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Continuum modeling: 
Helfrich Hamiltonian

Calculating Transition Energy Barriers and Characterizing Activation States for Steps of Fusion, RR, T. S. 
Klotz, L. Yao, and F. S. Cohen, Biophysical Journal 2016 
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Energetics of Fusion 
Between Planar Bilayers



Energetics of Fusion



Energetics of Fusion

Low energy cost for optimal speed and control of membrane fusion, C. François-Martin, J. E. 
Rothman, and F. Pincet, PNAS 2017 

“For both DOPC and POPC, we measured Ea close to 30 kBT. Such a low value [] remains 
consistent with recently published coarse-grained simulations (14, 16) in which there is no prior 
hypothesis concerning the fusion pathway [] Thus, these predictions [coarse-grained and 
continuum] are compatible with our experimental measurements and may closely reproduce 
the reality of the fusion process at a molecular scale.” 



Summary
• Continuum and molecular approaches yield energies and 

forces in membranes that are close to experiment


• In continuum modeling, however, the placement of 
surface interruptions done on a case-by-case basis


• Molecular approaches (coarse-grained or otherwise) 
make water explicit and/or assume pairwise potentials


• Is there a formalism that treats water as a continuum and 
gives expected lipid self assembly/energies?



1D Hydrophobic Attraction

hydrophobic interface 1

hydrophobic interface 2
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1D Hydrophobic Attraction
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Structural contribution to solute-solute interaction, S. Marčelja, Croat. Chem. Acta., 1977 

A phenomenological theory of long-range hydrophobic attraction forces based on a square-gradient 
variational approach, J. C. Ericksson, S. Ljunggren, P. M. Claesson, J. Chem. Soc., Faraday Trans., 1989    

�(D) = min
u

�I[u], I[u] = A

Z D/2

�D/2
⇢(u0)2 + ⇢

�1
u

2
dx

<latexit sha1_base64="AYbFtGf2UKZgudbvoDiZUgsNut8="></latexit><latexit sha1_base64="Gj03mBw4wfquO2lHAXmvTmdSZ84="></latexit><latexit sha1_base64="Gj03mBw4wfquO2lHAXmvTmdSZ84="></latexit><latexit sha1_base64="MP0pv1qs6w1CuHtoyrf3fp1cfSQ="></latexit>



1D Hydrophobic Attraction

hydrophobic interface 1

hydrophobic interface 2

D

�(D) = 2�A tanh(D/⇢)
<latexit sha1_base64="jI7VS+cJqcoCVUdGausUPEz+fZw=">AAACC3icbVDLSgNBEOz1bXxFPXoZEoSIEHdz0YsQHwePEYwRsiH0TibZwZnZZWZWCCF3L/6DX+DFgyJe/QFv/o2TxIOvgoaiqpvurigV3Fjf//Cmpmdm5+YXFnNLyyura/n1jUuTZJqyOk1Eoq8iNExwxeqWW8GuUs1QRoI1ouuTkd+4YdrwRF3YfspaEnuKdzlF66R2vhDWYl463SGHpBL2UEokRyS0qOLS6V6o42SHtPNFv+yPQf6S4IsUq4Vw9x4Aau38e9hJaCaZslSgMc3AT21rgNpyKtgwF2aGpUivsceajiqUzLQG41+GZNspHdJNtCtlyVj9PjFAaUxfRq5Too3Nb28k/uc1M9s9aA24SjPLFJ0s6maC2ISMgiEdrhm1ou8IUs3drYTGqJFaF1/OhRD8fvkvuayUA78cnLs0jmGCBdiCApQggH2owhnUoA4UbuEBnuDZu/MevRfvddI65X3NbMIPeG+fmlGZtQ==</latexit><latexit sha1_base64="pbm9uUuv9m88demDXaVBqX7wnRg=">AAACC3icbVC7SgNBFJ2N7/hatbQZEoQEIe6m0UaIj8IygnlANoS7k0l2yMzsMjMrhJDexs7vsLFQxNYfsPNvnCQWGj1w4XDOvdx7T5hwpo3nfTqZhcWl5ZXVtez6xubWtruzW9dxqgitkZjHqhmCppxJWjPMcNpMFAURctoIBxcTv3FLlWaxvDHDhLYF9CXrMQLGSh03F1QjVrgs4lNcDvogBOAzHBiQUeHyKFBRXMQdN++VvCnwX+J/k3wlFxw+fFaG1Y77EXRjkgoqDeGgdcv3EtMegTKMcDrOBqmmCZAB9GnLUgmC6vZo+ssYH1ili3uxsiUNnqo/J0YgtB6K0HYKMJGe9ybif14rNb2T9ojJJDVUktmiXsqxifEkGNxlihLDh5YAUczeikkECoix8WVtCP78y39JvVzyvZJ/bdM4RzOson2UQwXko2NUQVeoimqIoDv0iJ7Ri3PvPDmvztusNeN8z+yhX3DevwCju5s7</latexit><latexit sha1_base64="pbm9uUuv9m88demDXaVBqX7wnRg=">AAACC3icbVC7SgNBFJ2N7/hatbQZEoQEIe6m0UaIj8IygnlANoS7k0l2yMzsMjMrhJDexs7vsLFQxNYfsPNvnCQWGj1w4XDOvdx7T5hwpo3nfTqZhcWl5ZXVtez6xubWtruzW9dxqgitkZjHqhmCppxJWjPMcNpMFAURctoIBxcTv3FLlWaxvDHDhLYF9CXrMQLGSh03F1QjVrgs4lNcDvogBOAzHBiQUeHyKFBRXMQdN++VvCnwX+J/k3wlFxw+fFaG1Y77EXRjkgoqDeGgdcv3EtMegTKMcDrOBqmmCZAB9GnLUgmC6vZo+ssYH1ili3uxsiUNnqo/J0YgtB6K0HYKMJGe9ybif14rNb2T9ojJJDVUktmiXsqxifEkGNxlihLDh5YAUczeikkECoix8WVtCP78y39JvVzyvZJ/bdM4RzOson2UQwXko2NUQVeoimqIoDv0iJ7Ri3PvPDmvztusNeN8z+yhX3DevwCju5s7</latexit><latexit sha1_base64="QTTz4yuQdM5Fd4i0Sbc8sixe0I0=">AAACC3icbVC7TgJBFJ3FF+ILtbSZQEygwV0abUxQKSwxkUfCEnJ3GNgJM7ObmVkTQuht/BUbC42x9Qfs/BuHR6HgSW5ycs69ufeeIOZMG9f9dlJr6xubW+ntzM7u3v5B9vCooaNEEVonEY9UKwBNOZO0bpjhtBUrCiLgtBkMb6Z+84EqzSJ5b0Yx7QgYSNZnBIyVutmcXwtZoVrEl7jsD0AIwFfYNyDDQvXMV2FUxN1s3i25M+BV4i1IHi1Q62a//F5EEkGlIRy0bntubDpjUIYRTicZP9E0BjKEAW1bKkFQ3RnPfpngU6v0cD9StqTBM/X3xBiE1iMR2E4BJtTL3lT8z2snpn/RGTMZJ4ZKMl/UTzg2EZ4Gg3tMUWL4yBIgitlbMQlBATE2vowNwVt+eZU0yiXPLXl3br5yvYgjjU5QDhWQh85RBd2iGqojgh7RM3pFb86T8+K8Ox/z1pSzmDlGf+B8/gCH0pgs</latexit>

�(D) = �2A
<latexit sha1_base64="yL/uxpOsIvbB2TNqaICOQAtAJw4=">AAAB/HicbVDLSsNAFL3xWesr2qWboUWoCCXpRjdCfSxcVrAPaEKZTCft0JkkzEyEEuqv6MKFIm79EHf+jdPHQlsPXDiccy/33hMknCntON/Wyura+sZmbiu/vbO7t28fHDZVnEpCGyTmsWwHWFHOItrQTHPaTiTFIuC0FQyvJ37rgUrF4uhejxLqC9yPWMgI1kbq2gWvPmDlmxN0gbw+FgKj6mXXLjkVZwq0TNw5KdWK3ukzANS79pfXi0kqaKQJx0p1XCfRfoalZoTTcd5LFU0wGeI+7RgaYUGVn02PH6Njo/RQGEtTkUZT9fdEhoVSIxGYToH1QC16E/E/r5Pq8NzPWJSkmkZktihMOdIxmiSBekxSovnIEEwkM7ciMsASE23yypsQ3MWXl0mzWnGdintn0riCGXJwBEUogwtnUINbqEMDCIzgCV7hzXq0Xqx362PWumLNZwrwB9bnD91ulG8=</latexit><latexit sha1_base64="TkBE4Y3sFBj2RYn+3EvU54aFDts=">AAAB/HicbVDLSgMxFM3UV62v0S7dhBahIpSZbnQj1MfCZQX7gM5QMmmmDU0yQ5IRhqF+hXs3LhRx64e469+YPhbaeuDC4Zx7ufeeIGZUaceZWLm19Y3Nrfx2YWd3b//APjxqqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MbqZ++5FIRSPxoNOY+BwNBA0pRtpIPbvoNYa0cnsKL6E3QJwjWLvq2WWn6swAV4m7IOV6yTt7ntTTRs/+9voRTjgRGjOkVNd1Yu1nSGqKGRkXvESRGOERGpCuoQJxovxsdvwYnhilD8NImhIaztTfExniSqU8MJ0c6aFa9qbif1430eGFn1ERJ5oIPF8UJgzqCE6TgH0qCdYsNQRhSc2tEA+RRFibvAomBHf55VXSqlVdp+remzSuwRx5cAxKoAJccA7q4A40QBNgkIIX8AberSfr1fqwPuetOWsxUwR/YH39AObYlfU=</latexit><latexit sha1_base64="TkBE4Y3sFBj2RYn+3EvU54aFDts=">AAAB/HicbVDLSgMxFM3UV62v0S7dhBahIpSZbnQj1MfCZQX7gM5QMmmmDU0yQ5IRhqF+hXs3LhRx64e469+YPhbaeuDC4Zx7ufeeIGZUaceZWLm19Y3Nrfx2YWd3b//APjxqqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MbqZ++5FIRSPxoNOY+BwNBA0pRtpIPbvoNYa0cnsKL6E3QJwjWLvq2WWn6swAV4m7IOV6yTt7ntTTRs/+9voRTjgRGjOkVNd1Yu1nSGqKGRkXvESRGOERGpCuoQJxovxsdvwYnhilD8NImhIaztTfExniSqU8MJ0c6aFa9qbif1430eGFn1ERJ5oIPF8UJgzqCE6TgH0qCdYsNQRhSc2tEA+RRFibvAomBHf55VXSqlVdp+remzSuwRx5cAxKoAJccA7q4A40QBNgkIIX8AberSfr1fqwPuetOWsxUwR/YH39AObYlfU=</latexit><latexit sha1_base64="KfrsiZmRjpIw2aRLlP44RhpVTJo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBahbkrSjW6E+li4rGAf0IQymU7aoTNJmJkIJdRfceNCEbd+iDv/xmmbhbYeuHA4517uvSdIOFPacb6twtr6xuZWcbu0s7u3f2AfHrVVnEpCWyTmsewGWFHOItrSTHPaTSTFIuC0E4xvZn7nkUrF4uhBTxLqCzyMWMgI1kbq22WvOWLV2zN0ibwhFgKj+lXfrjg1Zw60StycVCBHs29/eYOYpIJGmnCsVM91Eu1nWGpGOJ2WvFTRBJMxHtKeoREWVPnZ/PgpOjXKAIWxNBVpNFd/T2RYKDURgekUWI/UsjcT//N6qQ4v/IxFSappRBaLwpQjHaNZEmjAJCWaTwzBRDJzKyIjLDHRJq+SCcFdfnmVtOs116m5906lcZ3HUYRjOIEquHAODbiDJrSAwASe4RXerCfrxXq3PhatBSufKcMfWJ8/yu+S5g==</latexit>

D

Φ



Hydrophobic Attraction 
Potential BVP

Amphiphilic Interaction and Dynamics of Lipid-like Particles by an Integral Equation Method, S.-P. Fu, 
RR, A. Klöckner, M. Wala, S. Jiang and Y.-N. Young, in preparation
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For example:

head

tail



Hydrophobic Attraction 
Potential BVP

(
� ⇢

2
�u+ u = 0 in ⌦,

u(x) = f(x) on ⌃ and lim

x!1
u(x) = 0
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�(⌦, f) = �min
A

I[u], where I[u] =

Z
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�1
u

2
dx
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•Exterior problem: existence and uniqueness 
•Solutions decay and other properties

Screened Laplace Boundary Value Problem



Forces and torques

⌦ = Rn \
N[

i=1

Mi, ⌃ =
N[

i=1

@Mi
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(
� ⇢

2
�u+ u = 0 in ⌦,

u(x) = f(x) on ⌃ and lim

x!1
u(x) = 0
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Fi =

Z

@Mi

T · ⌫i dS, ⌧0i =

Z

@Mi

r0 ⇥ (T · ⌫i) dS
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T = �⇢�1u2I+ 2⇢�( 12 |ru|2I�ru⌦ru)
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Hydrophobic stress tensor



Derivation: outline

Ω Ω!M1

M3

ν
ν3

●●

M2

X∈∂M2
x2(X,!)

d

d✏
�(⌦✏, f✏)

���
✏=0

= �
NX

i=1

�
c0i(0) · Fi +wi · ⌧0i

�
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Ω Ω!M1

M3

ν
ν3

●●

M2

X∈∂M2
x2(X,!)

xi(X, ✏) = ci(✏) +Qi(✏)X
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(
� ⇢2�u✏ + u✏ = 0 in ⌦✏

u✏ = f✏ in ⌃✏
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⌦✏ = Rn \
N[

i=1

xi(Mi, ✏), ⌃✏ = @⌦✏

f✏(xi(X, ✏)) = f(X), X 2 @Mi
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•Water activity u satisfies transport equation 
at molecular interface 

•Bulk values determined by PDE

u0
+ru · x0

= 0 on ⌃
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Overall strategy

• Rapid solution of screened Laplace BVP (see MS54 on Thursday)


• Numerically integrate surface stresses  


• Apply (particle-wise) rigid deformations—or—for flexible 
interfaces, balance with any other elastic stresses

Fi =

Z

@Mi

T · ⌫i dS, ⌧0i =

Z

@Mi

r0 ⇥ (T · ⌫i) dS
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Hydrophobic stress tensor
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Can hydrophobic attraction be 
represented by pairwise interaction?



Validation

Centered Di↵erence Variation

Fi ⌧i
h�0.94496,+1.37954i +0.90685
h�0.28603,�0.46196i +0.02815
h+1.17189,�0.90103i �0.23972

Fi ⌧i
h�0.83884,+1.35038i +0.92534
h�0.26879,�0.43257i +0.02923
h+1.20538,�0.91928i �0.23962
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Particle Dynamics
• 2-dimensional problem (line tension) 


• Assume Janus-like particles—oriented disks


• Include repulsive force to prevent particles coming into contact 

⇠
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• Net force and torque is zero


• Total energy is non-increasing 

Particle Dynamics
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Properties



Simulation: 3 particles  
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Simulation: 3 particles  



Simulation: 25 particles  
(a) (b) (c) (d)

(e) (f) (g) (h)

…



Simulation: 25 particles  



Simulation: 25 particles  



Simulation: 25 particles  
(a) (b) (c) (d)

(e) (f) (g) (h)



Conclusion
• Given challenges with continuum and molecular models, we 

use formalism for long-range hydrophobic attraction to 
model amphiphilic molecules 


• Hydrophobic attraction has an associated stress tensor, 
which we derive explicitly by domain variation


• The flexible approach yields expected lipid self-assembly, 
e.g. micelles and bilayers, with practical computational times


• In future works, we must evaluate how Φ connects to the 
traditional Helfrich hamiltonian—include realistic 
hydrodynamic interaction


