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Biomedical Motivation

Generalized Poroelasticity

1. Biomedical Motivation
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The Waterscape Project at Simula
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Biomedical Motivation

Black Box Models Are Common In Clinical Theory

Figure: [Xie et. al. 1995]

T.B.T and M.E.R (Simula)

d
—V=Jy—J
dt 14 L

Jy = K¢ (Py — ppya — o(Ily —1Iy))
Ji = R;" (phya + Py — Pr)

Stokes-Biot Hdiv



Biomedical Motivation

A Mechanical Response: Biot's Equations

Quantities
o effective elastic stress tensor
€ linearized strain tensor
C linear, isotropic stiffness tensor
q fluid flux
Relations
o = Ce
€ = 2 (Vu+vu")
o(u) = 2ue+ Atr(e)l
q = —kVp

Biot's Equations: Single Pore Fluid
Figure: Porous Isotropic Media —divo(u) +aVp =0,
cp+ adivu — div(kVp) = g.
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cal Motivation

The Brain Has Multiple Interacting Fluid Networks

E
T.B.T and M.E.R

(Simula)
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LI
Generalized Quasi-Static Linear Poroelasticity (MPET)

One Network

o
B

Two Networks
RS
&l
e

Three Networks

T.B.T and M.E.R (Simula)

MPET Equations™: ‘A’ networks
A
—divo(u) + Z anVp, =0,
n=1
CnPn + oy diva — div(k,Vpy,)
A
- Z Tmsn = In-
m=1
n=12,...,A

* Barenblatt [1960] and Aifantiss [1980]
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L R
Application Of MPET To The Brain: 4 Networks
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Biomedical Motivation [~ .research laboratory |

Numerical Robustness: Limiting Parameter Values

Recent Numerical Work: Robust-In-Limit Methods

m \: Youngs Modulus
@ Brain Models: v ~ 1/2
® Implies: A — o0
© Lee, Piersanti, Mardal, and Rognes [2018, in prep]
Total Pressure Mixed Formulation, MPET
m x: Hydraulic Conductivity
® ~1077— ~ 10717, for general tissue matrix variteties
® Rodrigo, et. al. [2017]
3-Field Mixed Formulation For Biot
m C: Storativity

@ C = 0: Nearly Incompressure solid phase, and liquid phase
@ Associated with spurious pressure oscillations
© Lee [2017]

3-Field Mixed Formulation For Biot
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Search: Robust Numerical Method For MPET

m Goal: Robust Method in the x,, — 0 MPET Equations™: ‘A’ networks
limit case A
m Goal: Robust Method in the ¢, — 0 — div a(u) —+ Z anVp, =0,
limit case - e.g. ‘locking free’ n=1
m Assume CnPn + o diva — div(k, V)
an #0, A
cn >0o0r Ky >0,
Tmosn = 'Ymn(pn _pm)- - Z Tmn (pn B pm) = 9n-
Ymm = 0 m=1
Yrm = Ymn n:1,2,...,A
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3-Field Formulation for MPET with Energy Estimates

3-Field Formulation

2. 3-Field Formulation for MPET with Energy Estimates
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3-Field Mixed MPET Formulation

A
—divo(u) + Z anVp, =0
n=1

Zn + knVp, =0

A
CnPn + o diva + div z, + Z’Ymn(pn_pm) = On-
m=1
n=12,...,A
pn =0, o-n=0, xef_t,
u =0, Zn-n =0, rzell..

ue HY(0,T;U) 2z, € L*0,T;W) p, € H'(0,T;Q)
gn € Q
Where U = H]. (Q)%, W = Hp, (div;Q), Q = L*(Q).
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3-Field Mixed MPET Variational Formulation

Find u € H'(0,T;U), z, € L*(0,T;W), and p, € L?(0,T; Q)
V(v, W, pn) € U X W x Q

A

(Ce(u) e (v)) = > an(pn,dive) =0,

n=1

m;l(zn,wn> — (pn, divw,) =0,

A
Cn(ljn; Qn> + an<div 1, Qn> + (diV Zns Qn> + Z ’Ymn<pn — Pm, qn) = <g'n; q'n>~
m=1

* We also define a new norm for H(div) for later use; let k > 0:

Hr, (div;s™') = {z € Hr (div) |k~ (z, 2) + (div z,div 2) < oo}
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LR e
Developing Tools

Lemma 1 (Thompson & Rognes): Let B be a banach space with dual B/,
and (-,v) g/ p denote the duality pairing. Suppose X € C°(0,T; B),

G :[0,T) = R* € L}([0,T]), C > 0 is a constant, and that F' € L'(0,7T; B').
Suppose Vt € [0,T]

1X@®)5 < ||X(0)||QB+/O [(F(s), X(s))p,5] + G(s)ds +C

Then we have the following estimate

T 1/2
I X®ls < [IX(0)]5 + max{2[|F|[L1 0,15 (2/ G(s)ds +2C) }

< |1X(0)/15 + max{2(|F|| 10,75, V2G| 0.7y + V2
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3-Field Formulation for MPET with Energy Estimates [ ~ .research Iaburatury ]
Developing Tools

Corollary 1 (Thompson & Rognes)* Let X1, Xs,..., X4 and F1, Fy, ..., Fa
and J be continuous, non-negative functions, and C' > 0. Suppose that

A T
> X2() ZX2 +Z/ ds+/ J(s)ds+C (1)
n=1 0

Then the following inequality holds with proportionality constant no greater than

2A:

1/2

A A T
an(t)gz:: Z/ ds+</0 J(s)ds+0> . (2)

* The case of A =1 first appears in Lee [2016].
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3-Field Formulation for MPET with Energy Estimates [~ .research laboratory |

Energy Estimates

Lemma 2 (Thompson & Rognes): Suppose the exact solutions satisfy
u € HY(0,T;V), 2, € L?>(0,T;W), and p, € H'(0,T;Q), with sources
gn € LY(0,T; Q). Suppose there exists ¢ > 0 such that k,,, ¢,, oy, > ¢
Vn=1,2,..., A then

1
2
/ (Z Yol [Pn — pm||Lz+Zn*1||zn||Lz ds>
0

m,n=1

+ [fu(t |I1+Z\/0nllpn Mz < [Ju(0 ||1+Z||pn )2

||L 0,T;L?
Z\/— ( )
We Control:
sup |[|u(t)|[1, sup |[[pn(t)]|L2, ||pn—pm||L2(0,T;L2)a H51||Zn||L2(0,T;L2)-
t€[0,T) t€[0,T]
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______3-Field Formulation for MPET ith Enrgy Estimates L R
Energy Estimates

Proof Outline.

Select v = @, w; = z;, and ¢; = pJ Use Yimn symmetriC'

(Ce (u +Znnmm+zﬁmmm

A

1
+§ E ’an||Pn—Pm||%2 = E :<g"7p">
n,m=1

=1l

Integrating from 0 to T and using standard inequalities gives

A T A
@1l + Y eallp(®)IIZ2 +/ > Ymallpn — pullZ ds+

n=1 n,m=1

/Zn Yzl ds S WO + 3 enllpn()] 22+
n=1

Z/O (1/ve)llgn($)lIVenllpals)ll ds

Apply the generalized Gronwall-type inequality to the above. (]
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3-Field Formulation for MPET with Energy Estimates

Energy Estimates
Remark If in addition z, € H*(0,T;W) and g, € L*(0,T;Q)NL*(0,T;Q)

[u(®)ll + Z Venllpn (Ol 2 + Z Vertllzn @1l e + Z VAmallpn () = pm (B2

m,n=1

1/2
+ (/0 ||“||1 + Z CnHPnHLZ + Z HZ"HH(d:v K—l) + Z Ymn||Pn _pm||L2 ds)

n=1 m,n=1

< lu ()l + Z Venllpn (012 + Z [z (0)11

. —1
= — H(diviky 7)

+ Z \/’Ymnllpn(o)_Pm(O)llL2+Z

m,n=1

A 1/2
2
+ ( > ;HgnHLz(O,T;Lz))

n=1

||9n||L1(0TL2)

We Control:

||u||L2(O,T;H1) ||p.n||L2(0,T;L2) ||Z”||L2(O,T;H(div;n;1)) ||pn _pm||L2(0,T;L2)

sup |ulf1, sup |[pnllz2s  sup |Ipn —pmllz2,  sup ky|zallze
t€(0,T] t€[0,T] t€[0,T] te

»
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3-Field Formulation for MPET with Energy Estimates

Semi-discrete formulation

Let Uy, C U, W, C W, and Q;, C Q be finite dimensional.
suppose the existence and uniqueness of semi-discrete solutions uy, (t, z) € C2(0,T; &%),

Zhn(t, ) € CH(0,T;Wh), and pun(t,©) € C*(0,T;Qp), for each n € {1,2,..., N},
such that for every (vi,, wWh,qn) € Xn X Wi X Qn:

A
(Ce (un) . (vn)) + 3 cvnb(vn, pin) = 0

n=1
fin (2, wh) + b(wh, ) = 0
N
Cn (Bryns @n) — anb(itn, @) = b(2hn, @n) + Y Ymn (Prin = Prims @h) = (gns n)

m=1

where b(w, q) = —(V - w, q)
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Stokes-Biot Stability

3. Stokes-Biot Stability, and Semi-Discrete MPET Estimates
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Stokes-Biot Stability, and Semi-Discrete MPET Estimates [~ .research Iaburatury]

Stokes-Biot Stability

Definition The triple Uy, x Wj x Q, C U x W x Q is called Stokes-Biot stable if
@ The bilinear form (Ce (u), € (v)) is bounded on U and coercive on Uy,
Q (Wi, Q) is a Poisson-Stable pair of discrete spaces,
@ (Un,Qp) is a Stokes-Stable pair of discrete spaces.

Define the Poisson Galerkin projection for (zn,pr) by

i (Tw,, 2", wi) + b(wi, g, p") = &~ (2", wn) + b(wn,p"), Ywi € W,
b(Mw,z", qn) = b(z",qn), Van € Qn

Define the augmented elastic projection for u by

(Ce(Tly,u) , € (vn)) = (Ce (u), €(vn)) — zn:anb(vh,lgz), Yun € vn

As a first step: assume the material parameters are uniformly bounded
below and derive interpolation error estimates. c.f. [Rodrigo et. al 2016]
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Stokes-Biot Stability, and Semi-Discrete MPET Estimates [ ~ .research |8b0l‘ﬂtOW]

Interpolation Error Estimate
Claim: Define I}}h = Iy, u — u, and likewise for p,, and z,. Then

Ilw + 1P |lo < inf ||z, —w + inf — 3
by + 1l S inf 20 —wallw +_inf oo~ aille (3

A
Mo < inf |ju— > inf - 4
5] lo NU;rEIUhHu ”’L”UJrn:lw,wih”Z” wp|w (4)

A
+ inf —
;qhthllpn anllg

Proof Outline.
The estimate for the Galerkin projector of the Poisson problem, e.g. (3), is well known;
for k,, bounded below, the right-hand side is a fixed constant. We now establish the

estimate of (4) O
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Stokes-Biot Stability, and Semi-Discrete MPET Estimates [~ .research Iaburatury]

Interpolation Error Estimate

Proof Outline (cont.)

Define ap, by: Yun € Uy (Ce (in), € (vn)) = (Ce(u), € (vn)). It is well known that
[lu = Gnl|1 S info,cv, ||u— vil|lu, . Coercivity of (Ce(-),€(-)) on Uy gives

llan — v, ullt: S (Ce (an — My, w) € (n — v, w))
Using the definition of the augmented elastic projector:
(Ce (an, — Iy, u) , € (ap — My, u)) = (Ce (ap — u) , € (an — My, u))+

A
> anb(in — Iy, u, I5")
n=1

Cauchy Schwarz and boundedness gives

A
llin — o, ullo $ N1 lle

n=1

The result follows from ||u — Ty, u|| < ||u — 4p|| + ||@n — Iy, u|| and the interpolation

estimates established for I7".
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Stokes-Biot Stability, and Semi-Discrete MPET Estimates

Interpolation Error Estimate

Recall: Ijj, = Iy, u —u, and Ej, = Ily, w — uy;, and likewise for p,, and 2,
Proposition (Thompson & Rognes)

A
1EG, Ol + Z Venl|[Eg, (8)]] 2 + Z V1B [lr20,r:02)
+ Z VmallEQ ™ 20,7522y S 11EG, (0)] 1 +Zx/cnIIE”” (0)]] 2
m,n=1 n=1

A
+ inf Jla—wvall+ Y inf (|20 — wallw + |20 — wallw)
vp €U nzlwhewh

+ Z inf (lpn = anllz2 + llpn — anllz2)
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Current Work: A modified Stokes-Biot stability definition

Current Work: Improved Estimates

4. Current Work: A modified Stokes-Biot stability definition
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Current Work: A modified Stokes-Biot stability definition

r-dependence In The Galerkin Projector

m The previous estimates work for material coefficients bounded below; namely
kn >RE>0Vn=1,2,...,A

m The projection strategy discussed is based on the Galerkin Projection for the
Poisson problem:

a(z",w) + b(w,p") = F(w), VYw, €W,
b(z",q) =G(q), Vge@

Where a(z,q) = k™ (z, w), b(w,q) = —(divw, q)

m The Galerkin Projection estimates are:
z" —z) <ec inf ||z" —-w +¢o inf -
I rllw < 1whewh|| nllw QqhthHp anlle
e <ecs inf ||z"—-w + ¢4 inf -
IP" = pillw < es  inf || wllw +ea inf 0" — anlle
a=21+8") ce=r ca=2:"8"01+8") (1+28,")

*B is a constant depending only on ¢(£2) > 0 via Poincare
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Current Work: A modified Stokes-Biot stability definition

Numerical Tests: Stokes-Biot Stability

u(z,y,t) = curly = (fgfw) o ple,y) = [zy(1—2)(1 —y))

p(x,y,t) = 1.

P1 X RTl X Po

. N 8 16 32 64 128
10—t | 00187 [0.0040 [ 0.0009 | 0.0002 | 5.66 x 10~ | T — unlla
0.0590 | 0.0090 | 0.0016 | 0.0003 | 8.33 x 107> | |Tlop — ppl|z2
Lo | 00547 [0.0302 [ 0.0050 | 0.0005 | 893 10~ | |Tha — unlla
0.3187 | 0.3098 | 0.0741 | 0.0097 |  0.0012 | |Top — pallz2
Lo | 00578 [0.0567 [ 0.0476 | 0.0165 | 0.0018 | [Thu — unlla
0.3388 | 0.7067 | 1.1418 | 0.6450 |  0.1142 | |Top — pallz2
Lo 10 | 00578 [ 0.0574 [ 0.0570 [ 0.0550 | 0.0502 | [Ty —uplla
0.3372 | 0.7176 | 14527 | 2.7790 |  3.4403 | |Top — pallz2

* MMS test problem from [Rodrigo et. al 2016]
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Current Work: A modified Stokes-Biot stability definition

Numerical Tests: kK = 1 x 108

Py x RTO X Po
N 4 8 16 32 64
[lu— un||p2 | 5.251e — 04 | 5.734e — 05 | 6.001e — 06 | 6.879¢ — 07 | 8.366e — 08
|u—up]l1 | 1.002e — 02 | 2.650e — 03 | 6.629e — 04 | 1.651e — 04 | 4.120e — 05
[lp — prllrz | 4.462e — 03 | 5.834e — 04 | 7.058¢ — 05 | 8.634e — 06 | 1.074e — 06
[lu — unllr2 ~ O(R?) [[u — un|[s = O(h?) llp — pullLz ~ O(R7)"
P4 X RT3 X DG§*
N 4 8 16 32
[lu —un||z2 | 4.853e — 06 | 1.580e — 07 | 4.950e — 09 1.543e — 10
[u—un|ls | 3.117¢ — 04 | 2.057¢ — 05 | 1.301e — 06 8.155¢ — 08
[[p—pnllz2 | 1.180e — 03 | 7.747¢ — 05 | 4.865¢ — 06 3.037¢ — 07
llu — unllz2 = O(R”) llu — unll ~ O(hY) [lp — pulles = O(h%)

**Py x DG3 is the Scott-Vogelius (Stokes-Stable) element
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Current Work: A modified Stokes-Biot stability definition

An Alternative Projection: 1 Network (Biot)

o Norms yielding estimates free of k-dependent constants (Weakly Robust) o Utilize Stokes Stability

Consider the following model problem:
Find (u,z,p) € [H*]% x H(div;x~") x L? such that for every (v,w, q)

As 0 b u W(v)
0 wk*Ap b7 z | =| X(w)
b b 0 P
(Asu,v) = (Ce(u),e(v)) (Apz,w)=(z,w) (bu,v)=—(divu,v)

This problem can be re-cast into a saddle point problem as:

5 0 1EE]

where o = (u,z) € [H} ]* x H(div;k™'), p € L?
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Current Work: A modified Stokes-Biot stability definition [~ .research laboratory |

An Alternative Projection: Well Posedness

The Following results hold
= A is bounded

m A is coercive on
Ker(B) = {0 = (u,2) € [H} ]? x H(div;x™")| divu+divz = 0} provided
diV(Wh) C Qh

m B is bounded

m The inf-sup condition holds for B and 3 coincides with the Stokes stability constant

The associated Galerkin projection based on this problem provides:

m Exact cancellation of ‘problematic’ terms in the semi-discrete error equation for
the MPET equation

m Error estimates for ||u — up|| ;.
k-independent constants

|Zn - zZHH(div;n_l)v and ||pn —PQHL? with
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Current Work: A modified Stokes-Biot stability definition

An Alternative Projection: Well Posedness

Redefining Stokes-Biot stability

Definition The triple Uy, X Wy, X Qp, C U X W x Q is called Stokes-Biot stable if
e The bilinear form (Ce (u) , € (v)) is bounded on U and coercive on Uy,
(Up, Qp) is a Stokes-Stable pair of discrete spaces.
g div(Wp) C Qn

A
u z P .
NG+ 30 W a1y + IR g2 Ser | inf 1w = vnllg ()

n=1

A
+c2 inf z —q iv..—1y + inf Pn — g 2
71;1 wp €Wp, llzh,n wlli (@ivie=1) ap€Qp [lpn rll

m ¢ and ca free of all material parameters
m  Only stability constant is Stokes
= Same error equation as previous approach, same discrete error estimates

Ongoing Work:

= Generalizing to multiple fluid networks (Complete)
= Fully discrete a-priori error estimates
= Redefining Stokes-Biot stability, and locking study (Gaspar, Rodrigo, Mardal, Rognes, Thompson)
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Current Work: A modified Stokes-Biot stability definition
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Current Work: A modified Stokes-Biot stability definition
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