
A	two-phase	flow	model	for	a	so2	
poroelas3c	drop	in	linear	flows	

	
Yuan-Nan	Young		

New	Jersey	Ins3tute	of	Technology	
	

Yoichiro	Mori,	University	of	Minnesota	
Michael	Miksis,	Northwestern	University	

	
	

SIAM	Life	Sciences	2018	
YNY	Supported	by	NSF-DMS-1614863	and	NSF-DMS-1412789	

	
	



Mo3va3on:	cytoplasm	consists	of	a	viscous	
fluid,	(monomers	of)	elas3c	fibers,	and	
everything	else	(other	than	the	nucleus)	

•  Alt	and	Dembo,	Math.	Biosci.	(1999)	
•  Strychalski	et	al,	JCP	(2014).	

•  imagej.nih.gov	



outline	

•  Modeling	cytoplasm	as	a	viscous	fluid	filling	a	
deformable	elas3c	network	->	a	poroelas3c	
fluid	

•  Small-deforma3on	dynamics	of	a	poroelas3c	
drop	in	a	uniaxial	extensional	flow		

•  Small-deforma3on	dynamics	of	a	poroelas3c	
drop	in	planar	shear	flow	

	



Mathema3cal	modeling	of	cytoplasm:		
Two-phase	flow	model	for	a	network	(s)	phase	in	a	viscous	fluid	(f)	

•  Cogan	and	Keener	(Math.	Med.	and	Biol.,	2004)	

elas3c	stress	σe	neglected	in	
this	work		



Mathema3cal	modeling	of	cytoplasm:		
Two-phase	flow	model	for	a	network	(s)	phase	in	a	viscous	fluid	(f)	

•  Mori	et	al.	(SIAM	J.	Applied	Math.,	2013)	

•  This	work	also	considers	the	polyelectroly3c		
solu3ons	in	the	formula3on.	



Boundary	condi3ons	in	Mori	et	al.		
(SIAM	J.	Applied	Math.,	2013)	

•  Different	from	those	in	Cogan	and	Keener	

•  More	boundary	condi3ons	needed		



•  MacMinn	et	al.	(Phys.	Rev.	Appl.,	2016)	



Small-deforma3on	and	linear	poroelas3city	

•  Small	deforma3on:	

•  Linear	poroelas3city:	

•  Coupled	to	an	external	Stokes	flow:	



Summary	of	two-phase	flow	model	

•  Incompressible	Darcy	equa3ons	are	derived	as	a	limit	of	dominant	solid	stress	over	fluid	
stress.	

•  Solid	structure	is	allowed	to	deform	(so2	solid),	and	the	usual	Darcy	equa3ons	are	
obtained	when	the	strain	is	fixed	in	3me	(us=0).	

•  Conserva3on	of	mass:	

•  Momentum	balance:	



Summary	of	two-phase	model	(cont.)	
•  Exterior	Stokesian	fluid	

•  Interior	poroelas3c	
Brinkman	fluid	

•  Interior	poroelas3c	
Darcy	fluid	



Boundary	condi3ons:	a	simple	deriva3on	



Boundary	condi3ons:	a	simple	deriva3on	



•  Veloci3es	rela3ve	to	the	skeleton	velocity:	

•  Surface	integrals	a2er	the	integra3on	by	parts:		

•  Normal	component:	

•  Decomposi3on:	



Boundary	condi3ons	(cont.)	
•  Tangen3al	component:	

•  Interior	Darcy	flow:		Beavers-Joseph	slip	boundary	condi3on	is	recovered		
(Beavers	and	Joseph,	JFM,	1967)	

•  Interior	Brinkman	flow:			Stokes-Brinkman	slip	boundary	condi3on	is	recovered		
(Angot,	Goyeau,	and	Ochoa-Tapia,	PRE,	2017)	

•  Roughness	of	the	Stokes-Brinkman	(or	Stokes-Darcy)	boundary	gives	rise	to	small	slip		
and	permeability	



Boundary	condi3ons:	summary	



A	Darcy	drop	in	a	linear	flow:	small-deforma3on	

•  Consequence	of	small-deforma3on	



A	Darcy	drop	in	a	linear	flow:	small-deforma3on	

• Uniaxial	extensional	flow	

• Planar	shear	flow	



Small-deforma3on	of	a	Darcy	drop	in	a	uniaxial	extensional	flow	



Flow	around	a	so2	Darcy	drop	in	a	uniaxial	
extensional	flow:	equilibrium	

•  Λ/Μ=1/3, φ0=0.8, β=103, η1=10, ξ=1

•  Λ/Μ=1/3, φ0=0.8, β=0, η1=10, ξ=1



Small-deforma3on	of	a	Darcy	drop	in	a	planar	shear	flow	



Small-deforma3on	of	a	Darcy	drop	in	a	planar	shear	flow	
•  η=0,	β=0	 •  η=100,	β=0	



Linear	dynamics	of	a	Darcy	drop	in	a	uniaxial	extensional	flow	



Linear	dynamics	of	a	Darcy	drop	in	a	planar	shear	flow	



Linear	dynamics	of	small-deforma3on	of	a	Darcy	drop:	β=0,η1=0	



Linear	dynamics	of	small-deforma3on	of	a	Darcy	drop:	β=1,η1=0	



Linear	dynamics	of	small-deforma3on	of	a	Darcy	drop:	η1=20	



Conclusion	and	ongoing	work	
•  Both	permeability	and	slip	change	the	flow	around	the	so2	

drop	even	in	the	small-deforma3on	limit.	

•  So2	poroelas3c	drop	in	extensional	flow	and	shear	flow.	
Brinkman	drop	is	also	considered	(in	a	separate	paper).	

•  Large	deforma3on	of	so2	poroelas3c	drop	in	Stokes	flow?	
(Strychalski	et	al,	JCP,	2014,	Wrobel	et	al.,	JFM,	JCP,	2016)	

•  Swelling	and	charge	transport	and	electrohydrodynamics	of	
polyelectroly3c	solu3on?	



Cell	membrane	

•  A	drawing	of	a	cellular	cytoplasmic	membrane.	



Structures	of	lipid	bilayer	membranes	

•  Bilayer	of	thickness	2a	~	5	nm	with	a	bending	modulus	κ,	area	stretching	modulus	
K,	membrane	conductance	σm	and	permiivity	εm	(membrane	capacitance	cm	=εm	/
2a)	



Hydrodynamics	of	lipid	bilayer	membranes	
1.  Electrohydrodynamics	of	a	planar	lipid	

bilayer	membrane	(JFM	2014,	PoF	2015)	

3.	Pora3on	of	a	vesicle	(CPC	2017)	
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2.	Protein-lipid	interac3on	(PNAS	2015,	Acta	Mechanica	Sinica		
2016)	



vdW	interac3ons	between	two	vesicles	
•  Two	vesicles	interac3ng	with	each	other	via	a	vdW	poten3al	

•  Two	vesicles	interac3ng	with	each	other	via	a	vdW	poten3al		
under	a	shear	flow	

•  Hydrodynamics	of	a	vesicle	doublet	in	a	shear	flow	

Kawamoto,	J.	Chem.	Phys.,	2015.	



Hydrophobic	interac3on	as	a	dominant	mechanism	

•  Splay,	saddle	splay,	3lt	and	
stretching	deforma3ons	
from	classic	con3nuum	
membrane	mechanics	arise	
as	a	consequence	of	large-
scale	hydrophobic	alrac3on	
minimiza3on	on	membrane-
like	configura3ons.		

•  “Long-range”	hydrophobic	
interac3on	sufficient	to	
replace	Helfrich	free	
energy?	

	
•  Fu	et	al.,	submiled	for	
publica3on	in	SIAM	
Mul3scale	Modeling.	

LBM	の	model,		Helfrich	energy	ない	



A	viscous	drop	in	a	uniform	streaming	flow	

x
1

•  Spherical	coordinate	system	

•  Interior	viscosity	increases	from	top	to	bolom	

•  Streamlines	around	an	osmophore3c	drop		
						(Anderson,	1981,	1983)	


