

Pe
�✓,

where Pe = �L2

 for the enstrophy-constrained case and Pe = UL
 for the

energy-constrained case. The non-dimensional flow constraints become

krukL2
= 1 or kukL2

= 1.
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where

• The operator �

�1
acting on ⇢ returns the solution � of �� = ⇢.

• P is the divergence-free projection operator defined as:

P(v) = v �r�

�1
(r · v)

• h·i is a spatial average defined by h�i = 1
L2

R
D �(x)dx

The optimal velocity fields are given instantaneously for the enstrophy case by

(in non-dimensional form)

u =

��

�1P(✓r�

�1✓)

h|r�1P(✓r�

�1✓)|2i1/2

and for the energy case by

u =

P(✓r�

�1✓)

h|P(✓r�

�1✓)|2i1/2
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Without diffusion



21

With Diffusion (Pe = 2048)
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�(t) =
k✓( · , t)kH�1

k✓( · , t)kL2
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�(t) =
k✓( · , t)kH�1

k✓( · , t)kL2
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kr�1✓kL2 � kr�1✓0kL2
exp


�t� 1

2Pe

kr✓0k2L2

k✓0k2L2

�
e2t � 1

��

Lower bounds on Mix-norm for L1
bounded flows

kr�1✓kL2 �
k✓0k2L2

kr✓0kL2
exp


�Pe

2

t� 1

Pe2
kr✓0k2L2

k✓0k2L2

�
ePe t � 1

��
Bounded speed kukL1

= 1

Bounded rate-of-strain krukL1
= 1



Conclusion
• Shell model shows similarities to PDE. 

• LIT optimization of PDE demonstrated the 
impact of the Batchelor scale on the mixing rate. 
Diffusion can negatively affect the mixing rate in 
some cases!
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