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Motivation: cytoplasm consists of a viscous
fluid, (monomers of) elastic fibers, and
everything else (other than the nucleus)

semi-permeable,

y fixed boundary
3 of cell body

t/ /4;//// ﬁff//% /ﬂ//// %/ 7, %//// V2,

* Alt and Dembo, Math. Biosci. (1999)
» Strychalski et al, JCP (2014).

* imagej.nih.gov



outline

* Modeling cytoplasm as a viscous fluid filling a
deformable elastic network -> a poroelastic
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Mathematical modeling of cytoplasm:
Two-phase flow model for a network (s) phase in a viscous fluid (f)

* Cogan and Keener (Math. Med. and Biol., 2004)
V- (¢pui(Vuy + (Vup)h)) — 6,Vp — €605 (uy —u,) =0,

05
ot

¢f+¢s:1 +V<¢bus)zo v<¢sus+¢fuf>zo

o, = ps (Vus + (Vu,)") - elastic stress o, neglected in
this work



Mathematical modeling of cytoplasm:
Two-phase flow model for a network (s) phase in a viscous fluid (f)

* Mori et al. (SIAM J. Applied Math., 2013)
V- (opmi(Vug + (Vup)")) — 6,Vp — Edsdp(uy —u,) =0,

V- ((Ds (O-'v + Oc)) _ vaP + fgbbgbf(uf — us) — O:

br+0,=1, S+ V(D) =0, V- (6u, + dpuy) =0,
N :
T, = ,us (vué _I_ (vué)T) o, = (Z)S a” elgb}t;c(F) FT,

* This work also considers the polyelectrolytic
solutions in the formulation.



Boundary conditions in Mori et al.
(SIAM J. Applied Math., 2013)

* Different from those in Cogan and Keener
(U—u,) -n=d¢;(u—u,) -n=uw
(U-u,) - (I-nn)=(u—u,)-(I-nn)=gq,
Y-n—(op+o0,) n+[pn=0,

* More boundary conditions needed

UL’lU:HL:H'Z'H—IP(J—) -n + [pl,
Of

ma =1L = (os-n),,



e MacMinn et al. (Phys. Rev. Appl., 2016)
_¢pr _ §¢s¢f (uf _ us) — 0:
V- (¢s (av + Ue)) - qbsz + €¢s¢f (uf — us) — O:

V- (¢s(0y+0e) = Vp=V-(¢s0") — Vp =0,

09s
ot

viscous dissipation 0, =0, ¢ =o0.=Atr (H)I+ (M — A) H,

(,bf + o, =1, + V- (¢su5) = 0, V- (gbsus + ¢fﬂf) = 0,

H = %m (FF"), F'=1-Vyv,,

Ji
§0s

1
Vp, uy=q+ ng,

U, = q —



Small-deformation and linear poroelasticity

: Pr — Gro
» Small deformation: —— Offo ~ Vv <,
* Linear poroelasticity:
1
o =Atr(e)+ (M —A)e, withe= 5 Vv, + (VVS)T] :

* Coupled to an external Stokes flow:

1.V*U—-VP =0, VU=0,



Summary of two-phase flow model

* Conservation of mass:

o
of +0s =1, 5

+ V- (¢sus) — O V- (¢sus + ¢fuf) — O
* Momentum balance:

V- (drer) — o Vp+ N +¢p8 =0, N7 = —£hpos (uy — uy),

V- (Cb(s'eb') - (/5sz +Nf_)8 + ¢s/)sg = 0, Nf_)s - _NS_U( — fgbfqbs (uf - us) 3

* Incompressible Darcy equations are derived as a limit of dominant solid stress over fluid
stress.

_(rbfvp _ €¢f¢s (uf — us) — —pP8 when o’ = ¢fef + Cbses ~ Qbsesa

e Solid structure is allowed to deform (soft solid), and the usual Darcy equations are
obtained when the strain is fixed in time (u.=0).



Summary of two-phase model (cont.)

* Exterior Stokesian fluid V- (wE)—-VP=pupVU-VP =0,

V-U=0,
. amerior poroelastic V- (9ypiey) — 6Vp — £0uby (uy —us) =
V. (¢s(oy +0c)) — 0 Vp+Edsoy (uy —uy) =
P B
o+ ¢y =1, V-(opus+ ¢su,) =0
-D Inti]rigdr poroelastic —qbpr gqséqbf (uf — ué) —
Y V- (¢b (0L+OC)) ¢3Vp+§¢s¢f (Uf _us) —
06 B
at V- (dou,) =
be + ¢s = 1, (beuf + (15511.5) —



Boundary conditions: a simple derivation

viscous €lwd phace
V-[-’ P) '“'4..1 ¢1‘




Boundary conditions: a simple derivation
/U — VP|dx

¥ / us - [V(bpuer) — 6;Vp — Edsbuluy — u,)] da

+

/Q u, - — 6. Vp+ E0s6u(uy — )]

~U - (t.E — PI) - nds — / 1E : VUdx

I's Q

—I—/ us- (oruier — oppl) nds—/qbf,u,ef Vufdzzj
I'y

+/ U - (005 — dspl nds—/qbbas Vu.d’x -
I'y



* Velocities relative to the skeleton velocity: U = U —u,, uy = ¢y (uf — uy),

* Surface integrals after the integration by parts:

/ —(U + uy) (ueE — PT)i + (% + us) (Prpier — orp)nn 4+ u (¢ps05 — ¢spl) nds
Iy f

:/ U, - (—pE + PI+ ¢rpies + ¢psos — pI)nds+
It

« Decomposition: U=U, + ﬁ”, Uy = Uy, + uy

A

» Normal component: U, = ur; — (U—uy) -n=¢s(ur—uy) - n.

Cl

L =uy =mn- (B — PI—pep+pl)-n



Boundary conditions (cont.)

* Tangential component:

l\DITb

U= 2 (uB - h)) 7 (ues ), = 5 (uB- i)
o N 7 A
ug = o (k- n)“ D) (kief - )|| D) (piey - lr1)|| )

* Interior Darcy flow: Beavers-Joseph slip boundary condition is recovered
(Beavers and Joseph, JFM, 1967)

* Interior Brinkman flow: Stokes-Brinkman slip boundary condition is recovered
(Angot, Goyeau, and Ochoa-Tapia, PRE, 2017)

* Roughness of the Stokes-Brinkman (or Stokes-Darcy) boundary gives rise to small slip
and permeability



Boundary conditions: summary

(U =) = o5 (uy —uy)]-n =0,
(U —u,) -n=mn-[(uE— PI)— (ue; —pI)] - n,

[(U_us>].a:§ﬁ.ueE.f,

[¢f (llf — us)] . fi = —gﬁ " i€y E,
n-(uE — PI) — (9505 + ¢ppiey — pl)| - n = g7,
t - [(uE — PI) — (6505 + dspies — pI)] -1 = 0,

—0sVp —Eods0p (up —uy) =0,

V- <¢b (UU + Ue)) T ¢va + §¢5¢f (uf — us) — 07
9, )

o+ ¢s =1, V- (orus + dsu,) = 0.



A Darcy drop in a linear flow: small-deformation

r=1+oér(t,0)=1+v,-1, |0r|=|vy-T

dvs  0vg N v OV,
u, - Vv, &
ot

dt ot

u, =

* Consequence of small-deformation

v,
9 (0% ) (1= du) gy (Vv + V- (a5 ) + o

aVS avs
(1_%)( py ) + V- (¢)0 5 ) + h.o.t.

OV,

22




A Darcy drop in a linear flow: small-deformation

r=1+4+oér(t,0)=1+v,-1r, |0r|=|vy-T

ds S
0 — V:(9V Uy, (?V

dt ot ot

ovs\
—poVp — £do(1 — ¢p) (u 5 ) =0,

V- (1= ¢o) (0e(Vs) + avou(uy))) — Vp = 0,
'(¢0Uf+(1—¢0>u3)—0.

 Uniaxial extensional flow

* Planar shear flow



Small-deformation of a Darcy drop in a uniaxial extensional flow

Uy Uf.e Uy
Vs | = | Vse | + M | v
P Pe P1
21 ,
De = _E(l — ¢p)(1 — A)dyr* (1 + 3cos(20))
. 3(5 —2A 2A
Ve I = (— ( % )dlr?’ — dor — - 3Ad3r3> (14 3cos(20)),
A A
Vse 0= <3<6 )dlr + dor + 3d37“ > sin(20),

( > cos 0 sin? 6,

(1 + 3008(29))




Flow around a soft Darcy drop in a uniaxial
extensional flow: equilibrium




Small-deformation of a Darcy drop in a planar shear flow

Pe = %dyrQ sin” 0 sin(2¢),
G 2A
es'A: d 3 d d 3 in . 2
Ves T (7(1_/\)(1_%) 17+ 3r+7+3A 4r)sm 6 sin (2¢),

A 5G
V0 = ( A)(1 — ¢o)

1
Ay + dar + §d4r3) sin f cos 6 sin (2¢) ,

V, - qAb = (21(1 — /5\?(1 — ¢0)d1r3 + dsr + %d4r3) COS (2(;5)) sin 6,
Ue- 7= 05 (6C5 + 5C1r* + 107°) sin” 0 sin(2¢),
U, 0= 28’;4 (—2C5 + 57°) sin(26) sin(2¢),
U, -¢p=— 154 (5(2C4r* +1°) + (2C5 — 5r°) cos(2¢) ) sin 6,
P, = E% 00 sin? 0sin(26).

[
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Small-deformation of a Darcy drop in a planar shear flow

 m=0, f=0
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Linear dynamics of a Darcy drop in a uniaxial extensional flow

Ve T = hoér) (1 + 3 cos(26)) e
Ves - 0 = hy(r)sin(20)e™
p = 1_2:50) [(8(1 + Mas) o + 2(1 + A + Apy)rhiy) +
higl()—rr%—@’r—k o\ r’ + \ rth g
- N 991 20292 5%\21800 y
wi e =5 T 18~ gos02”  ossso0”
p— (f’+;)008<29))< A

2T3 (1 + /\,US)gbO‘



Linear dynamics of a Darcy drop in a planar shear flow
Vo1 - T = fo(r)sin® 0 sin(2¢)e™,

~ filr)
2

Vg1 0 —

Vo1 ¢ = f1(r)sinf cos(2¢)e™,

cos(26) sin(2¢)e™,

po= L (804 M) fo+ 200+ A+ M) fy) -

(12(1 + Aps) f1 — 2(1 = A+ Aps)rf] — 2(1 — A+ Apg)r* £7) ] (1 + 3cos(26)) e,

fo=oaqr + azr® + asg(r),

3) 3 1 03]
fi=oaar+ 50437” — a5ga(r), Al a3 | =ABg | a3 '
U -r= 2(?—4 (03 + 501r2) sin? @ sin(2¢)e™, @5 &
r
A
) G - < — A 1
U, -0=— 072 sin(26) sin(2¢)e™, (14 ps\) o 1200 as fls|A| >
. G |
U -0=— 10,4 (10647“2 + 2c¢3 COS(QQS)) sin fe,
P, = Ga ¢, sin? fsin(2¢)e™.

273



Linear dynamics of small-deformation of a Darcy drop: $=0,11,=0




Linear dynamics of small-deformation of a Darcy drop: f=1,11,=0




Linear dynamics of small-deformation of a Darcy drop: 1,=20




Conclusion and ongoing work

Both permeability and slip change the flow around the soft
drop even in the small-deformation limit.

Soft poroelastic drop in extensional flow and shear flow.
Brinkman drop is also considered (in a separate paper).

Large deformation of soft poroelastic drop in Stokes flow?
(Strychalski et al, JCP, 2014, Wrobel et al., JFM, JCP, 2016)

Swelling and charge transport and electrohydrodynamics of
polyelectrolytic solution?



Cell membrane

* A drawing of a cellular cytoplasmic membrane.



Structures of lipid bilayer membranes

Q <«——— Hydrophilic head

{ |) «——— Hydrophobic tail
(.

6 8

Assemble into bilayers to hide tails
Bilayer = 2 monolayers

Edges: exposed tails

Closed compartment
J

* Bilayer of thickness 2a ~ 5 nm with a bending modulus x, area stretching modulus
K, membrane conductance o,, and permittivity €, (membrane capacitance c, =¢,, /
2a)



Hydrodynamics of lipid bilayer membranes

1. Electrohydrodynamics of a planar lipid 2. Protein-lipid interaction (PNAS 2015, Acta Mechanica Sinica

bilayer membrane (JFM 2014, PoF 2015) 2016)

flow-induced tension, 7(s)
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vdW interactions between two vesicles

* Hydrodynamics of a vesicle doublet in a shear flow

* Two vesicles interacting with each other via a vdW potential

Dy
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* Two vesicles interacting with each other via a vdW potential
under a shear flow
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Kawamoto, J. Chem. Phys., 2015.



Hydrophobic interaction as a dominant mechanism

* Splay, saddle splay, tilt and
stretching deformations
from classic continuum
membrane mechanics arise
as a consequence of large-
scale hydrophobic attraction
minimization on membrane-

like configurations.

* “Long-range” hydrophobic
interaction sufficient to
replace Helfrich free

energy?

* Fuetal., submitted for

publication in SIAM
Multiscale Modeling.
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A viscous drop in a uniform streaming flow

* Spherical coordinate system
* Interior viscosity increases from top to bottom

e Streamlines around an osmophoretic drop
(Anderson, 1981, 1983)

—— OSMOPHORESIS

v~r-3



