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Biological Membranes: Motivation

Relevance

Endo/exocytosis
Cell division
Autophagy
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from Soft Matter, 2009, 5, 3174-3186
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Biological Membranes: Brief Background

Recent Experiment
Fluorescent Imaging: Baumgart et al. (2003)

Recent Simulation

Membrane stiffness decreases with
concentration of integral membrane proteins:
Fowler et al. (2016)

“...bending stiffness decreased
monotonously with increasing curvature ..."
Tian et al. (2009)

(in context of tubular membranes)



Biological Membranes: Brief Background

Theory

Differential Geometry (Curvature)

from http://brickisland.net/cs177/?p=144



Biological Membranes: Brief Background

Theory
Differential Geometry (Curvature) Bending energy: Helfrich (1986)

Bending Rigidity Spontaneous Curvature
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Single-Bead Model
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from Yuan et. al. (Physical Review E. Vol 82,011905)



Single-Bead Model
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from Yuan et. al. (Physical Review E. Vol 82,011905)
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Parameters Interpretations

Tmin potential minimum distance

Te potential cutoff distance

¢ steepness of repulsive branch
B preferred relative orientation
I strength of orientation penalty




Our Simulations



https://docs.google.com/file/d/1gZjRsZ030H4mhKkF3syeKm4qNFkld2_j/preview
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Our Simulations
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Our Simulations

n, =0.000 n, =0.025 n, =0.050 n, =0.075 n, =0.100

hc: high-curvature
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Shape Fluctuations: Two-Point Surface Correlation

High-curvature domain

Bulk domain

Sampling Procedure

1.

2.
3.
4

Pick random point

Rotate point to north pole

Random rotation about z-axis

Sample correlation function with north pole
as center



Shape Fluctuations: Two-Point Surface Correlation

Surface Two-Point Correlation Function
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Shape Fluctuations: Two-Point Surface Correlation

L0 Surface Two-Point Correlation Function
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Bending Rigidity Estimation

How to quantify shape fluctuations?

e Two-point surface correlation function
e Surface autocorrelation function
e Fluctuation spectrum of continuum representation



Continuum Representation
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Continuum Representation
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(Evaluated with Lebedev Quadrature)

>

(r,0, ) (6, ¢; o)



Bending Rigidity Estimation: Mean Shapes

. (n, = 0.000)
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Bending Rigidity Estimation: Mean Shapes

. (n, = 0.000)
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Bending Rigidity Estimation

Surface: Energy Functional:

r(0,¢) = ZaiYi(Q, ®) Ela) = / %[QH(Q,gb;a) + co)?dA
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Bending Rigidity Estimation

Surface: Energy Functional:

r(0,¢) = ZaiYi(Q, ®) Ela) = / %[QH(H,gb;a) + co)?dA

Expansion about mean shape:

Ela+ Ab] = E|a] + Wb + )\;bTHess[E] ]ab + O(\%)

Equilibrium Statistical Mechanics:

p(a + b) x exp [-SFE[a + b]] x exp [—%bTC_lb]

where C~! = k. Hess [/[2H(9,¢; o) + co]QdA]

(0%



Bending Rigidity Estimation
Equilibrium Statistical Mechanics:
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Analytic expression?
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Bending Rigidity Estimation

Equilibrium Statistical Mechanics:

cop = —27“0_1
C~! = Bk Hess [/[2H(9, ;) + co]2dA]

Analytic expression?

k
B =5 ml2(P(1+1)* -4
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Bending Rigidity Estimation: Results

10" 1

Sphere Bending Rigidity Estimator

0.10



Bending Rigidity Estimation

Equilibrium Statistical Mechanics:

cop = —27“0_1
C~! = Bk Hess [/[2H(9, ;) + co]sz]

Analytic expression?

k
B =5 ml2(P(1+1)* -4
QT(%;IW FEE+1)7—4)

«

Co = _2H(07 ¢7 aO)
52E = 7?7?77




Bending Rigidity Estimation
Equilibrium Statistical Mechanics:

C~! = Bk Hess [/[2H(9, o, ) + co]sz]

Analytic expression?

«

Our Estimation:

1) Calculate matrix from theory
1) Mean curvature: Sympy

k
B =5 ml2(P(1+1)* -4
QT(%;IW FEE+1)7—4)

Co = _2H(97 ¢7 aO)
52E = 7?7?77



Bending Rigidity Estimation
Equilibrium Statistical Mechanics:

C~! = Bk Hess [/[2H(9, o, ) + co]sz]

Analytic expression?

«

Our Estimation:

1) Calculate matrix from theory
1) Mean curvature: Sympy
2) Integral: Lebedev quadrature

k
B =5 ml2(P(1+1)* -4
QT(%;IW FEE+1)7—4)

Co = _2H(97 ¢7 aO)
52E = 7?7?77



Bending Rigidity Estimation
Equilibrium Statistical Mechanics:

C~! = Bk Hess [/[2H(9, o, ) + co]2dA]

Analytic expression?

«
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1) Calculate matrix from theory
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Bending Rigidity Estimation

Equilibrium Statistical Mechanics:

C~! = Bk Hess [/[2H(9, o, ) + co]2dA]

Analytic expression?

«

Our Estimation:

1) Calculate matrix from theory
1) Mean curvature: Sympy
2) Integral: Lebedev quadrature
3) Hessian: central differencing

2) Compare with cov(b, b) from simulations

k
B =5 ml2(P(1+1)* -4
27%%;"” FEE+1)7—4)

co = —2H (0, ¢; avo)
52E = 7?7?77



Bending Rigidity Estimation
Equilibrium Statistical Mechanics:

C~! = Bk Hess [/[ZH(H, ;) + co]sz]
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Bending Rigidity Estimation: Results

Numerical Bending Rigidity Estimator
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Bending Rigidity Estimation: Results

Mean Shape and Sphere Bending Rigidity Estimators
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Shape Fluctuations: “Plane Distance”

Center of Mass
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Shape Fluctuations: “Plane Distance”

Center of Mass

Point at fixed distance to CM

“Plane Distance”




Shape Fluctuations: Plane Distance

Variance of Plane Distance vs Concentration
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Summary

Domains form from embedded high-curvature
species.

Using naive theory for bending-rigidity
estimation is a decent start
e Gives right monotonic relationship

e Linearized theory falls apart as shape
becomes more irreqular

Heterogeneities influencing geometry may be a
key component in adhesion dynamics.

Mean Shape and Sphere Bending Rigidity Estimators
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Next Steps

Develop more efficient/robust numerical methods for Hessian.
Explore effects of much higher heterogenieties on bending rigidity.

Explore effects of fluctuating hydrodynamics (coupling between coarse-grained beads and
continuum stochastic fields representing solvent).
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Bending Rigidity Estimation: Results

Sphere Bending Rigidity Estimator
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Bending Rigidity Estimation: Results

Measured ave. over m of Var (o]")

Numerical Bending Rigidity Estimators
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Shape Fluctuations: Plane Distance

Variance of Plane Distance vs Bending Penalty
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